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ESTIMATE OF THIRD ORDER HANKEL DETERMINANT FOR
A CERTAIN SUBCLASS OF ANALYTIC FUNCTIONS
ASSOCIATED WITH CARDIOID DOMAIN

GAGANDEEP SINGH?®* AND GURCHARANJIT SINGH P

ABSTRACT. The present paper deals with the upper bound of third order Hankel
determinant for a certain subclass of analytic functions associated with Cardioid
domain in the open unit disc £ = {z € C : |z| < 1}. The results proved here
generalize the results of several earlier works.

1. INTRODUCTION

Let us denote by A, the class of analytic functions of the form f(z) = z +
S22, apz®, defined in the open unit disc E = {z € C : |2| < 1} and normalized by
the conditions f(0) = f/(0)—1 = 0. S denotes the subclass of A consists of univalent
functions in £. The most remarkable result in the theory of univalent functions was
Bieberbach’s conjecture, established by Bieberbach [4]. It states that, for f € S,
lan| < n, n = 2,3,... and it remained as a challenge for the mathematicians for a
long time. Finally, L. De-Branges [6], proved this conjecture in 1985. During the
course of proving this conjecture, various results related to the coefficients were come
into existence and it gave rise to some new subclasses of S.

Let f and g be two analytic functions in E. We say that f is subordinate to
g (denoted as f < g) if there exists a function w with w(0) = 0 and |w(z)| < 1
for z € E such that f(z) = g(w(z)). Further, if g is univalent in F, then this
subordination leads to f(0) = g(0) and f(F) C g(E).

We first present an overview of some basic classes, in order to introduce our class:

/
S* = {f :f €A Re <Z]{(i§)> >0,z € E}, the class of starlike functions.
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/ /
K=<f:f€eARe (W) >0,z € E}, the class of convex functions.
z

Reade [25] introduced the concept of close-to-star functions. The class of close-

to-star functions generally denoted by CS*, consists of functions f € A such that

Re (ﬁg) >0, ge S

R={f:fe€ A Re(f'(z)) >0,z € E}, the class of bounded turning functions
introduced and studied by MacGregor [15].

R = {f : f €A Re M) >0,z € E}, the subclass of close-to-star functions
z

studied by MacGregor [16].
Later on, Murugusundramurthi and Magesh [20] studied the following unified
class:

f(2)

R(a) = {f:feA,Re ((1—a)z+af’(z)) >0,26E}.

Particularly, R(1) = R and R(0) =R
For f € A, the relation f < 1+ %z + §z2 means that f lies in the region bounded
by the cardioid given by

(922 + 9y* — 18z + 5)% — 16(92% + 9y* — 62 + 1) = 0.

Various subclasses of analytic functions have been studied by subordinating to
different kind of functions. Malik et al. [17, 18], Sharma et al. [27] and Raza et al. [24]
studied certain classes af analytic functions associated with cardioid domain. Shi et
al. [28] studied the classes S

s Kear and Reqr associated with cardioid domain.

Motivated by these works, we define the following class of analytic functions by

subordinating to 1 + %z + %22.

Definition 1.1 A function f € A is said to be in the class R%,,. if it satisfies the

car

condition

4 2
+af'(z) <14 -z + =22

(1_O‘)f(zZ) 3°73

We have the following observations:

(i) Riyr = Rear-
(ii) Rl = Rear-

car
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In 1976, Noonan and Thomas [21] stated the ¢'* Hankel determinant for ¢ > 1 and

n > 1 as

A, Gp4+1 - OAnig—1
| Gn41
Hg(n) =
Gn4q—1 cer Qn4-2¢g—2

For ¢ = 2,n = 1 and a; = 1, the Hankel determinant reduces to Ha(1) = a3 — a3,
which is the well known Fekete-Szegd functional. Fekete and Szegé [8] then further
generalised the estimate |ag — pa3| where p is real and f € S.

Also for ¢ = 2,n = 2, the Hankel determinant takes the form of Ho(2) = asas—a3,
which is Hankel determinant of order 2.

One more very useful functional is Jp m(f) = anam — amin—1, n,m € N — {1},
which was investigated by Ma [14] and is known as generalized Zalcman functional.
The functional Jo3(f) = agasz — a4 is a specific case of the generalized Zalcman
functional. Various authors computed the upper bound for the functional Jp3(f)
over different subclasses of analytic functions as it is very useful in establishing the
bounds for the third Hankel determinant.

