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0-CONVEX STRUCTURE ON RECTANGULAR METRIC SPACES
CONCERNING KANNAN-TYPE CONTRACTION AND
REICH-TYPE CONTRACTION

DILEEP KUMAR SHARMA ®* AND JAYESH TIWARIP

ABSTRACT. In the present paper, we introduce the notation of §-convex rectangular

metric spaces with the help of convex structure. We investigate fixed point results

concerning Kannan-type contraction and Reich-type contraction in such spaces.
We also propound an ingenious example in reference of given new notion.

1. INTRODUCTION AND PRELIMINARIES

Banach Contraction Principle [3] is the key outcome of the fixed point theory
which has been handed down in many different directions of mathematics. In 1989,
Bakhtin [2], Czerwik [9] established the concept of b-metric spaces and in 2000,
[7] introduced rectangular metric spaces. Since then many scholar’s have proposed
a series of new fixed point theorems for different functions in rectangular metric
spaces.

Next, Takahashi [14] introduced the conception of convexity in metric spaces and
provided some fixed point results in convex metric spaces. Subsequently, Beg [4],
Beg and Abbas [5, 6], Kim and Jin [8], Ding [10] and many others [1, 11, 12] obtained
fixed point theorems in convex metric spaces and convex b metric spaces.

In this paper, we present an idea of d-convex rectangular metric space. After
that we obtain extended, improved, generalized and unified results for Kannan-type
and Reich-type contraction mapping in §-convex rectangular metric spaces. We also

provide an example in reference of such spaces.
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Definition 1.1. Let C be a subset of the set of real numbers R and § € [0, 1]. Then
C is called §-convex if Az + (1 — N)oy € C for all z,y € C and A, 0 € [0,1].

Definition 1.2. Let C be a subset of the set of real numbers R and § € [0,1]. A

function T : C C R — R is called §-convez if C is a d-convex subset of R and
Tz + (1= X)dy) < AT(x) + (1 — N)6T (y);
for all ,y € C' and A, 0 € [0, 1].

Definition 1.3 ([7]). Let H be a set and H # ¢. A function d, : H x H — [0, 0]

is said to be a rectangular metric if the following hold:

(dr,) dr(¢,7) =0 if and only if ¢ = ¢ for every ¢,v € H;
(dry) dr(¢,7) = dr(v, @) for every ¢,v € H;
(dvy)  dr(,v) < dp(¢,p) + dr(p, q) + dr(g, )] for every distinct ¢, 4, p,q € H.

The pair (H,d,) is known a rectangular metric space (in short RM.S).

Definition 1.4 ([7]). Let {¢,} be a sequence in RM S (H,d,).
(1) The sequence {¢y,} is said to be convergent in (H,d,) if ¢* € H exists such
that lim,, e dr (¢, ¢*) = 0.
(2) The sequence {¢y} is said to be Cauchy in RM S (H,d,) if for every € > 0,
there exists a positive integer ng such that d,.(¢y, ¢m) < € for all n,m > ng.
(3) The RMS (H,d,) is known a complete RM S if every Cauchy sequence is

convergent in H.

Definition 1.5. Let H be a non-empty set and I = [0,1]. Define the mapping
dy: Hx H — [0,00]. Let w: Hx Hx JxI— H be a continuous function. Then

w 18 said to be the §-convex structure on H if,

dy (t,w(3, 93 A, 8)) < Adi(t, ¢) + (1 — N)dd,. (¢, )
for all t € H and (¢,¥;\,0) € H x H x J x I where J C I.

Definition 1.6. Let w : H x Hx J xI — H be a j-convex structure on a rectangular
metric space (H,d,) and I = [0,1]. Then (H,d,,w) is called a -convex rectangular
metric space (In short 6 — CRMS).

Definition 1.7. Let (H,d,,w) be a § — CRM S with a function T': H — H. Then
for ¢, € H and o, € [0, 1], a generalized Mann’s iteration sequence {¢,} is defined
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as
¢n+1 — w(qbnaTd)na QOp, 6)7 nc N7
where N is a set of natural numbers.

