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Abstract. Our aim is to establish certain image formulas of the (p, ν)–

extended Gauss’ hypergeometric function F p,ν(a, b; c; z) by using Saigo’s

hypergeometric fractional calculus (integral and differential) operators.
Corresponding assertions for the classical Riemann-Liouville(R-L) and

Erdélyi-Kober(E-K) fractional integral and differential operators are de-

duced. All the results are represented in terms of the Hadamard prod-
uct of the (p, ν)–extended Gauss’s hypergeometric function F p,ν(a, b; c; z)

and Fox-Wright function rΨs(z). We also established Jacobi and its par-

ticular assertions for the Gegenbauer and Legendre transforms of the
(p, ν)–extended Gauss’ hypergeometric function F p,ν(a, b; c; z).

1. Introduction and preliminaries

We recall Saigo’s fractional integral and differential operators involving the
Gauss’s hypergeometric function 2F1 as kernel. Let ξ, µ, η ∈ C, <(ξ) > 0
and x > 0. Then the Saigo’s fractional integral and differential operators(
Iξ,µ,η0+ f

)
(x),

(
Iξ,µ,η− f

)
(x) and

(
Dξ,µ,η

0+ f
)

(x),
(
Dξ,µ,η
− f

)
(x) are defined as

(see, e.g., [8, 9, 18,19,22]):

(1.1)
(
Iξ,µ,η0+ f

)
(x) =

x−ξ−µ

Γ(ξ)

∫ x

0

(x− t)ξ−1 2F1

(
ξ + µ,−η; ξ; 1− t

x

)
f(t) dt,

(1.2)
(
Iξ,µ,η− f

)
(x) =

1

Γ(ξ)

∫ ∞
x

(t− x)ξ−1t−ξ−µ 2F1

(
ξ + µ,−η; ξ; 1− x

t

)
f(t) dt

and (
Dξ,µ,η

0+ f
)

(x) =
(
I−ξ,−µ,ξ+η0+ f

)
(x)
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=

(
d

dx

)n (
I−ξ+n,−µ−n,ξ+η−n0+ f

)
(x) (n = [<(ξ)] + 1),(1.3)

(
Dξ,µ,η
− f

)
(x) =

(
I−ξ,−µ,ξ+η− f

)
(x)

= (−1)n
(
d

dx

)n (
I−ξ+n,−µ−n,ξ+η− f

)
(x) (n = [<(ξ)] + 1),(1.4)

respectively. When µ = −ξ, (1.1), (1.2), (1.3) and (1.4) coincide with the
classical Riemann-Liouville fractional integrals and derivatives of order ξ ∈
C (<(ξ) > 0) and x > 0 (see, e.g., [8, 9, 19]):(

Iξ,−ξ,η0+ f
)

(x) =
(
Iξ0+f

)
(x) ≡ 1

Γ(ξ)

∫ x

0

(x− t)ξ−1f(t) dt,

(
Iξ,−ξ,η− f

)
(x) =

(
Iξ−f

)
(x) =

1

Γ(ξ)

∫ ∞
x

(t− x)ξ−1f(t) dt

and(
Dξ,−ξ,η

0+ f
)

(x) =
(
Dξ

0+f
)

(x) =

(
d

dx

)n
1

Γ(n− ξ)

∫ x

0

(x− t)n−ξ−1f(t) dt

=

(
d

dx

)n (
In−ξ0+ f

)
(x) (n = [<(ξ)] + 1),

(
Dξ,−ξ,η
− f

)
(x) =

(
Dξ
−f
)

(x) = (−1)n
(
d

dx

)n
1

Γ(n− ξ)

∫ ∞
x

(t− y)n−ξ−1f(t) dt

= (−1)n
(
d

dx

)n (
In−ξ− f

)
(x) (n = [<(ξ)] + 1),

respectively, where [<(ξ)] is the integral part of <(ξ).
If µ = 0, (1.1), (1.2), (1.3) and (1.4) are the so-called Erdélyi-Kober frac-

tional integrals and derivatives defined for ξ ∈ C (<(ξ) > 0) and x > 0 (see,
e.g., [8, 9, 19]):(

Iξ,0,η0+ f
)

(x) =
(
I+η,ξf

)
(x) =

x−ξ−η

Γ(ξ)

∫ x

0

(x− t)ξ−1tηf(t) dt,

(
Iξ,0,η− f

)
(x) =

(
K−η,ξf

)
(x) ≡ xη

Γ(ξ)

∫ ∞
x

(t− x)ξ−1t−ξ−ηf(t) dt

and (
Dξ,0,η

0+ f
)

(x) =
(
D+
η,ξf

)
(x)

=

(
d

dx

)n (
I−ξ+n,−ξ,ξ+η−n0+ f

)
(x) (n = [<(ξ)] + 1),

(
Dξ,0,η
− f

)
(x) =

(
D−η,ξf

)
(x)



IMAGE FORMULAS AND JACOBI TRANSFORMS OF THE (p, ν)–EGHF 1057

= (−1)n
(
d

dx

)n (
I−ξ+n,−ξ,ξ+η− f

)
(x) (n = [<(ξ)] + 1),

(
D+
η,ξf

)
(x)

= x−η
(
d

dx

)n
1

Γ(n− ξ)

∫ x

0

tξ+η(x− t)n−ξ−1f(t) dt (n = [<(ξ)] + 1),

(
D−η,ξf

)
(x)

= xη+ξ
(
d

dx

)n
1

Γ(n− ξ)

∫ ∞
x

t−η(t− x)n−ξ−1f(t) dt (n = [<(ξ)] + 1),

respectively. In recent years, extensions of a number of well-known special
functions have been investigated and studied the (p, q)–variant, and in turn,
when p = q the p–variant together with the set of related higher transcendental
hypergeometric type special functions (see, for details, [1–6, 10, 11, 14–16]). In
particular, Parmar et al. [13, p. 98, Eq. (40)] introduced and studied the (p, ν)-
extended Gauss hypergeometric function F p,ν(a, b; c; z) with (p ≥ 0; |z| < 1,
<(c) > <(b) > 0) in the form:

