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Abstract. For two dimensional lattices, a Gaussian basis achieves all
two successive minima. For dimension larger than two, constructing a

pairwise Gaussian basis is useful to compute short vectors of the lattice.

For three dimensional lattices, Semaev showed that one can convert a
pairwise Gaussian basis to a basis achieving all three successive minima

by one simple reduction. A pairwise Gaussian basis can be obtained from

a given basis by executing Gauss algorithm for each pair of basis vectors
repeatedly until it returns a pairwise Gaussian basis. In this article, we

prove a necessary and sufficient condition for a pairwise Gaussian basis

to achieve the first k successive minima for three dimensional lattices
for each k ∈ {1, 2, 3} by modifying Semaev’s condition. Our condition

directly checks whether a pairwise Gaussian basis contains the first k

shortest independent vectors for three dimensional lattices. LLL is the
most basic lattice basis reduction algorithm and we study how to use

LLL to compute a pairwise Gaussian basis. For δ ≥ 0.9, we prove that
LLL(δ) with an additional simple reduction turns any basis for a three

dimensional lattice into a pairwise SV-reduced basis. By using this, we

convert an LLL reduced basis to a pairwise Gaussian basis in a few simple
reductions. Our result suggests that the LLL algorithm is quite effective

to compute a basis with all three successive minima for three dimensional

lattices.

1. Introduction

A lattice L in the Euclidean space Rm is a discrete subgroup of Rm. It
is usually represented by a basis which is a set of linearly independent vectors
{v1, . . . ,vn} ⊂ Rm, n ≤ m. Since a lattice is a discrete space, there is a shortest
non-zero vector measured by the Euclidean norm. The algorithms BKZ [3] and
LLL [7] compute bases with relatively short vectors in a polynomial time in n
and log2B, where B is the maximum norm of the vectors in the input basis.

The problem of finding a shortest nonzero vector is called the shortest vector
problem (SVP). SVP is a very interesting computational problem of lattices
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since the security of lattice based cryptography relies on the hardness of it.
Ajtai proved that the SVP is an NP-hard problem under randomized reductions
[1]. We say that a basis is SV-reduced if the basis contains a shortest nonzero
vector of the lattice.

For two dimensional lattices, the problem of computing a SV-reduced basis
is completely solved by Gauss algorithm, whose output we call the Gaussian
basis. The pairwise Gaussian property played an important role in finding
shortest vector of lattices (e.g. Gauss Sieve) [8]. Currently, the only known
method of constructing a pairwise Gaussian basis is to run Gauss algorithm for
each pair of basis vectors repeatedly until it returns a pairwise Gaussian basis.
In practice, it is known that it only requires a small number of calls for Gauss
algorithm to get a pairwise Gaussian for any dimension.

For three dimensional lattices, Semaev proved that if a pairwise Gaussian
basis satisfies a certain condition, then the basis achieves all three successive
minima of the lattice [11]. In [11], Semaev presented an algorithm to compute
a basis with three successive minima directly in O((log2B)2) bit operations.
Semaev also shows that repeating Gauss algorithm naively gives a pairwise
Gaussian basis in O((log2B)3) bit operations.

In this article, we study pairwise Gaussian bases for three dimensional lat-
tices. We note that the condition given by Semaev is for a basis to achieve all
three successive minima and we observe that Semaev’s condition can be refined
for each successive minimum. From this observation, we present a necessary and
sufficient condition for a pairwise Gaussian basis to achieve the first k succes-
sive minima for three dimensional lattices for each k ∈ {1, 2, 3}. Our condition
checks whether a pairwise Gaussian basis contains a shortest nonzero vector, or
first two independent shortest vectors, or all three independent shortest vectors
for a three dimensional lattice. We also show how to use the LLL algorithm to
compute a pairwise Gaussian basis. Since the proven complexity of LLL algo-
rithm is known to be O((log2B)3) bit operations, the asymptotic complexity is
not improved from repeating Gauss algorithm. However, considering the fact
that LLL algorithm works better in practice than the proven complexity, con-
structing an LLL-based make-pairwise-Gaussian algorithm is interesting. We
first present an algorithm, LLLG(δ), which outputs a pairwise Gaussian basis
with 99% probability according to experimental results (by Python software)
for δ ≥ 0.92. We prove that the output of LLLG(δ) algorithm is a pairwise
SV-reduced basis if δ ≥ 0.9. This fact allows us to present Algorithm 6, which
computes a pairwise Gaussian basis using LLL with additional simple reduc-
tions. And our Algorithm 6 together with Algorithm 3 can be used to compute
a basis that achieves the first k successive minima for any k ≤ 3 efficiently in
three dimensional lattices. According to [9], computing a good color transform
matrix requires to compute a SV-reduced basis in a three dimensional lattice.
And our LLL-based reduction algorithm can be directly applied to this case.

