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ABSTRACT. For given non-negative real numbers oy, with >0 ap =1
and normalized analytic functions fr, k = 1,...,m, defined on the open
unit disc, let the functions F' and Fy, be defined by F(z) := Y 1" o fr(2),
and Fp(z) := n~! Z;L;(]l e~ 2imi/n [ (e2J7i/n2)  This paper studies the
functions fj satisfying the subordination zf; (z)/Fn(z) < h(z), where
the function h is a convex univalent function with positive real part. We
also consider the analogues of the classes of starlike functions with respect
to symmetric, conjugate, and symmetric conjugate points. Inclusion and
convolution results are proved for these and related classes. Our classes
generalize several well-known classes and the connections with the previ-
ous works are indicated.

1. Introduction

Let A be the class of normalized analytic functions f of the form f(z) =
z4+Y pe o arz" defined on the unit disc D = {z € C : |z| < 1}. For analytic func-
tions f and g, f < g (read: f is subordinate to g) if the condition f(z) = g(w(z))
holds for some analytic function w : D — D with w(0) = 0. If the function g is
univalent, then f < g if and only if f(0) = ¢(0) and f(D) C g(D). The usual
subclasses of starlike and convex functions are characterized, respectively, by
the inequalities Re(zf’(2)/f(2)) > 0 and 1 + Re(zf"(2)/f'(z)) > 0. These
classes as well as several subclasses of starlike functions and convex functions
are, respectively, characterized by the subordination

() ")
) <h(z) or 1+ ) =< h(z),
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where the function A is a univalent function with positive real part. The classes
of functions f € A satisfying these subordinations are, respectively, denoted
by ST (h) and CV(h). For 0 < a < 1, let hy : D — C be defined by h,(z) =
(14+(1—-2a)z)/(1—=z); the functions in ST (a) := ST (ha) and CV(a) := CV(ha)
are, respectively, the usual starlike and convex functions of order a. A function
f € A is starlike with respect to symmetric points if for every r less than and
sufficiently close to 1 and every ¢ on |z| = r, the angular velocity of f(z) about
the point f(—() is positive at z = ( as z traverses the circle |z| = r in the
positive direction. Analytically, a function f € A is starlike with respect to
symmetric points if

2f'(z)
Re >0 for z2=¢, [{|=r
7 - 70 @1
or equivalently if it satisfies the inequality
zf'(z)
1.1 Re ————~—— >0 forall z €D
4 ) - F(=2)

these functions were introduced and studied by Sakaguchi [20]. He also gave a
few generalizations of (1.1) using the n-ply points function

n—1
Falz) =) €7 f(02) for f € A,
j=0

where ¢ = €>™/™ for a positive integer n. Properties of integral operators,

structural formulas, distortion estimates and subordination results for functions
defined by using f, are investigated in [2,10, 11, 14,23]. The Feketo-Szego
inequalities and their applications to classes defined through convolution are
investigated by Shanmugam et al. [22]. Recently, Gochhayat and Prajapati [7]
studied growth, distortion and radius problem for general class of symmetric
points. The classes of starlike functions with respect to conjugate points, and
starlike functions with respect to symmetric conjugate points were due to El-
Ashwah and Thomas [6]; these classes have functions f satisfying respectively
the inequalities:
! !/
e L(Z)i >0, and Re L(z)i
f2)+ 1(®) f(z) = f(=2)

Kasi [8] solved some radius problems related to these classes.

Convolution or the Hadamard product of two functions f and g in A, given
by f(z) =24 Y peqarz® and g(z) = 24+ Y p, bz, is the function f g given
by (f *9)(2) = z + Y ey arbrz®. Barnard and Kellogg [5] gave applications
of the theory of convolution for finding the radii of certain well known classes;
these ideas and techniques have been widely used. Al-Amiri [1] found the radii
of the classes he defined, under certain very well known operators. One way to
unify these classes of starlike functions with respect to symmetric, conjugate
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and symmetric conjugate points is the observation that these functions satisfy