Furthermore, for ¢ = 3,n = 1, the Hankel determinant yields

a; ag as
H3(1) = |az a3 a4,
as a4 as

which is the third order Hankel determinant.

For f € S and a; = 1, we have

Hs3(1) = az(azay — a3) — as(ag — azaz) + as(az — a3),
and after applying the triangle inequality, it yields
(1) |Ha(1)| < lag||azas — a3| + |aa||aza — as| + |as||as — a3].

Extensive work has been done on the estimation of second Hankel determinant by
various authors including Noor [22], Ehrenborg [7], Layman [11], Singh [29], Mehrok
and Singh [19] and Janteng et al. [9]. It is little bit complicated to establish the up-
per bound for the third order Hankel determinant. It was Babalola [3], who firstly
obtained the upper bound of third Hankel determinant for the classes of starlike
functions, convex functions and the class of functions with bounded boundary rota-
tion. Later on, a few researchers including Shanmugam et al. [26], Bucur et al. [5],

Altinkaya and Yalcin [1], Singh and Singh [30] have worked in the direction of third

Hankel determinant for various subclasses of analytic functions
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In the present paper, we establish the upper bounds for the initial coefficients,
Fekete-Szego inequality, Zalcman functional, second Hankel determinant and third
hankel determinant, for the class RS,,.. Also various known results follow as partic-

ular cases.

Let P denote the class of analytic functions p of the form
o0
p(z) =1+ Zpkzk,
k=1

whose real parts are positive in F.

In order to prove our main results, the following lemmas have been used:
Lemma 1 (23, 10]). Ifp € P, then
Ipe| <2,k €N,

2
<27|p1’ ’
- 2

2
_h
‘Pz 5

|pitj — upipj] <2,0 < p <1,
[Prsor — Apapi] < 2(1+2)), (X € R),

|Dmpn — pkpi| <4, (m+n=Fk+1;m,neN),

and for complexr number p, we have
Ip2 — ppi| < 2maz{1,[2p - 1]}.
Lemma 2 ([2]). Let p € P, then
|Jp? — Kpipe + Lps| < 2|J| +2|K —2J| +2|J — K + L|.
In particular, it is proved in [23] that

1p? — 2p1ps + p3| < 2.

Lemma 3 ([12, 13]). If p € P, then
2p2 = pi + (4 = pi),

Aps = pi 4+ 2p1(4 — pD)z — p1(4 — pD)z® +2(4 — p}) (1 — |2[*)z,

for|z| <1 and |z| < 1.
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2. BOUNDS OF |H3(1)| FOR THE CLASS RY

car

Theorem 2.1 If f € RZ,,., then
4

2 <

(2) Mﬂ_3O+aY
4

3

(3) Mﬂ—3u+2®’
4

4

(4) |a‘*|—3(1+30¢)’

and
3

(5) las| < 1+ 4«

The estimates are sharp.

Proof. Since f € R% ., by the principle of subordination, we have

car’

(6) (1-— oz)fiz) +af(z) =1+ %w(z) + ;(w(z))2
Define p(z) = m = 1+ p12+p2z? +p323+ ..., which implies w(z) = igg _T_ 1

On expanding, we have

(7)

(1-a)

f(zZ) +af'(z) = 1+ (1+a)agz+ (1+2a)azz? + (1+3a)asz® + (1 +4a)asz* + ...

Also
1+ 3w(z) + 2(w(2)? =1+ 2pi2

2

£ . DN _ 1 3 2 1 1 2 1 4

(8) + < 5 ) < p3 3p1p2> z°+ <3p4 + o 24 — P2 gpws ) 2t
Using (7) and (8), (6) yields

1+ (14 a)agz + (14 2a)azz? + (1 + 3a)asz® + (1 + da)asz* + ...

(9)

2 2 P2\, /2 1 s (2 Ly 1, 1 .
=1+= <l N “pd o= ..
+3P1Z+<3p2 6 ) z +(3P3 32?1]92) 27+ 3]94 + — 24 6172 3]911?3 Z+

Equating the coefficients of z, 22, 2% and 2% in (9) and on simplification, we obtain

2

(10) a2 = m

b1,
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12 p

11 = 2, 1
(11) R 1—1—204[3]92 6}’
12 = [9pa —
( ) a4 3(1+3a) [ P3 p1p2],
and

1 4 2
(13) a5 = 724(1 n 4a) [16])4 -l—p1 - 4]?2 — 8])1]?3] .

Using first inequality of Lemma 1 in (10), the result (2) is obvious.
From (11), we have
2 1,
m 1]’1 :
Using sixth inequality of Lemma 1 in (14), the result (3) can be easily obtained.