(1.5) F p,ν(a, b; c; z) =

∞∑
n=0

(a)n
Bν(b+ n, c− b ; p)

B(b, c− b)
zn

n!
,

where Bν(x, y; p) is the extension of the extended Beta function introduced by
Parmar et al. [13]

Bν(x, y; p) =

√
2p

π

∫ 1

0

tx−
3
2 (1− t)y− 3

2 Kν+ 1
2

(
p

t(1− t)

)
dt ,

when <(p) > 0. They developed and studied its several properties such as in-
tegral representations, Mellin transforms, summation formulas, transformation
formulas, and so on. The concept of the Hadamard product (or convolution)
of two analytic functions is required in our current investigation. It can aid
in the decomposition of a newly emerged function into two known functions.
If one of the power series, in particular, describes an entire function, then the
Hadamard product series also defines an entire function. If we assume

g(z) :=

∞∑
n=0

cnz
n (|z| < Rf ) and h(z) :=

∞∑
n=0

dnz
n (|z| < Rg)

two given power series and whose radii of convergence are given by Rf and Rg,
respectively, then their Hadamard product (or convolution) is the power series
defined by

(1.6) (g ∗ h)(z) :=

∞∑
n=0

cn dnz
n = (h ∗ g)(z) (|z| < R),
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where

R = lim
n→∞

∣∣∣∣ cn dn
cn+1 dn+1

∣∣∣∣ =

(
lim
n→∞

∣∣∣∣ cncn+1

∣∣∣∣) · ( lim
n→∞

∣∣∣∣ dndn+1

∣∣∣∣) = Rf ·Rg,

so that, in general, we have R = Rf ·Rg.
The Fox-Wright functionrΨs(z) (r, s ∈ N0), which is a generalization of

hypergeometric function, is defined as follows (see, for details, [8, 12]; see also
[19,21]):

rΨs

[
(a1, A1), . . . , (as, As);
(b1, B1), . . . , (bs, Bs);

z

]
=

∞∑
n=0

Γ(a1 +A1n) · · ·Γ(ar +Arn)

Γ(b1 +B1n) · · ·Γ(bs +Bsn)

zn

n!
(1.7)

(
A` ∈ R+ (` = 1, . . . , r); B` ∈ R+ (` = 1, . . . , s); 1 +

s∑
`=1

B` −
r∑
`=1

A` = 0

)
,

where the equality in the convergence condition holds for

|z| < ∇ :=

(
r∏
`=1

A−A``

)
·

(
s∏
`=1

BB`

)
.

In this paper, we obtain certain image formulas of the (p, ν)–extended Gauss’
hypergeometric function F p,ν(a, b; c; z) by using Saigo’s hypergeometric frac-
tional calculus (integral and differential) operators (1.1), (1.2), (1.3) and (1.4).
Corresponding assertions for the classical Riemann-Liouville(R-L) and Erdélyi-
Kober(E-K) fractional integral and differential operators are deduced. All
the results are represented in terms of the Hadamard product of the (p, ν)–
extended Gauss’s hypergeometric function F p,ν(a, b; c; z) and Fox-Wright func-
tion rΨs(z). We also established Jacobi and its particular assertions for the
Gegenbauer and Legendre transforms of the (p, ν)–extended Gauss’ hypergeo-
metric function F p,ν(a, b; c; z).

2. Fractional integration of the F p,ν(a, b; c; z)

We begin the main results exposition with presenting a composition formu-
las of generalized fractional integrals (1.1) and (1.2) involving (p, ν)–extended
Gauss’ hypergeometric function F p,ν(a, b; c; z). We prove that such composi-
tions are expressed in terms of the Hadamard product (1.6) of (p, ν)–extended
Gauss’ hypergeometric function (1.5) and Fox-Wright function rΨs(z) (1.7).

Lemma 1. Let ξ, µ, η ∈ C. Then there exist the relations

(a) If <(ξ) > 0 and <(σ) > max[0,<(µ− η)], then

(2.1) (Iξ,µ,η0+ tσ−1)(x) =
Γ(σ)Γ(σ + η − µ)

Γ(σ − µ)Γ(σ + ξ + η)
xσ−µ−1.

In particular, for x > 0 we have

(Iξ0+t
σ−1)(x) =

Γ(σ)

Γ(σ + ξ)
xσ+ξ−1 (<(ξ) > 0, <(σ) > 0),
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(I+η,ξt
σ−1)(x) =

Γ(σ + η)

Γ(σ + ξ + η)
xσ−1 (<(ξ) > 0, <(σ) > −<(η)).

(b) If <(ξ) > 0 and <(σ) < 1 + min[<(µ),<(η)], then

(2.2) (Iξ,µ,η− tσ−1)(x) =
Γ(µ− σ + 1)Γ(η − σ + 1)

Γ(1− σ)Γ(ξ + µ+ η − σ + 1)
xσ−µ−1.

In particular, for x > 0 we have

(Iξ−t
σ−1)(x) =

Γ(1− ξ − σ)

Γ(1− σ)
xσ+ξ−1 (0 < <(ξ) < 1−<(σ)),

(K−η,ξt
σ−1)(x) =

Γ(η − σ + 1)

Γ(ξ + η − σ + 1)
xσ−1 (<(σ) < 1 + <(σ)).

Theorem 1. Let ρ, ξ, µ, η, σ, ω,∈ C, ρ > 0 be such that <(p) > 0, <(ξ) > 0 and
<(σ) > max[0,<(µ − η)]. Then the following Saigo hypergeometric fractional

integral Iξ,µ,η0+ of F p,ν(a, b; c;ωtρ) holds:(
Iξ,µ,η0+

{
tσ−1F p,ν(a, b; c;ωtρ)

})
(x)

= xσ−µ−1F p,ν(a, b; c;ωxρ)] ∗ 3Ψ2

[
(1, 1), (σ, ρ), (σ + η − µ, ρ);
(σ − µ, ρ), (σ + ξ + η, ρ);

ωxρ
]
,(2.3)

where it is assumed that the left-sided hypergeometric fractional integral in (2.3)
exists.