2f(2) ) ()
RO C RS (PR R
where g(z) = —f(—z2), f(Z) and —f(—%), respectively. More generally, for

given non-negative real numbers oy, with 3", o, = 1 and normalized analytic
functions fr : D — C, k = 1,...,m, let the function F' be defined by F(z) :=
> opey ag fr(z). Then the general form of the condition is Re(zf}(z)/F(z)) > 0.
Using the function F;, obtained from F', the subordination relation becomes
2f1(2)/Fn(2) < h(z), where the function h is a convex univalent function with
positive real part. In this paper, we study these classes as well as other classes
related to symmetric, conjugate and symmetric conjugate points. We prove
inclusion and convolution theorems for these classes. The results obtained
include several known results.

The main tool used in the proofs is a convolution theorem [18, Theorem 2.4]
for pre-starlike functions due to Ruscheweyh. For o < 1, the generalized Koebe
function k, : D — C is defined by

kal(2) 1= —

(1 —z)2-2a"

A function f € A is called a pre-starlike function of order « if its convolution
f * ko with the generalized Koebe function k, is starlike of order a (see [17]).
A pre-starlike function of order 1 is a function f € A satisfying the inequality
Re(f(z)/z) > 1/2. The class of pre-starlike functions of order « is denoted
by Re. The next theorem has vast applications; for example, it follows that
the classes of starlike functions of order o and convex functions of order « are
closed under convolution with functions in the class R,.

Theorem 1.1 ([18, Theorem 2.4]). For a < 1, let the function ¢ € Ry, and
the function f € ST (a). If the function H is analytic in D, then the image of
the unit disc D under the function (¢px (H[))/(¢* f) is contained in the closed
convez hull co(H (D)) of H(D):
¢ (Hf) _

1.2 ———F=(D) Ccco(H(D)).
(1.2) i (D) C co(H (D))

If the function H is convex, then ¢o(H (D)) = H(D) and so the containment
n (1.2) becomes the subordination (¢ * (H f))/(¢ % f) < H. We also need the

following theorem of Miller and Mocanu [9, Corollary 4.1h.1].

Theorem 1.2. Let the function h be conver in D, and the functions S and T
be analytic in D and S(0) = T(0). If the inequality Re(25'(2)/S(z)) > 0 holds
and T'(2)/8'(z) < h(z), then T(z2)/S(z) < h(z).

2. The classes 8T (k) and CV,, 1, (h)

For a given positive integer m, let the class A™ be defined by A™ := {f

(fi,fo,- s fm) s e € A, 1 <k <m}. For 0 < o <1, with Zzlzlak 1,
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and the function fe A™ . define the function F' : D — C by
(2.1) F(2) =) arfil2).
k=1

For an integer n > 1, the n-ply points function F,, : D — C corresponding to
the function F is defined by

n—1

(2.2) Fo(z) = % S cIR(e),
=0

where € = €27/™ is the primitive nth root of unity. For f € A™ and g € A, the
convolution f * g is defined term-wise by f*g:= (f1*g, fo*g,..., fm *g) and
the ordinary product gf := (gf1,9f2, .-, 9fm). The derivative f’ is defined by

f= (f1, f5, ..., f],) and the conjugate Fby f= (fi, f2y- -+, fm). With these
notations, the following classes of starlike and convex functions related to f
and F,, are defined.

Definition. Let h be a convex univalent function with positive real part.
The classes of starlike and convex functions related to fand F,,, denoted by
ST nm(h) and CV,, (k) consist of functions f € A™ satisfying, respectively,
the subordinations

21 (2)

(/) (2)
For a fixed g € A, the class ST ,,m(g, h) consists of all f for which fxg €
ST n,m(h) and the class CV,, 1, (g, h) consists of all functions f for which fxg €
CVym(h).

For n = 1, and o = 1/m for all 1 < k < m, the classes ST ,.m(g,h)
and CV,, (g, h) are reduced to the classes S}, (g, h) and IC,,, (g, h), respectively;
investigated in [4]. For g(z) = z/(1—2)%, with all the aforementioned particular
values for n and oy, the class STy, m (g, h) becomes the class S, (h) studied in
[13]. The class CV,, (g, h) is the class ICy(h) studied in [12]. For n = m =
1, the two classes ST, m(g,h) and CV,, (g, h) are reduced, respectively, to
S*(g,h) and K(g, h) studied in [21].