Example 1.8. Let H = AU B, where A = {%,%,%,%} and B = [1,2]. Define
dy : Hx H — [0, +00) such that d.(¢,v) = d, (¢, ¢), for all ¢,9p € H and

;

d.(3,2) =d.(2,L)=03
d-(3.%3) =d,(2,2) =02
dr(3.2) =d,(L,2) =06
0(14) —a(12) =0 (88) - (1.5) 0

and dr(gZ),?/)) =|p—¢|if p,p € Borp € Ajp € Bor ¢ € B,y € A.
It is clear that d,. does not satisfy the triangle inequality on A. Indeed,

0.6 — d(%, %) > d(%, Z) + d(%, %) —0.340.2=0.5

Note that d, satisfies the rectangular inequality. Hence (H,d,) is an RMS.
Let us define the function w: H x H x {3} x {1} — H by

w(¢, ¥ a,8) = #
Let t, 0,1 € H, we get
dy (t,w(¢, ¢;a),0) = d (t, (‘f’;@b))
:‘t(¢+¢)|
2
— (2t — 9 — ) _ (ti(ﬁ)_’_(tfd))
- ‘ | :

<27Nt — |+ 27t — ¢
= ad,(t,¢) + (1 — a)dd,(t,v).

Hence (H,d,,w) is § — CRMS with o = 27! and § = 1.
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2. MAIN RESULTS

Theorem 2.1. Let (H,d,,w) be a complete §-convex rectangular metric space. Let

a contraction mapping T : H — H satisfy the condition

(2.1) A, (T6,TY) < p|dr(0,0)|  for 6,0 € H

and for some p € [0,1). Take ¢9 € H such that d,(po,Tdo) = M < oo and define
On = W(bn—1,TPp—1;an-1,0) forn € N and an,—1 € [0,1). Then T has a unique
fized point in H.

Proof. For any n € N, we have

dr (fns dng1) = di (0, w(Pn, Thn; atn, 0))
= andy (¢, dn) + (1 — an)ddy (¢, Thy,)
(2.2) dr (Gns pnt1) < (1 — an)ddy (¢, Thn).
Now using rectangular inequality, we obtain
dy (6n, Tn) = dp (w(Ppn—1, Tn—1; n-1,6), Thy)
< (on—1)dr (Pn—1,Tén) + (1 — p1)8dy (Tpr—1, T o)
< (@n-){d (dn-1,60) + dp (60, Ton-1) + dp (T-1,T0) |
+ (1 = an—1)6dy (T -1, Tpy)
< ap—1{(1 — ap—1)dd, (pn—1, Thp—1)
+ dr (W(Pn—1, Thp—1;n—1,6), Tpp_1) }
+{(1 — an-1)d + an—1}pdr (n-1, én)
< an—1{(1 — ayn-1)0d;(¢pn—1, TPn-1) + an-1dr (-1, Tn-1)}
+{(1 = an-1)d + an1}p(1 — an-1)0dy (pn—1,Tdn—1)
<A{an-1(c+ an-1) + (0 + an—1)po}d, (¢n—1,Tdn_1)
< (0 + an—1)(an-1+ po)dy (dn—1, Tdp—1)
(2.3)  dp(fn, Ton) < An—1dy(dn—1, Tpn1)
where 0 = (1 —ap-1)d < 1and A\y—1 = (0 4+ ap—1)(ap—1+po) <1 for a1 € [0,1)
and p € [0,1).

Thus d,. (gzﬁn,Tqﬁn) is a decreasing sequence of positive reals. Hence we get v > 0
such that

lim d, (¢naT¢n) =7
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If possible, take v > 0 and Letting n — oo in (2.3), we obtain v < A,_17v < 7y, which

is a contradiction. Therefore, we get v =0 i.e
lim_d, (¢n, Ton) = 0.
Moreover, by inequality (2.2), we obtain
dr (Gns dnt1) < (1 — an)ddy (¢n, Tn) < dr(dn, Tn)-
That is,
nh_{lgo dp (¢n, Pry1) = 0.

Next, we show that {¢,} is a Cauchy sequence.

On contrary, suppose {¢,} is not a Cauchy sequence, then there exists ¢y > 0 and
we can find two sub sequences {¢.,;} and {¢p;} of {¢,} such that n; is the littlest
positive number for which n; > m; > 1; d, (qui, gbm-) > €.

This means

(2.4) dy (Gmi, Pri—1) < €.