The rest of the article is organized as follows. In Section 2, we review some
basics of lattice, Gaussian bases, pairwise Gaussian bases and the lattice basis
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reduction algorithm LLL. In Section 3, we present our main results. We prove
a necessary and sufficient condition for a pairwise Gaussian basis to achieve the
first k successive minima for three dimensional lattices for each k ∈ {1, 2, 3}. We
prove that three dimensional LLL(δ) algorithm outputs pairwise SV-reduced
in one simple reduction and, by using this, we present how to convert an LLL
reduced basis to a pairwise Gaussian basis efficiently in a few simple reduction
in Algorithm 6. In Subsection 3.3, we present our experimental results by using
Python. And the conclusion is in Section 4.

2. Preliminaries

In this section, we review some basic concepts on lattices and the notions
used throughout this paper. We use column representation of vectors and define
the length of a vector v ∈ Rm as the standard Euclidean norm ‖v‖ =

√
v · v.

We denote by dxc the nearest integer of x ∈ R. The sign function sign(x)
denotes the sign of a real number x (i.e., x = sign(x) · |x|). We denote log2 as
log.

Definition 2.1 (Lattice). Let v1, . . . ,vn ∈ Rm be a set of linearly independent
vectors, where n ≤ m. The lattice L generated by {v1, . . . ,vn} is the set of
linear combinations of v1, . . . ,vn with coefficients in Z,

L = {a1v1 + a2v2 + · · ·+ anvn : a1, a2, . . . , an ∈ Z}.

A basis for L is any set of independent vectors that generates L. The dimension
of L is the number of vectors in a basis for L. We denote a basis as (v1, . . . ,vn)≤
if ‖vi‖ ≤ ‖vi+1‖ for all i = 1, . . . , n− 1.

There are two types of geometric invariants for lattices. One is the determi-
nant det(L) of the lattice L, which is defined as the volume of the n-dimensional
fundamental parallelepiped spanned by any basis of the lattice. The determi-
nant det(L) is easy to compute from any basis. The other is the first minimum
λ1(L) of the lattice L, which is the size (Euclidean norm) of a shortest nonzero
vector of the lattice. The first minimum of a lattice is extremely hard to com-
pute in general and the security of lattice based cryptography relies on its
hardness.

A common strategy for computing shortest vectors of lattices is developing
practical algorithms for computing a basis with relatively short vectors and
developing algorithm for computing nonzero shortest vectors from the basis.

The LLL-reduced basis is the basic notion of a relatively good basis which
can be computed efficiently for a general lattice [7]. In [7], Lenstra, Lenstra,
Lovász presented the LLL algorithm that turns any basis into an LLL-reduced
basis efficiently. The notion of LLL-reduced basis involves with Gram-Schmidt
Orthogonalization (GSO) for vectors, which is explained as follows:

Definition 2.2 (GSO). Let {v1, . . . ,vn} be a basis of a lattice L. The Gram-
Schmidt Orthogonalization (GSO) of (v1, . . . ,vn) is (v∗1, . . . ,v

∗
n), computed as
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follows:

v∗1 = v1,

v∗i = vi −
i−1∑
j=1

µi,jv
∗
j (2 ≤ i ≤ n) where µi,j =

vi · v∗j
v∗j · v∗j

.

The definition of the LLL-reduced basis has a parameter δ ∈ ( 1
4 , 1].

Definition 2.3 (LLL(δ)-reduced basis). A basis B = (v1, . . . ,vn) for an n-
dimensional lattice, with its GSO (v∗1, . . . ,v

∗
n), is LLL(δ)-reduced if it satisfies

the following conditions:

• (Size reduction) |µi,j | =
|vi·v∗

j |
v∗
j ·v∗

j
≤ 1

2 for all 1 ≤ j < i ≤ n.
• (Lovász condition) ‖v∗i ‖2 ≥ (δ − µ2

i,i−1)‖v∗i−1‖2 for all 1 < i ≤ n.

The quality of LLL(δ)-reduced basis is proven as follows:

Theorem 2.4 ([5]). Every LLL(δ)-reduced basis (v1, . . . ,vn) of a lattice L has
the following properties;

n∏
i=1

‖vi‖ ≤ α
n(n−1)

4 det (L) and min
1≤i≤n

{‖vi‖} ≤ α
(n−1)

2 · λ1(L)

with α = 1
δ− 1

4

for δ ∈ ( 1
4 , 1].

In particular, the size of a shortest vector in any LLL(δ)-reduced basis for
three dimensional lattices is estimated as follows:

Corollary 2.5 ([5]). Every LLL(δ)-reduced basis {v1,v2,v3} of a lattice L
satisfies the followings:

3∏
i=1

‖vi‖ ≤ α
3
2 det (L) and min

1≤i≤3
{‖vi‖} ≤ α · λ1(L).

From Corollary 2.5, we see that every LLL(1)-reduced basis for three dimen-
sional lattices contains a vector whose Euclidean norm is very close to the first
minimum, but it is not easy to convince whether it contains a shortest non-zero
vector of the lattice.

We recall the definition of the successive minimum, which is a generalized
notion of the first minimum.