It follows immediately that ST pm(2/(1 —2),h) = STnm(h), CVpm(z/(1—
2),h) = CVpm(h) and ST,.m(2/(1 — 2)%,h) = CVym(h). Also, the following

o~

Alexander relationship holds: f € CV,,. () if and only if zf/ € ST, (h) and
fe CVn m(g,h) if and only if 2f' € ST nm(g, h).

The first theorem in this section discusses the starlikeness of the n-ply points
function Fj,.

Theorem 2.1. If the function h is a conver univalent function with posi-
tive real part satisfying h(0) = 1 then, for 1 < k < m, the component fy, of
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f € ST nm(h) is close-to-conver and hence univalent. Also, the n-ply points
function F,, belongs to the class ST (h).

~

Proof. For a given f € ST,,(h), it is first shown that the n-ply points
function F), given by (2.2) is starlike. The definition of the class ST, m(h)
gives zf,(2)/Fn(z) € h(D) for each z € D. Since az’s are non-negative
real numbers with > ;" ay = 1, the convexity of h(D) readily shows that
oy ag (2f1(2)/Fn(2)) € h(D) for each z € D. The definition of F given in
(2.1) implies that zF’(z)/F,(z) € h(D) for each z € D.

The Taylor series of the function F), in (2.2), gives that F,,(¢72) = &/ F,,(2).
Using this identity and replacing z by €’z in 2F’(2)/F,(z) € h(D), it is easy
to infer that,

2F'(e72)
(2.3) Fo(2) € h(D)
for each z € D. From (2.2), it follows that F/(z) := Z;:Ol (F'(¢72))/n. Using
this and the convexity of h(D), (2.3) yields

2F(2) 1% . 2F'(e72)

(]

€ h(D)
j=0
for each z € D. Thus, zF),(2)/F,(z) < h(z) or F,, € ST(h). Since h is a
function with positive real part, it follows that ST (h) C ST and thus F,, € ST .

Since h is a function with positive real part, it follows that the function
zf1.(2)/Fn(2) has positive real part in . The starlikeness of F,, immediately
shows that the function f € A is close-to-convex and univalent. O

Containment relation between the classes CV,, y,(h) and ST, (k) is dis-
cussed in the following theorem.

Theorem 2.2. If h is a conver univalent function with positive real part satis-
fying h(0) =1, then CV,, ;m(h) C ST pm(h) and, for 1 < k < m, the component
fr of f € CVym(h) is close-to-conver and hence univalent. Also, the n-ply
points function F,, belongs to the class CV(h).

Proof. For f € CVn.m(h), it follows from the definition that (zf})'(2)/F; (z) <
h(z). By following arguments similar to the ones used in the proof of The-
orem 2.1, it can be shown that F,, € CV(h). Since h has positive real part,
it follows that F), is convex and in particular starlike. Applying Theorem 1.2
yields zf;(z)/Fn(z) < h(z), proving fe ST nm(h). Close-to-convexity and
univalence of f follows from Theorem 2.1. O

A class F is said to be closed under convolution with functions in the class
Gif fxge Fforeach fe Fand geG. If G =CV or R, then the statement
becomes, respectively, that F is closed under convolution with convex functions
or closed under convolution with pre-starlike functions of order . Ruschweyeh
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and Sheil-Small [19] have shown that the classes of convex functions, starlike
functions and close-to-convex functions are closed under convolution with con-
vex functions. The next theorem extends this result to the classes ST . (g, h)
and CVy, m (g, h); each of these classes is shown to be closed under convolution
with pre-starlike functions of order «, where h is a convex univalent function
with real part greater than a.