Proof. Applying definition (1.5), using (1.1) and (2.1) and changing the orders
of integration and summation, we find for x > 0(

Iξ,µ,η0+

{
tσ−1F p,ν(a, b; c;ωtρ)

})
(x)

=

∞∑
k=0

(a)k
Bν(b+ k, c− b ; p)

B(b, c− b)
ωk

k!

(
Iξ,µ,η0+ tσ+ρk−1

)
(x)

= xσ−µ−1
∞∑
k=0

(a)k
Bν(b+ k, c− b ; p)

B(b, c− b) k!

× Γ(1 + k)Γ(σ + ρk)Γ(σ + η − µ+ ρk)

Γ(σ + ξ + η + ρk)Γ(σ − µ+ ρk) k!
(ωxρ)k.(2.4)

By applying the Hadamard product (1.6) in (2.4), which in view of (1.5) and
(1.7), yields the desired formula (2.3). �

Theorem 2. Let ρ, ξ, µ, η, σ, ω ∈ C, ρ > 0 be such that <(p) > 0, <(ξ) > 0
and <(σ) < 1 + min[<(µ),<(η)]. Then the following Saigo hypergeometric

fractional integral Iξ,µ,η− of F p,ν(a, b; c;
(
ω
tρ )
)

holds:(
Iξ,µ,η−

{
tσ−1F p,ν

(
a, b; c;

ω

tρ

)})
(x)

= xσ−µ−1F p,ν

(
a, b; c;

ω

xρ

)
∗ 3Ψ2

[
(1, 1), (1 + µ− σ, ρ), (1 + η − σ, ρ);
(1− σ, ρ), (1 + ξ + µ+ η − σ, ρ);

ω

xρ

]
,(2.5)
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where it is assumed that the right-sided hypergeometric fractional integral in
(2.5) exists.

Proof. Applying definition (1.5), using (1.2) and (2.2) and changing the orders
of integration and summation, we find for x > 0(

Iξ,µ,η−

{
tσ−1F p,ν

(
a, b; c;

ω

tρ

)})
(x)

=

∞∑
k=0

(a)k
Bν(b+ k, c− b ; p)

B(b, c− b) k!
(ω)k

(
Iξ,µ,η− tσ−ρk−1

)
(x)

= xσ−µ−1
∞∑
k=0

(a)k
Bν(b+ k, c− b ; p)

B(b, c− b) k!

× Γ(1 + k)Γ(1 + µ− σ + ρk)Γ(1 + η − σ + ρk)

Γ(1− σ + ρk)Γ(1 + ξ + µ+ η − σ + ρk) k!

( ω
xρ

)k
.(2.6)

By applying the Hadamard product (1.6) in (2.6), which in view of (1.5) and
(1.7), yields the desired formula (2.5). �

Next by putting µ = −ξ and µ = 0 in Theorem 1 and Theorem 2, we obtain
results for the classical Riemann-Liouville fractional integrals given in Corollary
2.1 and Corollary 2.3 and Erdélyi-Kober fractional integrals given in Corollary
2.2 and Corollary 2.4, respectively.

Corollary 2.1. Let ρ, ξ, σ, ω ∈ C, ρ > 0, be such that <(p) > 0, <(ξ) > 0,

<(σ) > 0. Then the following Riemann-Liouville fractional integral Iξ0+ of
F p,ν(a, b; c;ωtρ) holds:(

Iξ0+
{
tσ−1F p,ν(a, b; c;ωtρ)

})
(x)

= xσ+ξ−1F p,ν(a, b; c;ωxρ) ∗ 2Ψ1

[
(1, 1), (σ, ρ);
(σ + ξ, ρ);

ωxρ
]
,(2.7)

where it is assumed that the left-sided Riemann-Liouville fractional integral in
(2.7) exists.

Corollary 2.2. Let ρ, ξ, η, σ, ω ∈ C, ρ > 0, be such that <(p) > 0, <(ξ) > 0
and <(σ) > −<(η). Then the following Erdélyi-Kober fractional integral I+η,ξ
of F p,ν(a, b; c;ωtρ) holds:(

I+η,ξ
{
tσ−1F p,ν(a, b; c;ωtρ)

})
(x)

= xσ−1F p,ν(a, b; c;ωxρ) ∗ 2Ψ1

[
(1, 1), (σ + η, ρ);
(σ + ξ + η, ρ);

ωxρ
]
,(2.8)

where it is assumed that the left-sided Erdélyi-Kober fractional integral in (2.8)
exists.
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Corollary 2.3. Let ρ, ξ, σ, ω ∈ C, ρ > 0 be such that <(p) > 0, 0 < <(ξ) < 1−
<(σ). Then the following Riemann-Liouville fractional integral Iξ− of F p,ν(a, b;
c; ωtρ ) holds: (

Iξ−

{
tσ−1F p,ν

(
a, b; c;

ω

tρ

)})
(x)

= xσ+ξ−1F p,ν

(
a, b; c;

ω

xρ

)
∗ 2Ψ1

[
(1, 1), (1− ξ − σ, ρ);

(1− σ, ρ);

ω

xρ

]
,(2.9)

where it is assumed that the right-sided Riemann-Liouville fractional integral
in (2.9) exists.

Corollary 2.4. Let ρ, ξ, η, σ, ω ∈ C, ρ > 0 be such that <(p) > 0, <(ξ) > 0
and <(σ) < 1+<(η). Then the following Erdélyi-Kober fractional integral K−η,ξ
of F p,ν

(
a, b; c; ωtρ

)
holds:(

K−η,ξ

{
tσ−1F p,ν(a, b; c;

ω

tρ
)
})

(x)

= xσ−1F p,ν(a, b; c;
ω

xρ
) ∗ 2Ψ1

[
(1, 1), (1 + η − σ, ρ);
(1 + ξ + η − σ, ρ);

ω

xρ

]
,(2.10)

where it is assumed that the right-sided Erdélyi-Kober fractional integral in
(2.10) exists.

