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JORDAN G,,-DERIVATIONS ON PATH ALGEBRAS

ABDERRAHIM ADRABI, DRISS BENNIS, AND BRAHIM FAHID

ABSTRACT. Recently, Bresar’s Jordan {g, h}-derivations have been inves-
tigated on triangular algebras. As a first aim of this paper, we extend this
study to an interesting general context. Namely, we introduce the notion
of Jordan G, -derivations, with n > 2, which is a natural generalization of
Jordan {g, h}-derivations. Then, we study this notion on path algebras.
We prove that, when n > 2, every Jordan G,-derivation on a path algebra
is a {g, h}-derivation. However, when n = 2, we give an example showing
that this implication does not hold true in general. So, we characterize
when it holds. As a second aim, we give a positive answer to a variant of
Lvov-Kaplansky conjecture on path algebras. Namely, we show that the
set of values of a multi-linear polynomial on a path algebra KF is either
{0}, KE or the space spanned by paths of a length greater than or equal
to 1.

1. Introduction and definitions

Through this paper, K will denote a field with characteristic zero, A will be
a K-algebra with the center Z(A). For z,y € A, we use z oy (resp., [z,y]) to
denote the Jordan product xy + yx (resp., the Lie product zy — yx) of  and y.

In [6], Bresar introduced the notion of Jordan {g, h}-derivations as follows:
Let g: A— A and h: A — A be linear maps. A linear map f: A — A is said
to be a Jordan {g, h}-derivation if

flxoy)=g(x)oy+zohly) (z,ycA).

For g = f, a Jordan {g, h}-derivation is just a Jordan generalized derivation,
and for ¢ = h = f, it is nothing but the classical Jordan derivation. Sev-
eral authors have been interested in investigating when Jordan derivations are
derivations on various algebra constructions (see for instance [3,4,9,12,13,17]).
In order to extend this classical question to the introduced context, Bresar, in
the same paper [6], introduced the notion of {g, h}-derivation as follows: Let
g:A— Aand h: A — A be linear maps. A linear map f: A — A is said to
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be a {g, h}-derivation if

flzy) = g(x)y + zh(y) = h(z)y + zg(y)  (z,y € A).

But, it turned out from the discussion at the beginning of [6, Section 2], that
{g, h}-derivations are maps of the from:

f(2) = e + d(a)

for some A € Z(A) and a derivation d : A — A. These kind of maps are in fact a
particular case of generalized derivations. Recall that a linear map D : A — A
is said to be a generalized d-derivation, for some derivation d : A — A, if it
satisfies

D(zy) = D(z)y + zd(y)  (z,y € A).

The main aim in [6] was to investigate when a Jordan {g, h}-derivation is a
{g, h}-derivation on tensor algebras. In [11], Kong and Zhang investigated the
same question on triangular algebras.

Inspired by the context above, one can naturally continue the way started by
Bresar and introduce a rather general case of Jordan {g, h}-derivations using
the following notations: Denote x1 oxs by ogz; for all 21,29 € A and (0,,_12;)0
Ty by opx; forall zy, ..., x, € Awithn > 2. By convention, we set by ogz; = %
and ojx; = xp for all 1 € A. Whence, the generalization of Jordan {g, h}-
derivations is stated as follows: Let G,, = {gi}1<i<n be a finite family of linear
maps on A with n > 2. We say that a linear map f : A — A is a Jordan
Gy-derivation, if for every n-tuple (z1,...,z,) € A"

n
Flonmi) = (0512 0 go(jy (@;)) 0 Tj41) -+ ) 0 Ty, Vo € Sy,
j=1

where S, is the symmetric group of degree n. Also, following Bresar’s approach,
we consider the following notion: we say that a linear map f: A — Ais a G,-
derivation on A, if for every (z1,...,2,) € A",

(1.1) f(H z;) = le ST 1Ge(i) (Ti)Tig1 - Ty Yo € 5,.
i=1 i=1

However, following similar argument was done by Bresar, we deduce that G,-
derivations and {g, h}-derivations are the same. In fact, let f be a G,,-derivation

with n > 2. Then, by taking 29 =--- =z, = 1 in (1.1), we obtain

(1.2) f(@1) = go1)(21) + T190(2) (1) + ﬂﬂl(z 9o(i)(1)), Vo € Sp.
i=3

And taking z; =z3 =--- =2z, =1 in (1.1), we obtain

f(22) = go1) ()22 + go(2)(72) + 552(2 9oi)(1)), Vo€ S,.
i=3
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Comparing both expressions, we see that every g;(1) lies in Z(A). Setting
A= f(1) = >, gi(1), we then infer from (1.1) and (1.2) that, for all i €
{1,...,n}, f(x) =z = gi(x) —g:(1)zx. If we set d(z) = f(x) — Az for all z € A,
then d is a derivation. Thus, every G,-derivation f can be written as

(1.3) flx) = Ax + d(z).