Definition 2.6 (Successive minimum). The i-th successive minimum λi(L) of a
lattice L is the smallest real number r such that there are i linearly independent
vectors in L of length at most r;

λi(L) = inf
{
r | dim(span(L ∩ B̄(0, r))) ≥ i

}
,

where B̄(0, r) = {x ∈ Rm | ‖x‖ ≤ r} is the closed ball of radius r around 0. We
say that a basis (v1, . . . ,vn)≤ of L achieves the first minimum or SV-reduced
if ‖v1‖ = λ1(L).
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It is known that there is a lattice L with no basis of L achieves all the
successive minima of L if the dimension is larger than four. The Minkowski
reduced basis is known to achieve all the successive minima up to dimension
four and the definition of the Minkowski reduced basis is given as follows.

Definition 2.7 (Minkowski reduced basis [10]). An ordered basis (v1, . . . ,vn)≤
of a lattice L is Minkowski-reduced if and only if for all 1 ≤ i ≤ n, the vector
vi has minimal norm among all lattice vectors vi such that (v1, . . . ,vi)≤ can
be extended to a basis of L.

The Gauss algorithm, Algorithm 1, computes a Minkowski reduced basis for
two dimensional lattices.

Algorithm 1 Gauss algorithm [4]

Input: A basis {x,y} of a lattice L in Z2 s.t. ‖x‖ ≤ ‖y‖
Output: A Gaussian basis (v1,v2)≤ of the lattice L

1: Set v1 ← x and v2 ← y
2: v2 ← v2 − dv1·v2

v1·v1
cv1

3: while ‖v2‖ < ‖v1‖ do
4: Swap v1 and v2

5: v2 ← v2 − dv1·v2

v1·v1
cv1

6: end while
7: return (v1,v2)

We define the Gaussian basis as follows so that the output of Gauss algorithm
is Gaussian. Note that the notion of Gaussian basis is equivalent to the two
dimensional Minkowski-reduced basis.

Definition 2.8 (Gaussian Basis). A basis {v,w} is Gaussian if

|v ·w| ≤ 1

2
min (‖v‖2, ‖w‖2), equivalently, ‖v ±w‖2 ≥ max (‖v‖2, ‖w‖2).

Lemma 2.9 ([2]). Let B = {v,w} be a basis for a lattice L. Then B is
Gaussian if and only if λ1(L) = min (‖v‖, ‖w‖) and λ2(L) = max (‖v‖, ‖w‖).

For higher dimension, we define pairwise SV-reducedness and pairwise
Gaussian as follows.

Definition 2.10 (Pairwise SV-reduced). A basis {v1, . . . ,vn} for a lattice L
is pairwise SV-reduced if λ1(vi,vj) = min (‖vi‖, ‖vj‖) for i, j = 1, . . . , n with
i 6= j.

Definition 2.11 (Pairwise Gaussian). A basis {v1, . . . ,vn} for a lattice L is
pairwise Gaussian if any pair {vi,vj} is Gaussian, that is,

|vi · vj | ≤
1

2
min (‖vi‖2, ‖vj‖2) for all i, j = 1, . . . , n with i 6= j.
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From the definition, any pairwise Gaussian basis is a pairwise SV-reduced
basis.

Being pairwise Gaussian does not guarantee a basis to achieve the first
minimum of the lattice, even in three dimensional lattices [11]. For a three
dimensional pairwise Gaussian basis (v1,v2,v3)≤ with εi,j = sign(vi · vj),
the value ε1,2 · ε1,3 · ε2,3 takes important role for the quality of the basis. If
ε1,2 · ε1,3 · ε2,3 6= −1, by changing the signs of the vectors v1,v2,v3, we get

v1 · v2 ≥ 0, v1 · v3 ≥ 0, and v2 · v3 ≥ 0.

This fact assures that ‖v3‖ ≤ ‖x1v1 + x2v2 + v3‖ for all xi ∈ Z. Starting
with this, Semaev proved that for a pairwise Gaussian basis (v1,v2,v3)≤ with
εi,j = sign(vi · vj),

‖v3‖ ≤ ‖v1 − ε1,2v2 − ε1,3v3‖ for ε1,2 · ε1,3 · ε2,3 = −1

if and only if the basis is a Minkowski-reduced basis in [11]. Since a Minkowski-
reduced basis is known to achieve all the successive minima for three dimen-
sional, Semaev’s condition is a necessary and sufficient condition for a pairwise
Gaussian basis to achieve all three successive minima, that is, ‖v1‖ = λ1(L),
‖v2‖ = λ2(L) and ‖v3‖ = λ3(L). By using this, Semaev presented how to
compute a basis with all the successive minima for three dimensional lattices
from a pairwise Gaussian basis which can be describe in Algorithm 2.

Algorithm 2 Computing a basis with all three successive minima from a
pairwise Gaussian basis [11]

Input: A pairwise Gaussian basis (u1,u2,u3) of a lattice L
Output: A basis (v1,v2,v3) of L with λi(L) = ‖vi‖ for i = 1, 2, 3

1: (v1,v2,v3)← Ordering(u1,u2,u3)
2: if ε1,2 · ε1,3 · ε2,3 = −1 and ‖v3‖ > ‖v1 − ε1,2v2 − ε1,3v3‖ do
3: (v1,v2,v3)← (w,v1,v2) where w = v1 − ε1,2v2 − ε1,3v3

4: (v1,v2,v3)← Ordering(v1,v2,v3)
5: end if
6: Return (v1,v2,v3)

Considering that a naive approach of computing a pairwise Gaussian basis
is somewhat inefficient, Semaev also presented an algorithm that computes a
basis with all the successive minima for three dimensional lattices.