3. Fractional differentiation of the F p,ν(a, b; c; z)

In this section, we obtain a composition formulas of generalized fractional
differentiation (1.3) and (1.4) involving (p, ν)–extended Gauss’ hypergeometric
function F p,ν(a, b; c; z). We prove that such compositions are expressed in
terms of the Hadamard product (1.6) of (p, ν)–extended Gauss’ hypergeometric
function and Fox-Wright function pΨq(z).

Lemma 2. Let ξ, µ, η ∈ C, ρ > 0. Then there exist the relations

(a) If <(ξ) > 0 and <(σ) > −min[0,<(ξ + µ+ η)], then

(3.1) (Dξ,µ,η
0+ tσ−1)(x) =

Γ(σ)Γ(σ + ξ + µ+ η)

Γ(σ + µ)Γ(σ + η)
xσ+µ−1.

In particular, for x > 0 we have

(Dξ
0+t

σ−1)(x) =
Γ(σ)

Γ(σ − ξ)
xσ−ξ−1 (<(ξ) > 0, <(σ) > 0),

(D+
η,ξt

σ−1)(x) =
Γ(σ + ξ + η)

Γ(σ + η)
xσ−1 (<(ξ) > 0, <(σ) > −<(ξ + η)).

(b) If <(ξ) > 0, <(σ) < 1+min[<(−µ − n),<(ξ + η)] and n= [<(ξ)]+1,
then

(3.2) (Dξ,µ,η
− tσ−1)(x) =

Γ(1− σ − µ)Γ(1− σ + ξ + η)

Γ(1− σ)Γ(1− σ + η − µ)
xσ+µ−1.
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In particular, for x > 0 we have

(Dξ
−t
σ−1)(x) =

Γ(1− σ + ξ)

Γ(1− σ)
xσ−ξ−1 (<(ξ) > 0, <(σ) < 1 + <(ξ)− n),

(D−η,ξt
σ−1)(x) =

Γ(1− σ + ξ + η)

Γ(1− σ − η)
xσ−1 (<(ξ) > 0, <(σ) < 1 + <(ξ + η)− n).

Theorem 3. Let ρ, ξ, µ, η, σ, ω ∈ C, ρ > 0 be such that <(p) > 0, <(ξ) ≥ 0
and <(σ) > −min[0,<(ξ + µ + η)]. Then the following Saigo hypergeometric

fractional differentiation Dξ,µ,η
0+ of F p,ν(a, b; c;ωtρ) holds:(

Dξ,µ,η
0+

{
tσ−1F p,ν(a, b; c;ωtρ)

})
(x)

= xσ+µ−1F p,ν(a, b; c;ωxρ) ∗ 3Ψ2

[
(1, 1), (σ, ρ), (ξ + σ + η + µ, ρ);

(σ + µ, ρ), (σ + η, ρ);
ωxρ

]
,(3.3)

where it is assumed that the left-sided hypergeometric fractional derivative in
(3.3) exists.

Proof. By virtue of the formulas (1.3) and (1.5), the term-by-term fractional
differentiation and the application of the relation (3.1), yields for x > 0(

Dξ,µ,η
0+

{
tσ−1F p,ν(a, b; c;ωtρ)

})
(x)

=

∞∑
k=0

(a)k
Bν(b+ k, c− b ; p)

B(b, c− b)
ωk

k!

(
Dξ,µ,η

0+ tσ+ρk−1
)

(x)

= xσ+µ−1
∞∑
k=0

(a)k
Bν(b+ k, c− b ; p)

B(b, c− b) k!

× Γ(1 + k)Γ(σ + ρk)Γ(σ + ξ + η + µ+ ρk)

Γ(σ + µ+ ρk)Γ(σ + η + ρk) k!
(ωxρ)k.(3.4)

By applying the Hadamard product (1.6) in (3.4), which in view of (1.5) and
(1.7), yields the desired formula (3.3). �

Theorem 4. Let ρ, ξ, µ, η, σ, ω ∈ C, ρ > 0 be such that <(p) > 0, <(ξ) ≥ 0
and <(σ) < 1 + min[<(−µ− n),<(ξ + η)], n = [<(ξ)] + 1. Then the following

Saigo hypergeometric fractional differentiation Dξ,µ,η
− of F p,ν

(
a, b; c; ωtρ

)
holds:(

Dξ,µ,η
−

{
tσ−1F p,ν

(
a, b; c;

ω

tρ

)})
(x)

= xσ+µ−1F p,ν

(
a, b; c;

ω

xρ

)
∗ 3Ψ2

[
(1, 1), (1− σ − µ, ρ), (1 + ξ + η − σ, ρ);

(1− σ, ρ), (1− µ+ η − σ, ρ);

ω

xρ

]
,(3.5)

where it is assumed that the right-sided hypergeometric fractional derivative in
(3.5) exists.

Proof. By virtue of the formulas (1.4) and (1.5), the term-by-term fractional
differentiation and the application of the relation (3.2), yields for x > 0(

Dξ,µ,η
−

{
tσ−1F p,ν

(
a, b; c;

ω

tρ

)})
(x)
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=

∞∑
k=0

(a)k
Bν(b+ k, c− b ; p)

B(b, c− b) k!
(ω)k

(
Dξ,µ,η
− tσ−ρk−1

)
(x)

= xσ+µ−1
∞∑
k=0

(a)k
Bν(b+ k, c− b ; p)

B(b, c− b) k!

× Γ(1 + k)Γ(1− µ− σ + ρk)Γ(1 + ξ + η − σ + ρk)

Γ(1− σ + ρk)Γ(1− σ + η − µ+ ρk) k!

( ω
xρ

)k
.(3.6)

By applying the Hadamard product (1.6) in (3.6), which in view of (1.5) and
(1.7), yields the desired formula (3.5). �

Next by putting µ = −ξ and µ = 0 in Theorem 3 and Theorem 4, we
obtain results for the classical Riemann-Liouville fractional derivatives given in
Corollary 4.1 and Corollary 4.3 and Erdélyi-Kober fractional derivatives given
in Corollary 4.2 and Corollary 4.4, respectively.