Therefore, every G, -derivation can be viewed as a generalized d-derivation on
A. Conversely, if a linear map f has the form as in (1.3) and A = >_"" \;, where
Ai € Z(A). Then, f is a G,-derivation on A where each g; is defined by

gi(z) = Niz +d(z) (x € A).

In this context, it is natural to ask whether a Jordan G,-derivation is nothing
but a Jordan Gs-derivation.

In order to answer this question, we investigate Jordan G,-derivations on
path algebras associated with a finite acyclic quiver. Thus, we assume some
familiarity with basic notions of path algebras (for more details, see [15]).

In the sequel, E = (E°, E', s,t) designates a finite acyclic quiver, where E°
and E' are sets of vertices and edges of E, respectively, and the maps s and ¢
from E! into E° determine the edges of E. We denote by K E the path algebra
over K associated with FE.

In Section 2, we give our main results. The first one, Theorem 2.3, shows that
a Jordan Go-derivation on K F is a Ga-derivation if and only if g;(1) € Z(KE)
or g2(1) € Z(KE). The second main result, Theorem 2.4, shows that for every
n > 2, any Jordan G,-derivation on KF is a G,-derivation. Now, using these
two theorems one can answer the above question. Namely, for every n > 2,
Jordan G, -derivations on K F are G,-derivations. Unlike the case n = 2, there
exist some Jordan Gs-derivations which are not Gs-derivations as will be shown
in Example 2.1, which yields that Jordan G, -derivations generalize naturally
Jordan Gs-derivations (i.e., Jordan {g, h}-derivations).

Section 3 presents our investigations on a variant of Lvov-Kaplansky conjec-
ture. Recall the following question known as Lvov-Kaplansky conjecture (see

[7]):

Question 1.1. Let ((x1,...,z,) be a multi-linear polynomial over a field F.
Is the set of values of ¢ on the matriz algebra M, (F) a vector space?

The reader is referred to [10] for more information about recent and impor-
tant results on this subject. Our investigation is motivated by the work done in
[8,14,16] on particular upper triangular matrix algebras. In fact, since upper
triangular matrix algebras are path algebras associated with line quivers (see
[5]), we will push the question further in another direction and ask:

Question 1.2. Let ((x1,...,x,) be a multi-linear polynomial over K. Is the
set of values of ¢ on KE a vector space?
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Theorem 3.1 answers Question 1.2 positively and so it generalizes the work
done for upper triangular matrix algebras. We give also some examples which
apply Theorem 3.1 on some particular important cases.

2. Main results

In this section, the set G,, will be a fixed family {g; }1<i<, of linear maps on
KE, where n > 2. We show when every Jordan G,,-derivation on path algebras
is a G,-derivation. We will see that for every n > 2 this implication holds,
however for the case n = 2, it does not as shown by the following example.

Example 2.1. Let E be the following quiver: vy +—— v, —=— v3 and let
f be a Jordan Gs-derivation on K E defined by:
f(v1) =2v1, gi(v1) =vi+er+e, g2(vi) =v1 —er —e,
f(v2) =2ve, g1(v2) = va + e, g2(v2) = va — ey,
f(v3) = 2113, gl(’Ug) = v3 + €2, (’Ug) V3 — €3,
fler) =2e1, gi(er) =eu, g2(e1) =
fle2) = 2ea, gi(e2) = ea, ga(e2) =

By elementary calculations, we have g;(vi)v1 + v1ga(v1) 7é f(v?), hence f is
not a Go-derivation on K E.

To prove the main results, we need the following lemma.

Lemma 2.2. For every Jordan G,-derivation f on KE with n > 2, f(1) is in
Z(KE). Moreover, if n > 2, then g;(1) is in Z(KFE) for alli € {1,...,n}.