3. Main results

In this paper, we present a refined version of the result of Semaev for a
pairwise Gaussian basis for three dimensional lattices by focusing on the indi-
vidual minimum. With this refinement, we can directly check if a given pairwise
Gaussian basis achieves the first minimum, or the first and second minimum
or all three successive minima. We also present how to use LLL algorithm to
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compute a pairwise Gaussian algorithm. Therefore, our result shows how to
compute a basis with all three successive minima by using LLL.

3.1. A refined condition to achieve successive minimum

Semaev presented the following necessary and sufficient condition for a pair-
wise Gaussian basis to achieve all three successive minima: for a pairwise Gauss-
ian basis (v1,v2,v3)≤ with εi,j = sign(vi · vj),

‖v3‖ ≤ ‖v1 − ε1,2v2 − ε1,3v3‖ for ε1,2 · ε1,3 · ε2,3 = −1

if and only if

‖v1‖ = λ1(L), ‖v2‖ = λ2(L) and ‖v3‖ = λ3(L).

From Semaev’s condition, we see that if ‖v3‖ > ‖v1 − ε1,2v2 − ε1,3v3‖ for
ε1,2 ·ε1,3 ·ε2,3 = −1, it does not achieve all three successive minima. In this case,
it is interesting to know whether the basis is ‖v1‖ = λ1(L) or ‖v2‖ = λ2(L).
The Algorithm 2 from [11] also tells that if ‖v3‖ > ‖v1 − ε1,2v2 − ε1,3v3‖ for
ε1,2 · ε1,3 · ε2,3 = −1, then the basis (w1,w2,w3)≤ ← Ordering(v1 − ε1,2v2 −
ε1,3v3,v1,v2) achieves all three successive minima of the lattice. Therefore, we
have four cases for w = v1 − ε1,2v2 − ε1,3v3 with ε1,2 · ε1,3 · ε2,3 = −1:

• If ‖w‖ ≥ ‖v3‖, then λi(L) = ‖vi‖ for all i = 1, 2, 3.
• If ‖v3‖ > ‖w‖ ≥ ‖v2‖, then λi(L) = ‖vi‖ for i = 1, 2 and λ3(L) = ‖w‖.
• If ‖v2‖ > ‖w‖ ≥ ‖v1‖, then λ1(L) = ‖v1‖, λ2(L) = ‖w‖, and λ3(L) =
‖v2‖.

• If ‖v1‖ > ‖w‖, then λ1(L) = ‖w‖ < ‖v1‖ = λ2(L) and λ3(L) = ‖v2‖.
In this case, the basis (v1,v2,v3)≤ does not achieve the first minimum.

Therefore, we have the following refined version of Semaev’s results on neces-
sary and sufficient condition for a pairwise Gaussian basis in terms of successive
minimum of the lattice.

Theorem 3.1. Let (v1,v2,v3)≤ be a pairwise Gaussian basis of a lattice L
and let εi,j = sign(vi · vj). For each k = 1, 2, 3, the following holds.

A necessary and sufficient condition for λi(L) = ‖vi‖ for all i ≤ k is

‖vk‖ ≤ ‖v1 − ε1,2v2 − ε1,3v3‖ for ε1,2 · ε1,3 · ε2,3 = −1.

With this refinement, we can directly check if a given pairwise Gaussian
basis achieves the first minimum, or the first and second minimum or all three
successive minima. We can modify Algorithm 2 to output a SV-reduced basis
(by specifying k = 1 at input), to achieve the first two successive minima (by
specifying k = 2 at input), or all three successive minima (by specifying k = 3
at input).

We note that, for k = 1, Algorithm 3 outputs the input if the input basis is
SV-reduced and it outputs a basis with all three successive minima if the input
basis is not SV-reduced.

Example 3.2 shows that the given basis does not achieve all three minima
but it achieves the first minimum or second minimum.
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Algorithm 3 Reduction algorithm for a pairwise Gaussian basis

Input: A pairwise Gaussian basis (u1,u2,u3) of a lattice L and k ∈ {1, 2, 3}
Output: A basis (v1,v2,v3) of L with λi(L) = ‖vi‖ for i ≤ k
1: (v1,v2,v3)← Ordering(u1,u2,u3)
2: if ε1,2 · ε1,3 · ε2,3 = −1 and ‖vk‖ > ‖v1 − ε1,2v2 − ε1,3v3‖ do
3: (v1,v2,v3)← (w,v1,v2) where w = v1 − ε1,2v2 − ε1,3v3

4: (v1,v2,v3)← Ordering(v1,v2,v3)
5: end if
6: Return (v1,v2,v3)

Example 3.2. Let L be a lattice with the basis B = {v1,v2,v3}, where vi is
the i-th column vector of the following matrix: 0 1 4

−4 1 −2
1 −4 0


This basis B is pairwise Gaussian and

‖v1‖2 = 17, ‖v2‖2 = 18, ‖v3‖2 = 20,v1 · v2 = −8,v1 · v3 = 8,v2 · v3 = 2.