Corollary 4.1. Let ρ, ξ, σ, ω ∈ C, ρ > 0, be such that <(p) > 0, and <(ξ) ≥ 0,

<(σ) > 0. Then the following Riemann-Liouville fractional differentiation Dξ
0+

of F p,ν(a, b; c;ωtρ) holds:(
Dξ

0+

{
tσ−1F p,ν(a, b; c;ωtρ)

})
(x)

= xσ−ξ−1F p,ν(a, b; c;ωxρ) ∗ 2Ψ1

[
(1, 1), (σ, ρ);
(σ − ξ, ρ);

ωxρ
]
,(3.7)

where it is assumed that the left-sided Riemann-Liouville fractional derivative
in (3.7) exists.

Corollary 4.2. Let ρ, ξ, η, σ, ω ∈ C, ρ > 0, be such that <(p) > 0, <(ξ) ≥ 0 and
<(σ) > −<(η + ξ). Then the following Erdélyi-Kober fractional differentiation
D+
η,ξ of F p,ν(a, b; c;ωtρ) holds:(

D+
η,ξ

{
tσ−1F p,ν(a, b; c;ωt)

})
(x)

= xσ−1F p,ν(a, b; c;ωxρ) ∗ 2Ψ1

[
(1, 1), (σ + ξ + η, ρ);

(σ + η, ρ);
ωxρ

]
,(3.8)

where it is assumed that the left-sided Erdélyi-Kober fractional derivative in
(3.8) exists.

Corollary 4.3. Let ρ, ξ, σ, ω ∈ C, ρ > 0 be such that <(p) > 0, <(ξ) ≥
0, <(σ) < <(ξ) − [<(ξ)]. Then the following Riemann-Liouville fractional

differentiation Dξ
− of F p,ν

(
a, b; c; ωtρ

)
holds:(

Dξ
−

{
tσ−1F p,ν(a, b; c;

ω

tρ
)
})

(x)

= xσ−ξ−1F p,ν(a, b; c;
ω

xρ
) ∗ 2Ψ1

[
(1, 1), (1 + ξ − σ, ρ);

(1− σ, ρ);

ω

xρ

]
,(3.9)
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where it is assumed that the right-sided Riemann-Liouville fractional derivative
in (3.9) exists.

Corollary 4.4. Let ρ, ξ, η, σ, ω ∈ C, ρ > 0 be such that <(p) > 0, <(ξ) ≥ 0
and <(σ) < <(ξ + η) − [<(ξ)]. Then the following Erdélyi-Kober fractional
differentiation D−η,ξ of F p,ν

(
a, b; c; ωtρ

)
holds:(

D−η,ξ

{
tσ−1F p,ν

(
a, b; c;

ω

tρ

)})
(x)

= xσ−1F p,ν(a, b; c;
ω

xρ
) ∗ 2Ψ1

[
(1, 1), (1 + ξ − σ + η, ρ);

(1− σ − η, ρ);

ω

xρ

]
,(3.10)

where it is assumed that the right-sided Erdélyi-Kober fractional derivative in
(3.10) exists.

4. Special cases to generalized hypergeometric function rFs

The Fox–Wright function rΨs(z) extends the generalized hypergeometric
function rFs[z] which power series form reads

rFs

[ a1, . . . , ar
b1, . . . , bs

∣∣∣z] =
∑
k≥0

r∏
`=1

(a`)k

s∏
`=1

(b`)k

zk

k!
,

where, as usual, we make use of the Pochhammer symbol (or raising factorial)

(τ)0 = 1; (τ)k = τ(τ + 1) · · · (τ + k − 1) =
Γ(τ + k)

Γ(τ)
, k ∈ N.

In the special case Ar = Bs = 1; ` = 1, . . . , r; ` = 1, . . . , s, the Fox–Wright
function rΨs[z] reduces to the generalized hypergeometric function

rΨs

[ (a1, 1), . . . , (ar, 1)
(b1, 1), . . . , (bs, 1)

∣∣∣z] =
Γ(a1) · · ·Γ(ar)

Γ(b1) · · ·Γ(bs)
rFs

[ a1, . . . , ar
b1, . . . , bs

∣∣∣z].
As particular cases, if we put ρ = 1 in all the results derived in Section 2 and

Section 3, then they can be represented in terms of the Hadamard product of
the (p, ν)–extended Gauss’s hypergeometric function F p,ν(a, b; c; z) and Gauss’s
hypergeometric function rFs(z).

Theorem 5. Let ξ, µ, η, σ, ω,∈ C be such that <(p) > 0, <(ξ) > 0 and <(σ) >
max[0,<(µ − η)]. Then the following Saigo hypergeometric fractional integral

Iξ,µ,η0+ of F p,ν(a, b; c;ωt) holds:(
Iξ,µ,η0+

{
tσ−1F p,ν(a, b; c;ωt)

})
(x)

= xσ−µ−1
Γ(σ)Γ(σ + η − µ)

Γ(σ − µ)Γ(σ + ξ + η)

F p,ν(a, b; c;ωx) ∗ 3F2

[
1, σ, σ + η − µ;
σ − µ, σ + ξ + η;

ωx

]
,(4.1)
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where it is assumed that the left-sided hypergeometric fractional integral in (4.1)
exists.

Theorem 6. Let ξ, µ, η, σ, ω ∈ C be such that <(p) > 0, <(ξ) > 0 and <(σ) <
1+min[<(µ),<(η)]. Then the following Saigo hypergeometric fractional integral

Iξ,µ,η− of F p,ν(a, b; c;
(
ω
t )
)

holds:(
Iξ,µ,η−

{
tσ−1F p,ν

(
a, b; c;

ω

t

)})
(x)

= xσ−µ−1
Γ(1 + µ− σ)Γ(1 + η − σ)

Γ(1− σ)Γ(1 + ξ + µ+ η − σ)
F p,ν

(
a, b; c;

ω

x

)
∗ 3F2

[
1, 1 + µ− σ, 1 + η − σ;

1− σ, 1 + ξ + µ+ η − σ;

ω

x

]
,(4.2)

where it is assumed that the right-sided hypergeometric fractional integral in
(4.2) exists.