Proof. Assume f to be a Jordan G,,-derivation on K E with n > 2. Let z be a
non-trivial idempotent in K E. Then, we have

0=/f((((zo(1=2))01)---)o1)
=(((qr(z)o(L=2))o1)---)ol+(((z0g2(l—2))o1)--+)01+0
=2""2(gy(2) o (1 —2) +z0ga(1l —2))
=g1(2) o (1 —2) +z0g2(1 - 2)

(2.1)  =2q1(2) —g1(2)z — 2g1(2) + 292(1) — 2g2(2) + g2(1)z — g2(2)=.
Multiplying (2.1) by z from the left, we obtain

(2.2) 0=291(2) — 2zg1(2)z + 292(1) — 292(2) + 292(1)z — zg2(2)z.
Multiplying (2.1) by z from the right, we obtain

(2.3) 0=g1(2)z — 2g1(2)z + 2zg2(1)z — z92(2) 2 + g2(1)z — g2(2)=.
By comparing the equalities (2.2) and (2.3), we get

(2.4) 2g1(2) + 292(1) — 292(2) = g1(2)z + g2(1)2 — ga(2)=.

Similarly, by the definition of Jordan G, -derivations, we obtain

295(1)(2) + 295(2) (1) = 295(2)(2) = 9o(1)(2)2 + Go(2)(1)2 — go(2)(2)2
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for every o € S,,. Therefore, we have
(2.5) 2g2(2) + 291(1) — zq1(2) = g2(2)z2 + g1(1)z — g1 (2) 2.
It follows from (2.4) and (2.5) that

2(91(1) +92(1)) = (92(1) + g2(1))=.

Since every element s(p) + p is a non-trivial idempotent in KF with p is a
non-trivial path in E, g1(1) + ¢g2(1) commutes with all paths in KE. Thus,
91(1) + g2(1) € Z(KE). Hence by the definition of Jordan G,-derivations, we
conclude that g,(1)(1) 4 g,(2)(1) € Z(KE) for all o € S,,. Now, assume that
n > 2, then it follows that g;(1) + g2(1), g3(1) + g2(1) and g1 (1) + g3(1) are in
Z(KE). Since Z(KE) is a group, we have g1 (1)+g2(1)—g3(1)—g2(1) = g1 (1) —
g3(1) € Z(KE). Therefore, g1(1) — g3(1) + g1(1) + g3(1) = 2¢1(1) € Z(KE).
So, ¢1(1) € Z(KE). By similar reasoning, we obtain that all g;(1) are in
Z(KE). O

We start with the first main result which treats the case n = 2.

Theorem 2.3. Every Jordan Gs-derivation f on KFE is a Ga-derivation if and
only if g1(1) € Z(KE) or g2(1) € Z(KE).

Proof. Tt is clear that if f is a Go-derivation, then g;(1) € Z(KE) and go(1) €
Z(KE). So, it remains to prove the converse implication. Let f be a Jordan
Go-derivation on K E, then we have

(2.6) fxoy)=gi(z)oy+woga(y) (v,ye€KE).
Take y = 1 in (2.6), then we obtain

(27) @) =) +rog(y) (veKEB)

Similarly, take = 1, then we obtain

(28) 1) = 0l) +yon(y) (e KB)

Without loss of generality, suppose that g1(1) € Z(KFE). It follows by Lemma
2.2, that g2(1) € Z(KE). Therefore, the equalities (2.7) and (2.8) become
f(x) = g1(x) +g92(1)x and f(y) = g2(y) +g1(1)y for all z,y € KE, respectively.
For all z,y € KE, we have
f@oy) =gi1(x) oy +x0g2(y)

= (f(z) —g2(W)z) 0oy + o (f(y) — 92 (1)y)

= f(z)oy+zo(fly)— f(1)y).
Hence, f is a Jordan generalized derivation on K E. Therefore, by the discussion

in [1, Preliminaries] and [13, Proposition 3.7], f is a generalized derivation with
f(1) = g1(1) 4+ g2(1). Hence, it follows that f is a Go-derivation. O
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In the rest of this paper, P will denote the set of all paths in E including
vertices. Note that P is a basis of K F as a K-vector space. Now, for the case
where n > 2, we have the following second main result.

Theorem 2.4. FEvery Jordan G,-derivation on KE with n > 2 is a G-
derivation.