From equation (2.1) and using rectangular inequality we get

€< dr (¢mz; ¢nz) < dr (¢mi7 ¢ni—2) + dr (¢m'—27 ¢ni—1) + dr (ani—lv ¢nz)
Letting ¢ — oo in the above inequality and using (2.4), we get
lim sup d, (¢m27 (z)nz) <e
i—00
Now,
dy (Qbmi—i—l’ ¢nz) =d, (w (¢ni—1’ Téni-1; Oni—1, 6) ) ¢mi+1)
= ani—1dr (Pni—1, dmi+1) + (1 — ani—1)0dr (Tdpi-1, dmit1)
< Qpi—1dy (¢ni—1a d)mi-i—l) + (1 - O577,1'—1)5 [dr (T¢ni—17 T¢mz)
+d, (T¢mza T¢mi+1) +d, (Tgbmi—l-l) (bmi—i-l)}
< apic1dy (Gpi-1, Pmit1) + (1 — ani—1)5[f?dr(¢m‘—1, Pmi)
+ pdr((,bmiv ¢mi+1) + dr (T¢mi+1a ¢mi+1)]
< Qpi—1 |:d7" (¢n7ﬁ—17 ¢nz) + dr (Qsm; Qbmz) + dr (Qsmza ¢mi+1)]
+ (1 — Oém'fl)(S |:pdr(¢m'71> ¢ml) + Pdr(¢mia ¢mi+1)

+ d’r’ (T¢mi+17 (bmz'-l—l)] .
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Letting ¢ — oo, we get

Jim sup dr (Pmit1, dni) <€
which is a contradiction. Thus {¢,} is a Cauchy sequence in H. By completeness
of H, there exists ¢* € H such that

i (00.) =0
Thus
I (60, 6%) =0
Now we will show that ¢* is a fixed point of T'.
Applying rectangular inequality, we get
dr (¢*, T¢*) < dp (6%, ¢n) + dr (0, Tn) + dp (T, TH*)
dr (07, dn) + di ($n, Tn) + dp (Thn, T9")
dr (0", ¢n) + dr ($n, Tn) + pdi (P, &)
(1+ p)dr(¢*, dn) + dp (¢, Tpn).
Letting n — oo, we get lim, o0 dr (¢*, T(]ﬁ*) = 0. Thus
T¢* = ¢™.
Hence, ¢* is a fixed point of T.

UNIQUENESS OF FIXED POINT: On the contrary, suppose ¥* is another fixed

point of T', then we have

T¢* =¢* and Ty* =y*. Now

dy (¢*7 1/}*) =d, (Td)*? T¢*)
< pd, (¢, ¢%)
(1= p)d, (¢*:¢*) <0
but 1—p#0 .. dp(¢%0%) =
Therefore ¢* = 1*, which completes the proof. O
Theorem 2.2. Let (H,d,,w) be complete §-convex rectangular metric space. Let a
self mapping T : H — H satisfy the condition
1
dr(T¢7 Tw) S ,Bmax {dr<¢7 T¢>7 d'f‘(¢7 Tw)} fOT' ¢7 ¢ e H and ﬁ e [07 5)

Take ¢o € H such that d,(¢o, Tpg) = M < 0o and ¢, = w(¢n_1,T¢n_1;an_1,5)
where 0 < ap_1 < % andn € N. Then T has a unique fixed point in H.
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Proof. For any n € N, we have inequality (2.2)

dr (s $ni1) < (1= an)ddy (6, Tbn)

and

dr (¢n, Tén) = dr(w(én—1, Tén-1; n-1,0), Tén)
< (an-1)dr(pn—1,Tén) + (1 — an-1)8d,(Ton—1,Tn)
< (n-1){dr(Gn-1,00) + dr (60, Tdn-1) + dr (Tdn-1,Té0) |
+ (1 — ap—1)dd, (T¢n—1, T¢n)
< an—1{(1 = an-1)dd; (pn—1, Tpn—1)
+ dr (W(dp—1,TPn—1; n—1,0), Tpn_1) }
+{(1 — an-1)8 + an_1}Bmax{d, (¢pn-1, Ton-1),dr(dn, Tn }]
< a1 {(1 = an—1)ddr (pn—1,Tn—1) + an—1dr(dp—1,Tdpn_1)}
+{(1 = an-1)d + a1} Bmax{dy (o1, Tén-1), dr (én, Tén }]
< an—1{odr (¢n-1,Thn-1) + an-1dr(pn—1,Tdn-1)}
+{(0 + an—1}Bmax{d, (¢n—1, Tpn-1), dr (6, Tén) }]
< ap-1(0 + an-1)dr(pn—1,TPn-1)
(2.5) + (0 + an—1)Bmax{d, (pn—1, Tdn-1), dr(¢n, Tdn)}]
where 0 = (1 — a;,—1)d < 1.