Corollary 6.1. Let ξ, σ, ω ∈ C, be such that <(p) > 0, <(ξ) > 0, <(σ) > 0.

Then the following Riemann-Liouville fractional integral Iξ0+ of F p,ν(a, b; c;ωt)
holds: (

Iξ0+
{
tσ−1F p,ν(a, b; c;ωt)

})
(x)

= xσ+ξ−1
Γ(σ)

Γ(σ + ξ)
F p,ν(a, b; c;ωx) ∗ 2F1

[
1, σ;
σ + ξ;

ωx

]
,(4.3)

where it is assumed that the left-sided Riemann-Liouville fractional integral in
(4.3) exists.

Corollary 6.2. Let ξ, η, σ, ω ∈ C, be such that <(p) > 0, <(ξ) > 0 and
<(σ) > −<(η). Then the following Erdélyi-Kober fractional integral I+η,ξ of

F p,ν(a, b; c;ωt) holds:(
I+η,ξ

{
tσ−1F p,ν(a, b; c;ωt)

})
(x)

= xσ−1
Γ(σ + η)

Γ(σ + ξ + η)
F p,ν(a, b; c;ωx) ∗ 2F1

[
1, σ + η;
σ + ξ + η;

ωx

]
,(4.4)

where it is assumed that the left-sided Erdélyi-Kober fractional integral in (4.4)
exists.

Corollary 6.3. Let ξ, σ, ω ∈ C be such that <(p) > 0, 0 < <(ξ) < 1 − <(σ).

Then the following Riemann-Liouville fractional integral Iξ− of F p,ν
(
a, b; c; ωt

)
holds: (

Iξ−

{
tσ−1F p,ν

(
a, b; c;

ω

t

)})
(x)

= xσ+ξ−1
Γ(1− ξ − σ)

Γ(1− σ)
F p,ν

(
a, b; c;

ω

x

)
∗ 2F1

[
1, 1− ξ − σ;

1− σ;

ω

x

]
,(4.5)

where it is assumed that the right-sided Riemann-Liouville fractional integral
in (4.5) exists.
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Corollary 6.4. Let ξ, η, σ, ω ∈ C be such that <(p) > 0, <(ξ) > 0 and
<(σ) < 1 + <(η). Then the following Erdélyi-Kober fractional integral K−η,ξ
of F p,ν

(
a, b; c; ωt

)
holds:(

K−η,ξ

{
tσ−1F p,ν(a, b; c;

ω

t
)
})

(x)

= xσ−1
Γ(1 + η − σ)

Γ(1 + ξ + η − σ)
F p,ν(a, b; c;

ω

x
) ∗ 2F1

[
1, 1 + η − σ;

1 + ξ + η − σ;

ω

x

]
,(4.6)

where it is assumed that the right-sided Erdélyi-Kober fractional integral in
(4.6) exists.

Theorem 7. Let ξ, µ, η, σ, ω ∈ C be such that <(p) > 0, <(ξ) ≥ 0 and <(σ) >
−min[0,<(ξ + µ + η)]. Then the following Saigo hypergeometric fractional

differentiation Dξ,µ,η
0+ of F p,ν(a, b; c;ωt) holds:(
Dξ,µ,η

0+

{
tσ−1F p,ν(a, b; c;ωt)

})
(x)

= xσ+µ−1
Γ(σ)Γ(ξ + σ + η + µ)

Γ(σ + µ)Γ(σ + η)
F p,ν(a, b; c;ωxρ)

∗ 3F2

[
1, σ, ξ + σ + η + µ;
σ + µ, σ + η;

ωx

]
,(4.7)

where it is assumed that the left-sided hypergeometric fractional derivative in
(4.7) exists.

Theorem 8. Let ξ, µ, η, σ, ω ∈ C be such that <(p) > 0, <(ξ) ≥ 0 and
<(σ) < 1 + min[<(−µ − n),<(ξ + η)],n = [<(ξ)] + 1. Then the following

Saigo hypergeometric fractional differentiation Dξ,µ,η
− of F p,ν

(
a, b; c; ωt

)
holds:(

Dξ,µ,η
−

{
tσ−1F p,ν

(
a, b; c;

ω

t

)})
(x)

= xσ+µ−1
Γ(1− σ − µ)Γ(1 + ξ + η − σ)

Γ(1− σ)Γ(1− µ+ η − σ)
F p,ν

(
a, b; c;

ω

x

)
∗ 3F2

[
1, 1− σ − µ, 1 + ξ + η − σ;

1− σ, 1− µ+ η − σ;

ω

x

]
,(4.8)

where it is assumed that the right-sided hypergeometric fractional derivative in
(4.8) exists.

Corollary 8.1. Let ξ, σ, ω ∈ C, be such that <(p) > 0, and <(ξ) ≥ 0,

<(σ) > 0. Then the following Riemann-Liouville fractional differentiation Dξ
0+

of F p,ν(a, b; c;ωt) holds:(
Dξ

0+

{
tσ−1F p,ν(a, b; c;ωt)

})
(x)

= xσ−ξ−1
Γ(σ)

Γ(σ − ξ)
F p,ν(a, b; c;ωx) ∗ 2F1

[
1, σ;
σ − ξ; ωx

]
,(4.9)
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where it is assumed that the left-sided Riemann-Liouville fractional derivative
in (4.9) exists.

Corollary 8.2. Let ξ, η, σ, ω ∈ C, ρ > 0, be such that <(p) > 0, <(ξ) ≥ 0 and
<(σ) > −<(η + ξ). Then the following Erdélyi-Kober fractional differentiation
D+
η,ξ of F p,ν(a, b; c;ωt) holds:(

D+
η,ξ

{
tσ−1F p,ν(a, b; c;ωt)

})
(x)

= xσ−1
Γ(σ + ξ + η)

Γ(σ + η)
F p,ν(a, b; c;ωx) ∗ 2F1

[
1, σ + ξ + η;

σ + η;
ωx

]
,(4.10)

where it is assumed that the left-sided Erdélyi-Kober fractional derivative in
(4.10) exists.