Proof. Let f be a Jordan G,-derivation on KE with n > 2. Then, for every
path p € P, we have

F(p) = gag f((po 1)) 0 )
= s (@) o) ) o T+ 4 (po 1)) 0 ga(1)
= 2,}_1 (2" g1(p) + 2”‘1(272 9:(1))p)
(29) 50 + (3 o)y
And, .
F) = gag f((po 1)) o 1)
= o () o 1)) o Lt (po 1)) 0 ga(1))
- 2:_1 (2" ' ga(p) + 2”1(531 9:(1))p)
2
Q1) =)+ (e

i=1
i#2
This is due to the fact that by Lemma 2.2, all g;(1) € Z(KE). We claim that

f is a Jordan generalized derivation, we only need to check it on every element
in P. Let x and y be two elements in P. Then, we have

fwoy) = sz f(woy) o)) o 1)

= 2n1,2 (@) oy)o1)--)ol+(((woga(y))ol)-+)ol)

+ 5 (@op)ogs(1) ) o1+ + (((woy) o 1)) 0 ga(1))

(211)  =gi(@)oy+zoga(y) +(@oy)D_ g(1)).
i=3
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It follows by (2.9) and (2.10) that
(2.11) = (f(@) = Q_gi()x) oy + w0 (f(y) - (Z 9:(1))y)

=2 =1
i#£2

+(zoy)(dg:(1))
i=3

= flz)oy+zo(fly)— (Z gi(1))y).

Hence, f is a Jordan generalized derivation on K E. Therefore, by the discussion
in [1, Preliminaries] and [13, Proposition 3.7], f is a generalized derivation
with f(1) = >0, ¢:(1) and g¢;(1) € Z(KE). Hence, it follows that f is a
G,,-derivation. O

3. Application on a variant of Lvov-Kaplansky conjecture

In this section, we investigate a variant of Lvov-Kaplansky conjecture (see
Question 1.2 in the introduction). Our main result is as follows.

In the proof, we denote the length of a path p in E by £¢(p) (i.e., the number
of edges in the path p). By convention, we set the length of vertices to zero.

Theorem 3.1. Let ((z1,...,%n) = Y ,cg. CoTo(1) ' To(n) be a multi-linear
polynomial over K, with ¢, € K. Then, the set of values of ( on KFE 1is either
{0}, KE or the space spanned by paths of a length greater than or equal to 1.

Proof. We prove the result by recurrence on the length [ of the longest path in
E. Let V; be the space spanned by paths in &/ with a length greater than or
equal to j € N. It follows that Vj = KE and Vi1 = {0} for all k£ € N, since
there is no path with a length greater than [. Now, define I, to be

n
(3.1) I ={(z1,...,xn) € (PU{1})" : 3o € Sp, [ [ 2oi) = D},

i=1
where p € P. Let ((z1,...,2,) = Zaesn CoTg(l) ' To(n) be a multi-linear
polynomial over K, where ¢, € K. Let d, be a G,-derivation on KFE with
gi = <=1, where I is the identity map on K E. Then, ¢ can be written as

C(ml,...,l‘n) = Z Cgﬂmg(i) = Z dg(H.’L‘U(i))

o€ESy i=1 oeS, =1

for every (x1,...,z,) € (KE)". Let p € P with {(p) = 0. Assume that there
exists an element x € I, such that ((x) # 0. Then, >_ . ¢, # 0. Hence, we
have

(@)= (Y do)(p) = app

cES,
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for every p € P and for every x € I, where oy, € K*. Therefore, by linearity,
the set of values of ( on KF is KFE itself. Now, to prove the set of values
of ( on KF is V;, where 0 < j < [, we assume that, for every ¢ € P with
¢(q) < j, and for every y € I,, we have ((y) = 0 and there exists ¢ € I,,, for
some pg € P with £(pg) = j such that ((z¢) # 0. Then, there exists a subset
Seo = {0 € Sn : 1) Zo(),0 # 0} of Sy, such that > ¢, # 0. Hence, we
have

€Sz

(@)= (Y d)(p) = app

o€Sz,

for every p € P with ¢(p) > j and for every z € I, with the components of
x has a similar decomposition of sub-paths of p as xg of py, where oy, € K*.
Therefore, the set of values of ¢ on KE is V. Otherwise, if {(y) = 0 for every
q € P and every y € I, then the set of values of ( on KE is {0}. O

We end this section with the following examples. We assume in these exam-
ples that K FE has some paths of length greater than or equal to 2 and K = C
or K =R.