CASE 1. Assume that max {dr (61, Tbn1), dy (¢, T¢n)} = dy(¢n_1, Tpn_1).
Then by inequality (2.5), we get

d (¢nu T¢n) < (an—l + ﬁ) (U + an—l)dr (an—la T¢n—1)
< Ady (¢n—17T¢n—1)

SinceO<an,1<%,aglandﬁe[(),%) then A\ < 1.

Case 1. 1 max {dr (dn—1, Tén-1),dy (6, Tbn) | = dy (60, T).
Then by inequality (2.5), we get

dr (¢m Td)n) < an—l(a + an—l)dr(¢n—17 Tgbn—l)

+ (0 + an-1)pd, (¢n7 T¢n)
{1 - (U + O‘n—l)ﬂ}dr (¢n7 Td)n) < O5n—1(0 + an—l)dr(¢n—l, T¢n—l)
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< p—1(0 + ap—1)

dr (¢R7T¢n) =1_ (O’ T an_l)BdT((bn—lde)n—l)
< Aad, (¢n—17T¢n—1);
where
Ay = p—1(0 + 1) <1

Cl—(c+an1)3 "
Let A = max{\;, A2}. Then
dr (¢na T¢n) < >\dr ((bnflv Tﬁbnfl)

which implies that d, (d)n, Tgbn) is a decreasing sequence of positive reals.

Letting n — oo, we have
lim dy (¢, Tbn) = 0.
n—oo
Moreover, by inequality (2.2), we obtain
dy, ((lsn, ¢n+1) < (1 - Oén>5dr (¢n; Td)n) < dy, (¢m T¢n)
That is,

nh_{lolo dy (¢na ¢n+1) = 0.

Next, we show that {¢,} is a Cauchy sequence.
Suppose {¢,,} is not a Cauchy sequence, then there exists ¢y > 0 and we can find two
sub sequences { ¢} and {¢,;} of {¢y} such that n) is the littlest positive number

for which
g > mj > i dp (@i, i) > €.
This means
dy (Grtis Prriz1) < €.
Now using rectangular inequality we get
€ < dr (i Onri) < dv(Pmri, Prvie2) + dp (Spri2, Srri1) + dp (Spri1, duri)-
Letting ¢ — oo in the above inequality, we get

lim supd, (QSm/i, gbn/i) <e.
11— 00
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Now,
dr (i1, dwi) = do (W (Pnrim1, Thnri—15 Qnri—1,0), i)
= i1y (nric1, Grvig1) + (1 — awic1)0de (Thprio1, drvisr)
< i1 (Snrio1, brwizr) + (1= an/i,l)d[dr (TGnri1, buri1)
+ dr (briz1, Onri) + dr (D ¢m’i+1)}

therefore
{1 — (1= iz1) 8}y (prrig1, dnri) < i1 (dnriz1: Pnvier) + (1 — anrio1) 6
|:dr (Tépri1: nrie1) + dp (nri, ¢n/i)} .
Letting ¢ — oo, we obtain lim; ., sup d, (gf)m/i“, gbn/i) < €, which is a contradiction.