Theorem 2.3. Let g be a fixed function in A. Let h be a conver univa-
lent function satisfying Re(h(z)) > a, h(0) = 1, 0 < a < 1. Then the
classes ST n,m(g, k), CVn.m(g, k) and, in particular, the classes STy m(h) and
CVy.m(h) are closed under convolutions with pre-starlike functions of order «.
Proof. First it is proved that the class ST, (k) is closed under convolutions

with pre-starlike functions of order «; in other words, f * ¢ € ST, (h) for
each fe ST n,m(h) and cach ¢ € R,. For k=1,2...,m and n > 1, define the
function Hy : D — C by
_ ()
By Theorem 2.1, the function F,, € ST (h). Since Re(h(z)) > «, it follows that
F, € 8T (a). An application of Theorem 1.1 shows that

Hy(z):

(2.4) W C @(Hy(D)).
Since
(25) (¢* (HeFn))(2) _ (0*2fp)(2) _ 2(éx fu)'(2)

(¢ * Fn)(2) (@x Fu)(z) (¢ F)a(z)
for every z € D and Hy(z) < h(z), it follows from (2.4) and (2.5) that
2(¢* fi)'(2)
(¢ * F)n(2)
This proves that ¢ x fe ST nm(h).

If f € STnm(g,h), then f* g € STnm(h). Since it is already proved
that the class ST p,m(h) is closed under convolution with the class R, the

~ ~

=< h(z).

associative property of convolution gives (f*¢)xg = (f*g) * ¢ € STnm(h)
for ¢ € Ry. Therefore, f % ¢ € STn.m(g,h).

Finally, the statement f % ¢ € CVn,m(g,h) for fe CVn,m(g,h) and ¢ €
Re is to be proved. Let f € CVym(g,h). Then, by the Alexander rela-

tionship between the classes ST p.m (g, ) and CV,, (g, h), it is inferred that
zf" € STnm(g,h). Using what is already proved for ST,.m,(g,h), it fol-
lows that (zf’ * ¢) € STynm(g,h). Since (zf" * ¢) = z(¢ * f)’, we have

2(px f) € STynm(g,h). Again, the Alexander relationship between the classes
STnm(g,h) and CVy, (g, h), implies that ¢ = f € CVy, (g, k). Since we have
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CVpm(2/(1=2),h) = CV, m(h), the closure under convolution with pre-starlike
functions of order « for the class CVy, ., (h) follows. O

A function f € A is pre-starlike of order 0 if zf' = fx ko = f* (2/(1 —
2)?) is starlike, or f is convex. Therefore, Rg = CV is the class of convex
functions. Similarly, R/, = ST (1/2) is the class of starlike functions of order
1/2. Assuming h to be just a function with positive real part in Theorem 2.3,
implies that each of the classes ST, m (g, 1), ST nm(h), CVi m(g, k), CVim(h)
is closed under convolution with convex functions. The next section talks about
the class of functions obtained with regards to the concept of symmetric points.

3. The classes ST S, m(h) and CVS,, ., (h)

Let m,n be positive integers. By using the definition of the n-ply points
function F, in (2.2) for f € A™, the classes of starlike and convex function with
respect to symmetric points related to f and F,, STSn,m(h) and CVS,, 1 (h),
respectively, are defined by

STSnm(h) = {fe am | 2

@) Fu(2) h(z)}’

and

CVSm(h) = {fe A™ | m < h(z)},

where h is a convex univalent function with positive real part. For a fixed
g € A, the class STS,, (g, h) contains all ffor which fxg € STSy,m(h), and
the class CVS,, (g, h) has all functions 7 for which f g € CVS,,m(h).

From the above definitions, for g(z)=z/(1—2), STSnm(g, h) =ST Sn,m(h),
CVS,.m(g, k) = CVS, m(h) and STSy m(2/(1—2)%, h) = CVS,, m(h). Also, the
Alexander relationship holds: f € CVS,, m(h) if and only if 2f' € STSn.m(h)
and f € CVS,.m(g,h) if and only if 2fl € STSn.m(g,h).

The following two theorems provide results on the starlikeness of the func-
tions related to fand the n-ply points function F,, respectively.

Theorem 3.1. If the function h s a conves univalent function with positive
real part satisfying h(0) = 1, and f € STSnm(h), then the function g defined
by () = (f(2) — f(—=2))/2 belongs to the class ST m(h).