For w = v1 + v2 − v3 = (−3,−1,−3), we have

‖v1‖ < ‖w‖ =
√

19 < ‖v3‖.
Semaev’s condition says that the basis B does not achieve all three successive
minima. By Theorem 3.1, we see that the basis B achieves the first minimum
and the second minimum of the lattice L. In fact, the basis B′ = (v′1,v

′
2,v
′
3)≤

with [
v′1 v′2 v′3

]
=
[
v1 v2 w

]
=

 0 1 −3
−4 1 −1
1 −4 −3


achieves all three successive minima of the lattice L.

Example 3.3 shows that the output of LLL(1) does not necessarily contain
a shortest non-zero vector of the lattice even in three dimensional lattices.

Example 3.3. Let L be a lattice with the LLL(1)-reduced basis (v1,v2,v3),
where vi is the i-th column vector of the following matrix:−27 38 19

−84 −46 −63
16 72 −68


Now we explain how to check the basis given in Example 3.3 does not contain

a shortest non-zero vector of the lattice and how to get a basis that contains a
shortest non-zero vector of the lattice.

This basis is pairwise Gaussian since

‖v1‖2 = 8041 ≤ ‖v2‖2 = 8744 ≤ ‖v3‖2 = 8954
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and
|v1 · v2|
‖v1‖2

= 0.49,
|v1 · v3|
‖v1‖2

= 0.45,
|v2 · v3|
‖v2‖2

= 0.14.

By Theorem 3.1, we see that the basis does not achieve the first minimum.
More precisely,

w = v1 − ε1,2v2 − ε1,3v3 = v1 − v2 − v3 = (−84, 25, 12),

and ‖w‖2 = 7825 < 8041 = ‖v1‖2.
By Algorithm 3 on input k = 1, we update the basis into

[
w v1 v2

]
=

−84 −27 38
25 −84 −46
12 16 72

 .
We see that the basis (w,v1,v2)≤ is pairwise Gaussian and it satisfies the
necessary and sufficient condition of Theorem 3.1 since

w · v1 = 360 <
‖w‖2

2
,w · v2 = 2906 <

‖w‖2

2
and v1 · v2 = 3990 <

‖v1‖2

2
.

Therefore, w is a shortest non-zero vector of the lattice and the basis (w,v1,v2)
achieves all three successive minima.

In the following section, we will show how to use LLL algorithm to compute
a pairwise Gaussian algorithm. Therefore, it shows how to compute a basis
with all three successive minima by using LLL.

3.2. Make-pairwise-Gaussian algorithms

3.2.1. A make-pairwise-Gaussian algorithm by repeated Gauss. In [11], Se-
maev showed that using the Gauss algorithm pairwise repeatedly until it gives
a pairwise Gaussian basis takes O(log3B) bit operations, where B is the maxi-
mum Euclidean norm of the vectors in the input basis. There is no explicit way
of how to repeat the Gauss algorithm until it gives a pairwise Gaussian, since
the number of repeat is not large in practice. In Algorithm 4, we present a
simple process of using Gauss algorithm repeatedly to get a pairwise Gaussian
basis. At each while loop of Algorithm 4, we separate two cases. If (v1,v2,v3)
is not pairwise SV-reduced, it runs Lines 5 to 10. If (v1,v2,v3) is pairwise
SV-reduced but not pairwise Gaussian, then it runs Lines 11 and 12.

From our experiments with 100,000 uniform randomly chosen input (u1,u2,
u3) for ui ∈ Zm with ‖ui‖∞ ≤ 210, the maximum of while loop count for
Algorithm 4 for m = 3 was 11, which occurs twice. We note that the ex-
periments with randomly chosen three vectors do not cover the extremely bad
cases. Considering possible bad cases, we also test for 100,000 randomly chosen
input (u1,u2,u3) of Hermite normal form, which is considered bad enough not
to give any information on short vectors of the lattice. In the experiments with
input basis of Hermite normal form, the maximal while loop count of Algo-
rithm 4 for m = 3 was 12. We note that if the intermediate input (v1,v2,v3)
is pairwise SV-reduced, then the computations of Lines 5-10 are not necessary
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Algorithm 4 Make-Pairwise-Gaussian Algorithm by Repeated Gauss

Input: A basis (u1,u2,u3) of a lattice L ⊂ Zm
Output: A pairwise Gaussian basis (v1,v2,v3) of L

1: (v1,v2,v3)← (u1,u2,u3)
2: while (v1,v2,v3) is not pairwise Gaussian do
3: (v1,v2,v3)← Ordering(v1,v2,v3)
4: (v′1,v

′
2)← Gauss(v1,v2); (v′′1 ,v

′
3)← Gauss(v1,v3);

(v′′2 ,v
′′
3 )← Gauss(v2,v3)

5: if v1 6= v′1 then
6: (v1,v2)← (v′1,v

′
2)

7: else if v1 6= v′′1 then
8: (v1,v3)← (v′′1 ,v

′
3)

9: else if v2 6= v′′2 then
10: (v2,v3)← (v′′2 ,v

′′
3 )

11: else
12: (v2,v3)← Gauss(v′2,v

′
3)

13: end if
14: end while
15: Return (v1,v2,v3)

in that iteration, and thus the intermediate computation can be more simplified
if one can make the intermediate input as pairwise SV-reduce. In the follow-
ing section, we investigate the effect of using LLL with respect to this issue of
Algorithm 4 and present Algorithm 6.