Thus {¢,} is a Cauchy sequence in H. By completeness of H, there exists ¢* € H
such that

lim d (¢, ¢*) =0

n—oo
Hence, {¢,}52, is a Cauchy sequence in H. By the completeness of H, it follows
that there exists ¢* € H such that

Jim d (6,.0%) = 0.
Now we will show that ¢* is a fixed point of T'. Since
dr (¢, T¢*) < dr (9", ¢n) + dr (60, Tn) + dr (T, T$")
< d (9", bn) + di (P Ton) + B{dr(dn, Thn), dr(¢*, T¢*) }
CASE 1. If max {dy(¢n, Ton), dr(¢*, T$*)} = dy(¢n, Tpn). Then
d (¢, T¢*) < dp (6", dn) + dr (90 Tdn) + Bebr(¢n, Tpr)
< dp (9%, dn) + (1 + B)dr (60, Tn)

Letting n — oo, we get limy, o0 d (¢*, Tqb*) =0.
Thus

Thus ¢* is a fixed point of T.
CASE 11. If max{dr(gbn,Tan) d(¢*, T(;S*)} =d, (¢* T(;S*). Then
d (¢*,T¢*) < d (9", bn) + dr(¢n, Tén) + Bl (¢", T")
(1 - /B)dr(¢*aT¢*) (¢ ¢n) + d ( )
Letting n — oo, we get lim,, oo d; (qb*, Tgb*) 0.
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Thus
To* = ¢*.
Hence, ¢* is a fixed point of T. Uniqueness is clear. O

Theorem 2.3. Let (H,d,,w) be complete d-convex rectangular metric space and

T : H — H be a contraction mapping, that is there exists § € [0, %) such that

dr(T¢, Tp) < dmax {d,(¢, T¢),dr (1, T),dr(¢,0)}  for ¢, € H.
Take ¢ € H such that d,(¢o, Tdo) = M < oo and define ¢, = w(qbn_l,Tgbn_l; 1, 5)
where 0 < ap—1 < % and n € N then, T' has a unique fixed point in H.
Proof. Obviously proves. O

Now we prove the Kannan-type fixed point result for a d-convex rectangular

metric space.

Theorem 2.4. Let (H,d,,w) be a complete d-convez rectangular metric space and
let the mapping T : H — H be defined as

dr(T¢, Tp) < p{dr(6,T¢) + dr (¥, T)}

for all ¢,vv € H. Take ¢9 € H such that d.(¢o,Tpp) = M < oo and define
On = W(Pn—1,TPn—1;n-1,9) forn € N and a,—1 € [0,1). If u € [0, %), then T has
a unique fized point of H.

Proof: For any n € N, we have from (2.2)

dr (¢ns dnt1) < (1 — an)dd, (¢n, T)
Now applying rectangular inequality, we get
dy (¢n, Tn) = dp (w(Ppr—1, Tdn—1; n-1,6), Thy)

< (on—1)dr (Pn—1,Tén) + (1 — p—1)8dy (Tpp—1, Ton)

< (@n-1){dr (¢n-1:60) +dr (60, Tdn-1) + dr (T6n-1,T0) |
+ (1 = an—1)8dy (T -1, Tpp)

< a1 {(1 — a—1)0dy (dn—1, Thp—1)
+ dr (W(Pn—1, Tn—1;n—1,6), Tpp_1) }
o+ {an-1 + (1= an-1)8bu{ de (Bn-1,Tén1) + dy (60, Tn) }
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< op-1{(1 = an—1)ddy (pn—1,Thn-1) + an—1dr(dp—1,Tpn—1)}
+{an_1 + (1 — an_l)a}u{dr(¢n_1, Tén_1) + dy (¢, T¢n)}
< an—1(0 + an—1)dy(dn—1,Tn-1)
+{an-1 + 0}u{dr (61, Tén-1) + dy (60, Tén) }

where 0 = (1 — 1) < 1.

(1 — 0 — an—l)dr(¢naT¢n) < (an—l + ,U/)(U + an—l)dr(¢n—17T¢n—1>

0y (n, Tp) < Cnt TN FOn) o  py

l—O'—Oén_l

IA

(an—1+p)(otan—1)

l—0c—apn—1

Since, < 1, which implies that d, (qﬁn, T qbn) is a decreasing sequence

of positive reals. Using process of Theorem 2.1 we have

nh—{go dy (¢n> (Z)n—i-l) = 0.

Also we can check that {¢,}5°; is a Cauchy sequence in H. By the completeness
of H, there exists ¢* € H such that

nlggo dr ((ﬁna ¢*) =0.
Now we show that ¢* is a fixed point of T'. Since
dr(¢*, T¢*) < dr (9", ¢n) + dr(dn, Tdn) + dr (T, T$")
< dp (9", 0n) + dr(¢n, Thn) + p{dr (fn, Ton) + dr(¢*, T¢*) }
(1= p)d(¢",T9*) < dr(¢*,6n) + (1 + p)dr (¢n, Thn)

Letting n — 0o we get lim, oo dr (¢*, T¢*) = 0.
Thus

To" = ¢".
Hence, ¢* is a fixed point of T. Uniqueness is clear. O

Finally, we prove the Reich-type fixed point result for a d-convex rectangular

metric space.