(14) |as| = p2 —

(12) can be expressed as
(15) a= [pg - 1;01])2] :
3(1+ 3a) 2
On applying inequality 3 of Lemma 1 in (15), the result (4) is obvious.

Further, (13) can be re-written as

1 1 1
1 E— _ 2 _ o3
(16) as 24(1 + 4a) [ 6 <p4 4P2> 8p1 <p3 8P1>}

On applying triangle inequality and using third inequality of Lemma 1, the result
(5) is obvious from (16).

The results (2), (3), (4) and (5) are sharp for the function f given by

f(z)

4 2
S trafl(z) =14 sz + 22
z

(1—-a) 3 3

On putting o« = 0, Theorem 2.1 yields the following result:

’
car’

Corollary 2.1 If fe R then

4 4 4
‘GQ’ S o) ’a3‘ S o) ‘G4’ S o) ’a5‘ S 3.
3 3 3

For aw = 1, Theorem 2.1 gives the following result due to Shi et al. [28]:

Corollary 2.2 If f € Reqr, then

2 4 1 3
‘(12’ S o) |CL3| S < |(14’ S o) |CL5| S --
3 9 3 5
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Theorem 2.2 If f € RS ., then

car’

4
1 —a3 < ——.
( 7) ’ag a?| — 3(]7_% 2(})

Proof. From (10) and (11), we have

2 3a% +22a + 11
18 ) . S— 2
(18) 5 =@l = 30 ey |27 T 20l M
Using sixth inequality of Lemma 1, (18) takes the form
5+ 10a — 302
19 B I — p 2T o
(19) s = a3l < 3 50 maX{ " T6(1 + )2 }
1 _ 2
Butm§1f0r0§a§1.
6(1 + «)?

Hence, the result (17) is obvious from (19). O

Substituting for & = 0, Theorem 2.2 yields the following result:

/7
car’

Corollary 2.3 If f e R then

ol i

lag — a3| <

Putting o = 1, Theorem 2.2 yields the following result:

Corollary 2.4 If f € Rear, then

O W~

lag — a3| <

Theorem 2.3 If f € RS, then

car’

20 asa Qa .
203 Al = 3(1 + 3()()

Proof. Using (10), (11), (12) and after simplification, we have
1
91+ a)(1+2a)(1+ 3a)

(21)  |agas —a4| = ‘(1 + 3a)p:f — (74 2la+ 6a2)p1p2

+6(1 4 a)(1+ 2a)ps]|.
On applying Lemma 2 in (21), it yields (20). O
For a = 0, the following result is a consequence of Theorem 2.3:

’
car’

Corollary 2.5 If f e R then

asas — aq| < —.
\23 4|_3
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For a = 1, we can obtain the following result from Theorem 2.3:

Corollary 2.6 If f € R4, then
2 3 4 —_— 3'

Theorem 2.4 If f € RS, then

car’

16
22 —dd < —
(22) |a2as = a3 < 9(1 + 2)2

The bound is sharp.

Proof. Using (10), (11) and (12), we have

lagas — a2 = 4p1p3 _ 20°pips _ i
MBI 90 a) 1 +3a) 91+ a)(1+20)2(1+3a)  36(1+ 2a)2
4
9(1 4 20)272|
Substituting for ps and ps from Lemma 3 and letting p; = p, we get
_ 1
~36(1 + a)(1 +2a0)2(1 + 3a
— 4(1+ 20)%2(4 — pP)a? — A(1 + a)(1 + 3a)(4 — p?)%a?

+8(1 4 2a)*p(4 — p*)(1 — ]w\Q)z{

lagay — a3 ] | - (3a% + 4a + 1)p* + 402p*(4 — p*)z

Since |p| = |p1]| < 2, we may assume that p € [0,2]. Then by using triangle inequality
and |z| <1 with |z] =t € [0, 1], we obtain
1

lagay — a3| < 3601 o) (13 2a)2(1 3 30) (302 + 40 + 1)p* + 4a2p*(4 — p)t
+4(1 4 20)?p*(4 — pH)t* +4(1 + )(1 + 3) (4 — p*)*t?
+8(1 + 20)°p(4 — p?) — 8(1 + 2a)*p(4 — p*)t*] = F(p, 1).
%f T 36(1+ a)(1 —|—12a)2(1 1 3q) [40°p°(4 = p*) +8(4 — p*)(2 ~ p)t[a*(6 —p)
+8a+2]] > 0.