3.2.2. A make-pairwise-Gaussian algorithm using LLL. In this section, we
present algorithms of computing pairwise Gaussian basis using LLL for three
dimension lattice. First, we prove a special property of LLL algorithm with
respect to pairwise Gaussian basis. And then we present a make-pairwise-
Gaussian algorithm using LLL. By using LLL, we made the intermediate input
to be pairwise SV-reduced and thus using LLL removes the computations of
Lines 5-10 of Algorithm 4 in each iteration. Experimentally, we show that using
LLL makes the while loop count one in Algorithm 4, which will be explained
in Section 3.3.

We prove a fact on the sizes of basis vectors under certain conditions which
will be useful to prove the complexity of our proposed make-pairwise-Gaussian
algorithm using LLL. In fact, one sees Lemma 3.4 is a consequence of Theorem
3.2 from [6], but we present a direct proof here for self containment.

Lemma 3.4. Suppose that two linearly independent vectors (v1,v2)≤ satisfy

that 2|v1 · v2| ≤ ‖v2‖2. If ‖v2‖ ≤
√

3‖v1‖, then λ1(L(v1,v2)) = ‖v1‖.

Proof. We want to show that, for all a, b ∈ Z with a2 + b2 6= 0,

‖v1‖ ≤ ‖av1 + bv2‖.
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If one of a or b is zero, clearly it holds since ‖v1‖ ≤ ‖v2‖, and we assume that
ab 6= 0. First, we consider 0 < |a| ≤ |b|. In this case, only 2|v1 · v2| ≤ ‖v2‖2 is
needed for ‖v1‖ ≤ ‖av1 + bv2‖ as in the following.

‖av1 + bv2‖2 = a2‖v1‖2 + b2‖v2‖2 + 2abv1 · v2

≥ a2‖v1‖2 + b2‖v2‖2 − |a||b|‖v2‖2 ≥ ‖v1‖2.

Now we consider the case |a| > |b| = 1.

‖av1 + bv2‖2 = a2‖v1‖2 + ‖v2‖2 + 2abv1 · v2

= ‖v1‖2 + (a2 − 1)‖v1‖2 + ‖v2‖2 + 2abv1 · v2

≥ ‖v1‖2 +
a2 − 1

3
‖v2‖2 + ‖v2‖2 − |a|‖v2‖2

= ‖v1‖2 +
(|a| − 2)(|a| − 1)

3
‖v2‖2 ≥ ‖v1‖2.

Finally, we consider the case |a| > |b| ≥ 2.

‖av1 + bv2‖2 = a2‖v1‖2 + b2‖v2‖2 + 2abv1 · v2

≥ a2‖v1‖2 + b2‖v2‖2 − |a||b|‖v2‖2

≥ a2

3
‖v2‖2 + b2‖v2‖2 − |a||b|‖v2‖2

=
b2

4
‖v2‖2 +

(
|a|√

3
−
√

3|b|
2

)2

‖v2‖2

≥ ‖v2‖2 ≥ ‖v1‖2. �

Now we describe Algorithm LLLG, where a simple process is added after
executing LLL and prove that the output of LLLG satisfies the hypothesis of
Lemma 3.4.

Algorithm 5 LLLG(δ) Algorithm

Input: A basis (u1,u2,u3) of L, LLL parameter δ
Output: A basis (v1,v2,v

′
3) of L

1: (v1,v2,v3)← LLL(δ)(u1,u2,u3)
2: Set v′3 ← v3 − dv3·v2

v2·v2
c · v2

3: Return (v1,v2,v
′
3)

Theorem 3.5. The output (v1,v2,v
′
3) of LLLG(δ) algorithm satisfies the fol-

lowing condition for 1/4 < δ ≤ 1:

|v1 · v2| ≤
1

2
‖v1‖2, |v1 · v′3| ≤

1

2
‖v1‖2, |v2 · v′3| ≤

1

2
‖v2‖2.
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Proof. (1) Proof for |v1 · v2| ≤ 1
2‖v1‖2: This is clear since LLLG does not

change the vectors v1 and v2 from the output of LLL in STEP 1.
(2) Proof for |v1 · v′3| ≤ 1

2‖v1‖2: By the definition of LLL(δ)-reduced basis,
the intermediate output (v1,v2,v3) (of STEP 1 of LLLG) satisfies that

• ‖v∗i ‖2 ≤ ‖vi‖2 for i = 1, 2, 3;
• |v2 · v1| ≤ 1

2‖v1‖2, |v3 · v1| ≤ 1
2‖v1‖2 and |v3 · v∗2| ≤ 1

2‖v
∗
2‖2;

• ‖v2‖2 ≥ δ‖v1‖2 for 1
4 < δ ≤ 1.