Theorem 2.5. Let (H,d,,w) be a complete d-convex rectangular metric space and
let the mapping T : H — H be defined as
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for all ¢p,vb € H. Take ¢9 € H such that d,(po,Tdg) = M < oo and define
On = W(Ppp—1,Tn—1;0n-1,6) forn € N and a,,—1 € [0,1). If 0, € [0,1), then T
has a unique fized point of H.

Proof. For any n € N, we have from (2.2)

dr (s Sn+1) < (1= ap)ddy (0, Thn)

Now using rectangular inequality, we get

dr (6, Tén) = dr (w(Sn-1, Tbn—13 n-1,0), Tbn)

< (n-1)dp (Pn—1,Tn) + (1 — ap—1)ddy (Tpp—1, Tpr,)

< (an-){d (bn-1,60) + d (6 Tdn1) + dp (T2, Ton) }
+ (1 — ap—1)dd, (T¢n_1, T¢n)

< an—1{(1 = n-1)8dy (¢pn—1, Tpn—1)
+ dr (W(dp—1, Thn—1; n—1,6), Tp—1) }
+ {an—1 + (1 — an—1)8}0d, (pn—1, ¢n) + n{dr(n—1,Tdn—1)
+dr (¢, Tén) }]

< ap_1{od(¢n-1,Ton-1) + an_1dr(dn-1,Tp—1)} + (n—1 + 0)
0(1 = cn—1)dr (¢n—1, Tn—1) + 0{dr (pn—1,Thn-1) + dr(¢n, Ton) }]

where 0 = (1 — ap—1)0 < 1.
Therefore

{1 = (an-1 — o)n}dr(én, Tn)
< ap-1(0 + an-1)dr(dn-1,Ton-1)} + (an-1 + o)
{0(1 — an—1)dr (dn—1,Thn-1) + ndy(dn—1, Ton—1)}
< (0 + an—1)(an-1+0(1 — ap—1) + 0)dy (dp—1, Tdn—1)

(0 +an-1)(an-1+0(1 —an_1) + n)dr (anfl Tgbn,l).

dr (¢n, Tp) < 1 —(an—1—0)n

Since, (U+a"‘l)l(f("a‘nlje_(i)_na"‘l)J”") < 1, which implies that d;(¢n, T¢n) is a decreas-

ing sequence of positive reals. Hence
n—oo

and limy,—oo dr (¢, Pny1) = 0.



6-CONVEX STRUCTURE ON RECTANGULAR METRIC SPACES 305

Using Theorem 2.1, we can easily check that {¢,}7° ; is a Cauchy sequence in
H. By the completeness of H, there exists ¢* € H such that

lim d,(¢n,¢*) = 0.
n—oo
Now we will show that ¢* is a fixed point of T'. Since

dr (6", T¢*) < dp(¢*, 6n) + dr(dn, Ton) + dr (Tp, TH")
< dr(¢",n) + dr(¢n, Tn) + 0dy (én, ¢7)
+0{dr (¢, Tn) + dr (67, T¢") }
(1 =n)dr(¢", T¢*) < dp(¢*,0n) + dr (P, Thn) + 0dr(dn, ¢*) + ndy (6, Thn)
< (L+0)dy (6%, dn) + (1 +0)dr (dn, Tn)
(67 76) < 10 dr (6 00) + 1 (60 Tn).
Letting n — oo, we get lim,, oo d (gb*, T(]ﬁ*) = 0. Thus ¢* is a fixed point of T'.
Uniqueness is clear. O

3. CONCLUSION

In this paper, we established a new notion of §-convex rectangular metric space
with the help of a convex structure. We proved several innovative fixed point results
for -convex contraction mapping in the reference of rectangular metric spaces. Fi-
nally, we obtained Kannan-type and Reich-type fixed point results in such spaces.

Our effort can be enlarged in many ways by extending the class of this metric space.
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