Proof. Let f € ST Sy, m(h) and for F,, given by (2.2), the function G,, : D — C
be defined by G, (z) = (F,.(2) — Fn(—2))/2. By definition, zf/(2)/Gn(2) €
h(D) for every z € D. After replacing z by —z it is seen that zf}(—z)/Gn(2) €
h(D) for every z € D, as G,,(—z) = —G,(z). Using the convexity of the domain
h(D), it is inferred that

() 1 (20 | 2f(—2)
Gulz) ~ 2 <Gn<z> e > € h(D)
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for every z € D. Thus, the definition of the class ST, (h) gives § € STy m(h).
U

Theorem 3.2. Let h be a convexr univalent function with positive real part
satisfying h(0) = 1 and define the function Gy, as in Theorem 3.1. Then, for

f € S8TSnm(h), the function G, € ST (h).

Proof. Let f € STSnm(h), and z € D. Then by definition, zf,(z)/Gn(z) €
h(D). Since y’s are non-negative real numbers with " jax = 1, the con-
vexity property of h(D) gives > ", axzfi(2)/Gn(z) € h(D) for each z € D,
and the definition in (2.1) infers zF'(2)/Gy(z) € h(D) for each z € D.
Replacing z by €7z, and using the relation F,(¢7z) = &’ F,(z) which in it
can be seen that
2F'(e72)
G (2)
for each z € D. From the definition in (2.2), it also follows that F) (z) :=
Z;L:_Ol (F'(¢72))/n. Applying it together with the convexity of h(D) on (3.1)
yields

(3.1) € h(D)

2Fl(2) 1% 2F'(02)
o) " n2 ) € h(D)

for each z € . The convex combination of the functions obtained after replac-
ing z by —z gives

2GL(z) 1 (zF)(z) zF(-=2)

et e R ey KL
for each z € D, as Gy, (—2) = —Gn(z). Therefore zG,(2)/Gn(z) < h(z) or
G, € ST (h). O

The following theorem proves a containment relationship between the classes

CVSnm(h) and ST Sn.m(h).

Theorem 3.3. If h is a convex univalent function with positive real part sat-
isfying h(0) = 1, then CVS,, m(h) C STSnm(h).

Proof. Let the function G,, : D — C be defined as in Theorem 3.1. For f €
CVS,,m(h), it is known that ((2zf})'(2))/(F,(z) + F)(—z)) < h(z) for every
z € D, or (2f;) (2)/Gl(2) < h(z) for every z € D. By arguments similar
to the ones in Theorem 3.2, it can be proved that G,, € CV(h). Since h is a
function with positive real part, it follows that G,, is convex, and hence starlike.
By Theorem 1.2, zf/(2)/Gn(z) < h(z) for every z € D. Thus, by definition,

F e 8TSnm(h). 0

In the next theorem, the classes ST Sy m (g, h) and CVS,, (g, h) are shown
to be closed under convolution with the class of pre-starlike functions of order
a, where h is a convex univalent function with real part greater than a.
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Theorem 3.4. Let g be a fized function in A. Let h be a conver univalent
function satisfying Reh(z) > a, h(0) = 1, 0 < a < 1. Then the classes
STSnm(g,h) and CVS,, (g, h) are closed under convolution with pre-starlike
functions of order .

Proof. The class STSy, m(h) is closed under convolution with pre-starlike func-
tions of order « is proved first; that is, it will be shown that f*¢ € STS,, m(h)
for every f € STSym(h) and every ¢ € R,. For k=1,2,...,mand n > 1,
the functions G,, and H}, are defined on the unit disc as

_ Fulz) — Fu(=2) _ 2fi(2)
Gn(z) := 5 ) Hy(z) = Cnls)
It can be seen from Theorem 3.2 that G,, € ST (h) and since Reh(z) > a,
G € ST ().
It is observed that
(¢ (HrGn))(2) _ 22(¢ * fi)'(2)