Therefore F(p,t) is an increasing function of ¢ and so

max(F(p.0} = Fo.) = 5o +12a)2(1 iy (802 0+ 1!

+402p? (4 — p?) + 4(1 + 2a)*p*(4 — p*) + 4(1 + )(1 + 3) (4 — p*)?] = H(p).
H'(p) =0 gives p=0. Also H"(p) < 0 for p = 0.
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16
This implies max{H (p)} = H(0) = 91+ 20)2" which proves (22).
The result is sharp for p; =0, ps = +2 and p3 = 0. O

Putting o = 0, Theorem 2.4 gives the following result:

/

Corollary 2.7 If f e R then

car’

16
lagay — a%] < 9

Substituting for o = 1, the following result is obvious from Theorem 2.4:

Corollary 2.8 If f € Reqr, then
|a2a4 — a2] < 1—6
AT

Theorem 2.5 If f € RS, then

car’
4(55 + 550c + 195902 + 286803 + 1356a*)
27(1 4 2a)3(1 + 3a)?(1 + 4ov)

(23) [H(1)] <

Proof. By using (3), (4), (5), (17), (20) and (22) in (1), the result (23) can be easily
obtained. ]

For a = 0, Theorem 2.5 yields the following result:

/

Corollary 2.9 If fe R then

car’

220
Hs3(1)| < —.
Hy(1)] <

For a = 1, Theorem 2.3 yields the following result:

Corollary 2.10 If f € Rear, then
1697

H3;(1)| < ——.

3. BounDS OF |H3(1)| FOR TWO-FOLD AND THREE-FOLD SYMMETRIC
FUNCTIONS

A function f is said to be n-fold symmetric if is satisfy the following condition:

f(&2) =&£f(2)

27
where { =e™» and z € E.
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By S we denote the set of all n-fold symmetric functions which belong to the
class S.

The n-fold univalent function have the following Taylor-Maclaurin series:

(24) f2) =2+ anpaz"
k=1

a(n)

An analytic function f of the form (24) belongs to the family Reqr’ if and only if

FG) g A (PR =1 2 (p(x) 1Y "
(1_a)z+af(z)_1+3<p(z)+l>+3<p(z)+1> ,pGP( ),

(25) 77”:{pEP:p(z)zl—i—ankz”k,zeE}.
k=1

Theorem 3.1 If f € R?a(f), then
16
(14 2a)(1+4a)’

(26) Hy(1)] <

Proof. If f € R?a(,%), so there exists a function p € P2 such that

(27) (1—a)f(;)+af’(z):1+4<p(z)_1)+2(p(z)_l>2.

3\p(z)+1 3\p(z)+1
Using (24) and (25) for n = 2, (27) yields
2

28 - -
( ) as 3(1 ¥ 2a)]927

1 2 1
2 = “ps——=p3 ).
(29) I <3p4 6P2>
Also
(30) Hs(1) = asas — ag.

Using (28) and (29) in (30), it yields
4 3(142a)% +8(1 +4a) 4

31 H3(1) = — .

(31) ) = S0 o) (0 7 40 2 [p4 12(1+2a)2 12

On applying triangle inequality and using third inequality of Lemma 1, we can easily

get the result (26). O

Putting a = 0, the following result can be easily obtained from Theorem 3.1:
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Corollary 3.1 If f € R;(a%,), then

For a = 1, Theorem 3.1 agrees with the following result:

Corollary 3.2 If f € Rﬁi}, then

’ag — az\ < —16
21 =135
Theorem 3.2 If f € Rﬁa(?), then
16
32 Hy()]| < —————.

Proof. If f € R?a(f), so there exists a function p € P®) such that

G 1 (p()=1) 2 (p(z) = 1)?
33 1—a)—~ =14 = il A A I
(33) (1-a) z +af ) +3 p(z) +1 +3 p(z)+1
Using (24) and (25) for n = 3, (33) gives

2

4 S
(34) “ 31+ 3a)
Also
(35) Hs3(1) = —a?.
Using (34) in (35), it yields

4

36 Hs(1) = — 2.

(36) 3(1) 9(1 + 3a)2"3

On applying triangle inequality and using first inequality of Lemma 1, (32) can be
easily obtained. O

For a = 0, Theorem 3.2 yields the following result:

Corollary 3.3 If f € R/cg)r); then

For a = 1, Theorem 3.2 yields the following result:

Corollary 3.4 If f € Rﬁi}, then

1
Hy(1)] < 5.
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