We are going to use these for this proof. Recall that v′3 = v3 − γ · v2, where
γ = dv3·v2

v2·v2
c. First we show that γ ∈ {−1, 0, 1}. From the formulation v∗2, we

see that

v3 · v∗2 = v3 · (v2 − µ2,1v1) = v3 · v2 − µ2,1(v3 · v1).

By the fact |v3 ·v∗2| ≤ 1
2‖v

∗
2‖2, we have |v3 ·v2−µ2,1(v3 ·v1)| ≤ 1

2‖v
∗
2‖2, which

implies that

−1

2
‖v∗2‖2 ≤ v3 · v2 − µ2,1(v3 · v1) ≤ 1

2
‖v∗2‖2.

Adding µ2,1(v3 · v1) on both sides gives

−1

2
‖v∗2‖2 + µ2,1(v3 · v1) ≤ v3 · v2 ≤

1

2
‖v∗2‖2 + µ2,1(v3 · v1).

Dividing all parts by ‖v2‖2 and by using the fact ‖v∗2‖2 ≤ ‖v2‖2,

−1

2
+
µ2,1(v3 · v1)

‖v2‖2
≤ v3 · v2

‖v2‖2
≤ 1

2
+
µ2,1(v3 · v1)

‖v2‖2
.

Note that∣∣∣∣µ2,1(v3 · v1)

‖v2‖2

∣∣∣∣ =

∣∣∣∣ (v2 · v1)(v3 · v1)

‖v1‖2‖v2‖2

∣∣∣∣
≤
∣∣∣∣ (v2 · v1)(v3 · v1)

δ‖v1‖2‖v1‖2

∣∣∣∣ (∵ δ‖v1‖2 ≤ ‖v2‖2)

≤ 1

δ
× 1

2
× 1

2
(∵ |v2 · v1|, |v3 · v1| ≤

1

2
‖v1‖2)

< 1 (∵ 1/4 < δ ≤ 1).

Therefore, we see that γ = dv3·v2

v2·v2
c ∈ {−1, 0, 1}. In particular, γ is classified as

in Table 1 according to the sign of µ2,1 ·µ3,1. Note that if γ = 1, then µ2,1 and
µ3,1 have the same sign and if γ = −1, then µ2,1 and µ3,1 have the opposite
sign.

Now we prove |v1 · v′3| ≤ 1
2‖v1‖2 for each γ ∈ {−1, 0, 1}.

• If γ = dv3·v2

v2·v2
c = 0, i.e., v′3 = v3, clearly we have |v1 · v′3| ≤ 1

2‖v1‖2.
• If γ = dv3·v2

v2·v2
c = 1, i.e., v′3 = v3 − v2, µ2,1 and µ3,1 have the same sign

from Table 1, then we have

|v′3 · v1| = |(v3 − v2) · v1| = |v3 · v1 − v2 · v1| = |µ3,1 − µ2,1|‖v1‖2 ≤
1

2
‖v1‖2.
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Table 1. A classification of γ = dv3·v2

v2·v2
c

µ2,1 · µ3,1 Range of v3·v2

v2·v2
γ = dv3·v2

v2·v2
c

non-negative − 1
2 <

v3·v2

v2·v2
< 3

2 0 or 1

negative − 3
2 <

v3·v2

v2·v2
< 1

2 −1 or 0

• If γ = dv3·v2

v2·v2
c = −1, i.e., v′3 = v3 + v2, µ2,1 and µ3,1 have the opposite

sign from Table 1, then we have

|v′3 · v1| = |(v3 + v2) · v1| = |v3 · v1 + v2 · v1| = |µ3,1 + µ2,1|‖v1‖2 ≤
1

2
‖v1‖2.

(3) Proof for |v2 · v′3| ≤ 1
2‖v2‖2: For γ = dv3·v2

v2·v2
c, we have γ − 1

2 <
v3·v2

v2·v2
≤

γ + 1
2 . Multiplying v2 · v2 on both sides gives

γ(v2 · v2)− 1

2
(v2 · v2) < v3 · v2 ≤ γ(v2 · v2) +

1

2
(v2 · v2).

Subtracting γ(v2 · v2) from all parts gives

−1

2
(v2 · v2) < v3 · v2 − γ(v2 · v2) ≤ 1

2
(v2 · v2).

Rewriting the middle term gives

−1

2
(v2 · v2) < (v3 − γv2) · v2 ≤

1

2
(v2 · v2)

and finally

|(v3 − γv2) · v2| ≤
1

2
‖v2‖2, that is, |v2 · v′3| ≤

1

2
‖v2‖2

as required. �

Note that if the output of LLLG algorithm is ordered in size, then it is
pairwise Gaussian. However, not all the outputs (v1,v2,v

′
3) of LLLG algorithm

are ordered in Euclidean norms. According to our experiments, more than
99% of randomly chosen inputs, LLLG(δ ≥ 0.99) algorithm outputs a pairwise
Gaussian basis. Now we show that the output of LLLG(δ) is always pairwise
SV-reduced if δ ≥ 0.9.