(6% Gn)(z) (@ % F)n(z) = (¢ % F)n(—2)
for z € D. Theorem 1.1 yields

(¢ * (HrGn))(2)
(¢* Gn)(2)

and Hy(z) < h(z). This implies that

2z(¢ * fr)'(2)
(¢ F)n(z) — (¢ % Fn)(—2)

or pxf € STSn.m(h). Thus, the class STSy, m(h) is closed under convolution
with fur}\ctions in Ry.- R

Let f € STSnm(g,h). Then by definition, f*xg € STS, m(h). Using
the associative property of convolution and the closure of the class ST S, (h)
under convolution with functions in R, it follows that (f* EVES (f* g)xo €
ST Sy m(h) where ¢ € R,. Therefore, fA* ¢ € STSn,m(g,h), and thus proves
that ST Sy m (g, h) is closed under convolution with functions in the class R,.

Let f € CVS,, m(g,h). Then, by the Alexander relationship between the
classes ST Sn.m (g, h) and CVS,, (g, h), we have zf’ € STSn,m(g,h). By using
what is just proved for ST Sy m (g, k), it yields that (zf’ x @) € STSnm(g,h),
and since (zf* ¢) = z(¢x f)', it follows that z(¢* f)' € STSn.m(g,h). Again,
the Alexander relationship between the classes ST Sy, m (g, h) and CVS,, (g, h)
implies that ¢ = f € CVS,,,m(g,h). This proves that the class CVS,, (g, h) is
closed under convolution with functions in R,. Since CVS,, 1, (2/(1 — z),h) =
CVS,,,m(h), the closure under convolution with functions in the class of pre-
starlike functions of order « for the class CVS,, ., (h) follows directly. O

C co(Hy (D)),

=< h(z)
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In the forthcoming sections, we define and discuss the corresponding classes
of functions by considering conjugate and symmetric conjugate points, respec-
tively.

4. The classes STCy,,m(h) and CVC, (k)

Let m and n be positive integers, and h be a convex univalent function with
positive real part which is symmetric with respect to the real-axis. The classes
STCp m(h) and CVC,, 1, (h) of starlike and convex functions with respect to
conjugate points related to fand F, consist of all functions fe A™ satisfying
the subordinations

L(Z)i < h(z) and % =< h(z),
Fo(2) + Fu(2) F(2) + F(2)
respectively, where the function F), is defined in (2.2). For a fixed g € A, the
class STC,,,m (g, k) contains all functions fe A™ for which f*g € STCpm(h),
and CVCy, (g, h) consists of all functions F € A™ for which fxg € CVCy, m(h).
If g(2) = z/(1 — 2), then STCp m(g,h) = STCpm(h), CVCp m(g,h) =
CVCpm(h) and STCym(2/(1 — 2)%,h) = CVC,, m(h). Furthermore, the fol-
lowing Alexander relationship holds: ]? € CVCp m(h) if and only if ZJ?’ €
STCpm(h) and f € CVCp.m (g, h) if and only if zf" € STCp.m(g, h).
The next two theorems study the starlikeness property of the functions re-
lating to fe A™ and the n-ply points function Fi,.

Theorem 4.1. If h is a convex univalent function with positive real part which
is symmetric with respect to the real axis satisfying h(0) = 1, and the function

g is defined by g(z) = (f(z) +%) /2, then f € STCp m(h) implies g €
ST nm(h).

Proof. Let f € STCpm(h). Define Gy, : D — C by Gy, (2) = (Fu(2) + Fn(2))/2,
where F), is given by (2.2). Then by definition, zf;(z)/Gn(z) € h(D) for every
z € D. Replacing z by Zz, taking the conjugate of the resulting expression and
then using the facts that G, (z) = G,(2z) and h is symmetric with respect to
the real axis, the expression becomes zf;(Z)/Gn(z) € h(D) for every z € D.
The convexity property of h(D) gives

2agp(2) _ 1 [2fi(2) | 2fi(E)
Gu(2) 2 (Gn(z) * Gn(z)> < 1(D)

for every z € D. Thus, by the definition of the class ST, m(h), it follows that
g€ STnm(h). O