Corollary 8.3. Let ξ, σ, ω ∈ C be such that <(p) > 0, <(ξ) ≥ 0, <(σ) <
<(ξ)− [<(ξ)]. Then the following Riemann-Liouville fractional differentiation

Dξ
− of F p,ν

(
a, b; c; ωt

)
holds:(

Dξ
−

{
tσ−1F p,ν(a, b; c;

ω

t
)
})

(x)

= xσ−ξ−1
Γ(1 + ξ − σ)

Γ(1− σ)
F p,ν(a, b; c;

ω

x
) ∗ 2F1

[
1, 1 + ξ − σ;

1− σ;

ω

x

]
,(4.11)

where it is assumed that the right-sided Riemann-Liouville fractional derivative
in (4.11) exists.

Corollary 8.4. Let ξ, η, σ, ω ∈ C be such that <(p) > 0, <(ξ) ≥ 0 and <(σ) <
<(ξ + η) − [<(ξ)]. Then the following Erdélyi-Kober fractional differentiation
D−η,ξ of F p,ν

(
a, b; c; ωt

)
holds:(

D−η,ξ

{
tσ−1F p,ν

(
a, b; c;

ω

t

)})
(x)

= xσ−1
Γ(1 + ξ − σ + η)

Γ(1− σ − η)
F p,ν(a, b; c;

ω

x
) ∗ 2F1

[
1, 1 + ξ − σ + η;

1− σ − η;

ω

x

]
,(4.12)

where it is assumed that the right-sided Erdélyi-Kober fractional derivative in
(4.12) exists.

5. Jacobi and related integral transforms

In this section, we obtain Jacobi and related integral transforms of the (p, ν)-
extended Gauss’ hypergeometric functions (1.5). The classical orthogonal Ja-

cobi polynomials P
($,θ)
n (t) is defined by (see, for details, [17, 20,21]):

P ($,θ)
n (t) = (−1)n(−t) =

(
$ + n

n

)
2F1

[ −n,$ + θ + n+ 1
$ + 1

∣∣∣1− t
2

]
,

where 2F1 denotes the Gauss hypergeometric function [17].



1068 P. CHOPRA, M. GUPTA, AND K. MODI

Definition 1 (see, for example, [7, p. 501]). The Jacobi transform of a function
f(t) is defined as follows:

(5.1) J($,θ)[f(t);n] =

∫ 1

−1
(1− t)$ (1 + t)θ P ($,θ)

n (t) f(t)dt

(min{<($), <(θ), } > −1; n ∈ N0),

provided that the function f(t) is so constrained that the integral in (5.1) exists.

The Jacobi transform of the power function tρ−1 (see, for example, [7]) is
given by

J($,θ)[tρ−1; n]

=

∫ 1

−1
(1− t)ξ−1 (1 + t)η−1 P ($,θ)

n (t) tρ−1 dt

= 2ξ+η−1
(
$ + n

n

)
B(ξ, η)F 1:2;1

1:1;0

 ξ : −n,$ + θ + n+ 1; 1− ρ;

ξ + η : $ + 1; ;
1, 2

(5.2)

(min{<(ξ), <(η), } > 0; ρ ∈ C; n ∈ N0),

where F q:m;ν
p:l;µ denotes the Kampé de Fériet’s function in two variables (see,

e.g., [21, p. 22, Eq. 1.3(2)] and [21, p. 37, Eq. 1.4(21)]). In particular, upon
setting ξ = $ + 1 and η = θ + 1, this last integral formula (5.2) would reduce
immediately to the following form:

J($,θ)[tρ−1; n]

=

∫ 1

−1
(1− t)$ (1 + t)θ P ($,θ)

n (t) tρ−1 dt

= 2$+θ+1

(
$ + n

n

)
B($ + 1, θ + 1)

F 1:2;1
1:1;0

 $ + 1 : −n,$ + θ + n+ 1; 1− ρ;

$ + θ + 2 : $ + 1; ;
1, 2

(5.3)

(min{<($), <(θ), } > −1; ρ ∈ C; n ∈ N0).

Indeed, in its further special case when ρ = m + 1 (m ∈ N0), (5.3) yields the
following well-known result for the Jacobi transform of tm (m ∈ N0), which is
given by (see, for example, [17, p. 261, Eq. (14) and (15)])

J($,θ)[tm; n]

=

∫ 1

−1
(1− t)$ (1 + t)θ P ($,θ)

n (t) tm dt
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=



0 (m = 0, 1, 2, . . . , n− 1)

2$+θ+n+1 B($ + n+ 1, θ + n+ 1) (m = n)

2$+θ+n+1
(
m
n

)
B($ + n+ 1, θ + n+ 1)

· 2F1

[
n−m,$ + n+ 1
$ + θ + 2n+ 2

∣∣∣2], (m = n+ 1, n+ 2, n+ 3, . . .)

(5.4)

(min{<($), <(θ), } > −1; m,n ∈ N0).

For various choices of the parameters $ and θ, the Jacobi polynomials P
($,θ)
n (t)

contain, as their special cases, such other classical orthogonal polynomials as
(for example) the Gegenbauer (or Ultraspherical) polynomials Cνn(t), the Le-
gendre (or spherical) polynomials Pn(t), and the Tchebycheff polynomials Tn(t)
and Un(t) of the first and second kind (see, for details, [21]). In fact, we have
the following relationships with the Gegenbauer polynomials Cνn(z) and the
Legendre polynomials Pn(z):

(5.5) Cνn(t) =

(
ν + n− 1

2

n

)−1(
2ν + n− 1

n

)
P

(ν− 1
2 ,ν−

1
2 )

n (t)

and

Pn(t) = C
1
2
n (t) = P (0,0)

n (t),

respectively, which, in conjunction with (5.1), yields the corresponding Gegen-
bauer transform G(ν)[f(t);n] given by

G(ν)[f(t);n] =

(
ν + n− 1

2

n

)−1(
2ν + n− 1

n

)
J(ν−

1
2 ,ν−

1
2 )[f(t);n]

=

∫ 1

−1
(1− t2)ν−

1
2 Cνn(z) f(t)dt (<(ν) > −1

2
; n ∈ N0),

and the corresponding Legendre transform L[f(t);n] defined by

(5.6) L[f(t);n] = G( 1
2 )[f(t);n] =

∫ 1

−1
Pn(t) f(z)dt (n ∈ N0).