Example 3.2. Consider the multi-linear polynomial {(x1, z2,23) = (x1023)0
x3 over K. Then, the set of values of ( on KFE is KFE itself. This is due
the fact that all coefficients are positive. Therefore, for every p € P, we have
¢(p,1,1) = a,p, as desired.

In the following example, we use the notation of the proof of Theorem 3.1.

Example 3.3. Consider the multi-linear polynomial
C(w1, 72,23, T4) = T1T2T3T4 — T1T2T4T3 — T2T1T3T4 + T2T1T473

over K. Then, the set of values of ( on K F is the space spanned by all paths
of a length greater than or equal to 2. This can be checked by choosing a path
po = e1---¢ in P with £(p) > 2 and zg = (t(e1),e1,t(e1),ea--¢e;). Hence,
((xg) = —po. Therefore, by similar decomposition of all paths with a length
greater than or equal to 2 as the decomposition done for py into sub-paths in
o, we obtain the desired result.

Recall the following definition of Lie polynomials of order 3.

Definition ([2, Definition 4]). A non-zero multi-linear Lie polynomial ¢ of
degree 3 is a polynomial over K that can be written in the form

C(w1, 29, 23) = c1[[z1, T2], 23] + c2[x1, T3], 22],
where ¢y and ¢y are not both 0 and ¢; € K.
Example 3.4. Let ¢ be the Lie polynomial of the order 3 defined as:

C(x1, w2, x3) = [[w1, x2], 23] + [[21, 23], 22]

= X12T2X3 + X1X3T2 — 21’2$1£L‘3 + Tox3x1 — 2.T3ZL'11’2 + X3T2x71.
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Then, the set of values of ( on KF is the space spanned by all paths with a
length greater than or equal to 1. Indeed, for every p € P with ¢(p) = 0, and
every x € Ip, ((z) = 0, where I, is defined as in (3.1). Now, for an edge p¢ in
P, we have ¢ = (po,t(po),t(po)) € Ip, and ((x¢) = 2po # 0. Hence, for every
path p with ¢(p) > 0, we have
C(p, t(p), t(p)) = 2p.
By linearity, we deduce that the set of values of ( on K F is the space spanned
by paths with length at least one.
For the definition of Lie polynomials of order 4, we have the following defi-
nition.
Definition ([2, Definition 5]). A non-zero multi-linear Lie polynomial ¢ of
degree 4 is a polynomial over K that can be written in the form
<($17 xr2,T3, 334) =C [[[1‘17 Z‘Q], x3]a .T4] + 02[[[3317 1'2], .134], 333]
+ csll[z1, 23], w2], wa] + ca[[[w1, @3], 4], 2]
+ cs[[[w1, 24, w2], ws] + co[[[w1, 24), @3], w2],
where ¢; are not all 0 and ¢; € K.
Example 3.5. Let ¢ be the Lie polynomial of the order 4 defined as:
C(z1, 22, w3, 4) = [[[w1, T2, w4, 3] + [[[21, 3], 24], T2] — 2([[71, 4], 2], 23]
= X1X2T4T3+T1T3T4X2 — 2014 ToT3 — ToT1X3L4+T2L1L4T3
+£L‘21‘3.’,E1.Z‘4 —XoTX4X1T3 —X2X4X3T] —X3TL1X2T4 +£173l‘1$4172
—X3X2X1 T4+ 20302041 —L3L4X1 X2 —L3L4X2X1 +T4T1 X203
—XL4X1X3T2+T4LoL1 L3+ T4X3T1X2.
By the same reasoning as in the previous example, we choose an edge pgo in
P, we have g = (s(po),p, t(po),t(po)) € I, and ((xo) = po # 0. Hence, we
conclude that the set of values of ( on KF is the space spanned by paths with
length at least one.
Since 2 x 2-upper triangular matrix algebra T»(K) is isomorphic to path

algebra associated with the line quiver Fj : v1 —>— v, we have the following
result:

Corollary 3.6 ([16, Theorem 1.1]). Let K be a field with characteristic zero.
Let ((z1,...,%n) = D 4cs, CoTo(l) """ To(n) be a multi-linear polynomial over
K, with ¢, € K. Then, the image of ( on KF5 is KFE5, Ke or {0}.

By similar reasoning, when K is a field with characteristic zero, the main
result [8, Theorem 3] is generalized from strictly upper triangular matrix alge-
bras to upper triangular matrix algebras T,,,(K) & KFE,,, where m > 2 and

. . . el €m—1
FE,, is the line quiver v; —— vg U1 —— Uy
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