Theorem 4.2. Let h be a convex univalent function with positive real part
which is symmetric with respect to the real-azis satisfying h(0) = 1 and the
function G,, be defined as in Theorem 4.1. If f € STCym(h), then G, €
ST(h).
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Proof. Let f € STCyp m(h). Then, zf](2)/Gn(z) € h(D) for every z € D. Since
ay’s are non-negative real numbers with > ;" o, = 1, with the convexity
property of h(DD) it is seen that Y ;" | axzf}(2)/Gn(z) € (D) for every z € D.
Using (2.1) it is simplified to 2F'(2)/Gy(z) € h(D) for each z € D.
By (2.2), it is already observed in the proof of Theorem 2.1 that F,(¢72) =
e F,(2); using this identity after replacing z by €z, the expression becomes
2F'(e92)
Gn(2)

for each z € D. By using F/(z) := Z?;()I(F’(Ejz))/n, which is again a conse-
quence of (2.2), along with the convexity of A(D) in (4.1), it gives

zF’ 1« 532
— D
1S e
for every z € . Replacing z by Z, taking conjugate of the resulting expression

and using the facts that G, (z) = G, (Z) and that h is symmetric with respect
to the real axis yields

(4.1) € h(D)

(4.2)

for each z € D. By taking the convex combination of (4.1) and (4.2), we see
that
2GL(2) _ 12(F,(2) + Fi(2))
Gn(z) 2 Gn(z)
or in other words, 2G?,(2)/Gn(z) < h(z) for every z € D. Thus, it follows that
Grn € ST(h). O

€ h(D)

The following theorem gives the containment result for the classes CVC,, . (h)

and STCy m(h).

Theorem 4.3. If h is a convex univalent function with positive real part which
is symmetric with respect to the real-axis satisfying h(0) = 1, then CVC,, 1 (h) C
STCpm(h).

Proof. Let f e CVC, m( ) and define the function G,, : D — C as in Theo-
rem 4.1. Then (zf}) (2)/G(z) < h(z) for each z € D. By a process similar
to the one in Theorem 4.2, it can be concluded that G,, € CV(h). Since h is
given to be a function with positive real part, it follows that GG,, is convex and
hence starlike. An application of Theorem 1.2 gives zf;(z)/Gn(z) < h(z) for

cach z € D, that is f € STChm(h). O

In the following theorem, a result related to closure under convolution with
functions in the class R, for the functions in STC,, (g, h) and other related
classes is discussed.
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Theorem 4.4. Let g be a fized function in A and let h be a convexr univalent
function which is symmetric with respect to the real-azis satisfying Re h(z) > «,
h(0) =1, 0 < a < 1. Then the classes STCy m(g,h) and CVC,, 1m(g,h) are
closed under convolution with the functions in the class of pre-starlike functions
of order a having real coefficients.

Proof. First, the statement of the theorem is proved to be true for the class
STC,, m(h), that is, it is shown that the functions in STC,, ., (h) are closed
under convolution with pre-starlike functions of order v with real coefficients.
Let fe STCpm(h) and ¢ € R, has real coefficients. For k =1,2...,m define
the functions G,, and Hy on D as

F.(2) + F.(2) _ z2fi(z

2 ’ Ou(2)
By Theorem 4.2, G,, € ST (h), and since Reh(z) > «, Gy, € ST («). Theo-
rem 1.1 gives

~—

Gn(z) = Hy(2) :

@+ (HG))(2) o
(4.3) 0G0 () C co(Hy(D)).
The fact that ¢ has real coefficients provides
w (6 (HG))() _ 265 ) (2)

(¢ Gn)(2) (¢ F)u(z) + (¢ % F)n(z)

for every z € D. Thus, from (4.3) and (4.4) together with the fact that Hy(z) <
h(z), it can be inferred that

2z(¢ * fr)'(2)
(¢ # F)n(2) + (¢ % F)n(Z)

which implies that f x ¢ € STCp m(h). It proves that the class STCy m(h) is
closed under convolution with functions in the class R, having real coefficients.