Now, we prove three results which exhibit the connections between the Jacobi,
Gegenbauer and Legendre transforms with the following (p, ν)-extended Gauss’
hypergeometric function (1.5).

Theorem 9. Under the condition stated in (1.5), the following Jacobi trans-
form formula holds:

J($,θ)[tρ−1 F p,ν(a, b; c;ωt); n]

= 2$+θ+1

(
$ + n

n

)
B($ + 1, θ + 1)

∞∑
k=0

(a)k
Bν(b+ k, c− b ; p)

B(b, c− b)



1070 P. CHOPRA, M. GUPTA, AND K. MODI

· F 1:2;1
1:1;0

 $ + 1 : −n,$ + θ + n+ 1; 1− ρ− k;

$ + θ + 2 : $ + 1; ;
1, 2

 ωk

k!
,(5.7)

(<(p) > 0; m, n ∈ N0; min{<($), <(θ), } > −1; ρ ∈ C),

where it is assumed that the Jacobi transforms in (5.3) exists.

Proof. By applying the definition (5.1) in conjunction with (1.5), we have

J($,θ)[tρ−1 F p,ν(a, b; c;ωt); n]

=

∫ 1

−1
tρ−1(1− t)$ (1 + t)θ P ($,θ)

n (t) F p,ν(a, b; c;ωt) dt

=

∫ 1

−1
tρ−1(1− t)$ (1 + t)θ P ($,θ)

n (t)

∞∑
k=0

(a)k
Bν(b+ k, c− b ; p)

B(b, c− b)
(ωt)k

k!
dt.

Now, upon changing the order of integration and summation (which can be
justified easily by absolute convergence), we make use of the Jacobi transform
formula (5.3) with the parameter ρ replaced by ρ+ k (ρ ∈ C; k ∈ N0). �

By applying the Jacobi transform formula (5.4), we can simplify the assertion
(5.7) of Theorem 9 in their special case when ρ = m+ 1 (m ∈ N0). Moreover,
in view of the relationship (5.5), Theorem 9 yields the following corollary by
setting $ = θ = ν − 1

2 .

Corollary 9.1. Under the condition stated in (1.5), the following Gegenbauer
transform formula holds:

G(ν)[tρ−1 F p,ν(a, b; c;ωt); n]

= 22ν
(

2ν + n− 1

n

)
B(ν +

1

2
, ν +

1

2
)

∞∑
k=0

(a)k
Bν(b+ k, c− b ; p)

B(b, c− b)

· F 1:2;1
1:1;0

 ν + 1
2 : −n, 2ν + n; 1− ρ− k;

2ν + 1 : ν + 1
2 ; ;

1, 2

 ωk

k!
,(5.8)

(<(p) > 0; m, n ∈ N0; ρ ∈ C),

where it is assumed that the Gegenbauer transforms in (5.8) exists.

For the Legendre transform defined by (5.6), a special case of Theorem 9
when $ = θ = 0 (or, alternatively, Corollary 9.1 with ν = 1

2 ) yields the
following result.

Corollary 9.2. Under the condition stated in (1.5), the following Legendre
transform formula holds:

L[tρ−1 F p,ν(a, b; c;ωt); n]
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= 2

∞∑
k=0

(a)k
Bν(b+ k, c− b ; p)

B(b, c− b)
F 1:2;1
1:1;0

 1 : −n, n+ 1; 1− ρ− k;

2 : 1; ;
1, 2

 ωk

k!
,(5.9)

(<(p) > 0; m, n ∈ N0; ρ ∈ Cp),
where it is assumed that the Legendre transform in (5.9) exists.

6. Concluding remarks

In this paper, we obtain certain image formulas of the (p, ν)–extended Gauss’
hypergeometric function F p,ν(a, b; c; z) by using Saigo’s hypergeometric frac-
tional calculus (integral and differential) operators (1.1), (1.2), (1.3) and (1.4).
Corresponding assertions for the classical Riemann-Liouville(R-L) and Erdélyi-
Kober(E-K) fractional integral and differential operators are deduced. All
the results are represented in terms of the Hadamard product of the (p, ν)–
extended Gauss’s hypergeometric function F p,ν(a, b; c; z) and Fox-Wright func-
tion rΨs(z). We also established Jacobi and its particular assertions for the
Gegenbauer and Legendre transforms of the (p, ν)–extended Gauss’ hypergeo-
metric function F p,ν(a, b; c; z).

Acknowledgments. The authors are grateful for comments and suggestions
to anonymous referee to improve the manuscript in present form.

References

[1] M. A. Chaudhry, A. Qadir, M. Rafique, and S. M. Zubair, Extension of Euler’s beta

function, J. Comput. Appl. Math. 78 (1997), no. 1, 19–32. https://doi.org/10.1016/

S0377-0427(96)00102-1

[2] M. A. Chaudhry, A. Qadir, H. M. Srivastava, and R. B. Paris, Extended hypergeometric

and confluent hypergeometric functions, Appl. Math. Comput. 159 (2004), no. 2, 589–

602. https://doi.org/10.1016/j.amc.2003.09.017
[3] J. Choi and R. K. Parmar, Fractional integration and differentiation of the (p, q)-

extended Bessel function, Bull. Korean Math. Soc. 55 (2018), no. 2, 599–610. https:

//doi.org/10.4134/BKMS.b170193

[4] J. Choi and R. K. Parmar, Fractional calculus of the (p, q)–extended Struve function,

Far East J. Math. Sci. 103 (2018), no. 2, 541–559 .
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