For f € STC,m(g,h), we have fxg e STC,,m(h). The associative property
of convolution gives (f* P)xg = (f* g) * ¢ where ¢ € R, with real coefficients,
and the fact that the class STC,, () is closed under convolution with pre-
starlike functions of order o with real coefficients infers that (f* @) xg €
STCy.m(h). Therefore, Fxoe STCh.m(g,h).

For f € CVC, .m(g,h), it is shown that ¢ * fe CVCy.m(g,h). Using the
Alexander relationship between the classes STCy, m(g,h) and CVC,, (g, h),
it is inferred that zf' € STCpm(g,h). Using the result proved above for
STCpm(g,h), it follows that (2 = ¢) € STCpm(g,h) where ¢ € R, with
real coefficients. As (zf’ *x @) = z(¢ * f)’, so z(¢ * f)’ € STCp,m(g,h). Again,
the Alexander relationship between the classes STC,, i, (g, k) and CVC,, (g, h)
gives ¢ * fe CVCy,.m (g, h), proving that the class CVC,, (g, h) is closed under
convolution with pre-starlike functions of order a with real coefficients. The

< h(z)
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result that the class CVC,, ,,(h) is closed under convolution with functions in
R having real coefficients follows since CVC,, 1 (2/(1—2), h) = CVC,, m(h). O

5. The classes STSC,, m(h) and CVSC,, m(h)

For positive integers m and n, consider the n-ply function F,, defined in (2.2)
and the function h, a convex univalent function with positive real part which
is symmetric with respect to the real-axis. Using all these functions, the class
STSCp,m(h) of starlike functions with respect to symmetric conjugate points

related to fand F,, is defined by

The class STSCy, m(g,h) has all those f for which fxg € STSCp m(h).
The class CVSC,, m (h) of convex function with respect to symmetric conjugate

points related to ]?and F,, consists of all fe A™ satisfying the subordination

\/
Fi(2) + F(==2)

The class CVSC,, (g, h) consists of all f € A™ for which fxg € CVSCp m(h). Tt
is easily inferred that STSCp m(2/(1 —2),h) = STSCyp m(h), CVSCy m(z/(1—
z),h) = CVSCy.m(h) and STSCy m(2/(1 — 2)%, h) = CVSCy.m(h). Also, the
following version of Alexander’s theorem holds: f € CVSC,, m(h) if and only if
2f' € STSCpm(h) and f € CVSCy (g, h) if and only if 2" € STSCpm (g, h).

By combining the techniques used to prove the results in Section 3 and
Section 4, the corresponding results for the class STSCy, i, (h) and other related
classes can be proved and their proofs are omitted.

Theorem 5.1. Let the function h be a convex univalent function with positive
real part which is symmetric with respect to the real-axis satisfying h(0) = 1,
and the function g be defined by g(z) = (j/‘\(z) - f(?z))/Z Iff e STSCp m(h),
then § S STn,m(h)

Theorem 5.2. Let h be a convex univalent function with positive real part
which is symmetric with respect to the real-azis satisfying h(0) = 1, and the
function Gy, : D — C be defined by G,(z) = (F,(2) — F.(=2))/2. Then, for
J € 8TSCpm(h), the function G, € ST(h).

Theorem 5.3. If h is a convexr univalent function with positive real part
which is symmetric with respect to the real-axis satisfying h(0) = 1, then

CVSCm(h) C STSCpm(h).

Theorem 5.4. Let g be a fized function in A and let h be a convexr univalent
function which is symmetric with respect to the real-azis satisfying Re(h(z)) >
a, h(0) =1, 0 < a < 1. Then the classes STSCp m(g,h) and CVSC,, (g, h)
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are closed under convolution with pre-starlike functions of order o having real
coefficients.

Remark 5.5. For m = 1, the classes ST 1.m (g, k), STSn.m(g,h), STCpn m(g,h)
and STSC,, (g, h) are reduced to the classes discussed in [15]. Form =n =1,
and g(z) = z/(1 — z), these classes are reduced to those in [16]. For m = 1,
these become the classes studied in [3] with p = 1.

Acknowledgment. The authors are thankful to the referee for the comments
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