Theorem 3.6. For δ ≥ 0.9, an LLL(δ)-reduced basis (v1,v2,v3) and v′3 =
v3 − dv3·v2

v2·v2
c · v2, the basis (v1,v2,v

′
3) is pairwise SV-reduced.

Proof. We use the notation µi,j =
vi·v∗

j

v∗
j ·v∗

j
for 1 ≤ j < i ≤ 3, where (v∗1,v

∗
2,v
∗
3)

is the GSO of (v1,v2,v3). Since (v1,v2,v3) is LLL(δ)-reduced, |µi,j | ≤ 1/2.
We consider three pairs separately.
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Case 1: First, we show that the pair (v1,v2) is SV-reduced. From Theorem 3.5,
we see that

(1)
|v1 · v2|
v1 · v1

≤ 1/2.

If ‖v1‖ ≤ ‖v2‖, then (v1,v2) is Gaussian, and thus SV-reduced. Now suppose
that ‖v2‖ < ‖v1‖. By Lemma 3.4 and inequality (1), it is enough to show that
‖v1‖2 ≤ 3‖v2‖2. Since (v1,v2,v3) is LLL(δ)-reduced, the Lovász condition
implies that ‖v2‖2 = ‖v∗2 +µ2,1v

∗
1‖2 ≥ δ‖v1‖2. Therefore, for δ ≥ 0.9, we have

‖v1‖2 ≤
1

δ
‖v2‖2 ≤

10

9
‖v2‖2 ≤ 3‖v2‖2.

Case 2: Secondly, we show that the pair (v2,v
′
3) is SV-reduced. From Theo-

rem 3.5, we see that
|v2 · v′3|
v2 · v2

≤ 1/2.

If ‖v2‖ ≤ ‖v′3‖, then (v2,v
′
3) is Gaussian, and thus SV-reduced. Now suppose

that ‖v′3‖ < ‖v2‖. As in Case 1, it is enough to show that ‖v2‖2 ≤ 3‖v′3‖2,

that is, ‖v′3‖2 ≥
‖v2‖2

3 . Since (v1,v2,v3) is LLL(δ)-reduced and v∗1 = v1, the
followings hold.

‖v3‖2 = ‖v∗3 + µ3,2v
∗
2 + µ3,1v

∗
1‖2 = ‖v∗3 + µ3,2v

∗
2‖2 + µ2

3,1‖v1‖2

≥ δ‖v∗2‖2 + µ2
3,1‖v1‖2 = δ‖v2‖2 − δµ2

2,1‖v1‖2 + µ2
3,1‖v1‖2

≥ δ‖v2‖2 −
δ

4
‖v1‖2,

‖v3 ± v2‖2 = ‖v3‖2 + ‖v2‖2 ± 2v2 · v3

= ‖v3‖2 + ‖v2‖2 ± 2(v∗2 + µ2,1v
∗
1) · v3

≥ ‖v3‖2 + ‖v∗2‖2 + µ2
2,1‖v∗1‖2 − ‖v∗2‖2 − |µ2,1|‖v∗1‖2

= ‖v3‖2 + (µ2
2,1 − |µ2,1|)‖v1‖2

≥ ‖v3‖2 − 1/4 · ‖v1‖2.

By the previous inequality on ‖v3‖2, we have

‖v3 ± v2‖2 ≥ δ‖v2‖2 −
δ

4
‖v∗1‖2 − 1/4 · ‖v∗1‖2

= δ‖v2‖2 −
δ + 1

4
‖v1‖2.

We recall that v′3 ∈ {v3,v3 − v2,v3 + v2} from the proof of Theorem 3.5.
Therefore, we have

‖v′3‖2 ≥ δ‖v2‖2 −
δ + 1

4
‖v1‖2.

Now if ‖v1‖ ≤ ‖v2‖, we have, for δ ≥ 0.9

‖v′3‖2 ≥ δ‖v2‖2 −
δ + 1

4
‖v2‖2 = (δ − δ + 1

4
)‖v2‖2
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≥ 17

40
‖v2‖2 ≥

‖v2‖2

3
(∵ δ ≥ 0.9).

If ‖v2‖ < ‖v1‖, we use ‖v1‖2 < 1
δ ‖v2‖2 from the Lovász condition. For δ ≥ 0.9,

‖v′3‖2 ≥ δ‖v2‖2 −
δ + 1

4δ
‖v2‖2 = (δ − δ + 1

4δ
)‖v2‖2 ≥

135

360
‖v2‖2 ≥

‖v2‖2

3
.

Case 3: Finally, we show that the pair (v1,v
′
3) is SV-reduced. From Theo-

rem 3.5, we see that
|v1 · v′3|
v1 · v1

≤ 1/2.

If ‖v1‖ ≤ ‖v′3‖, then (v1,v
′
3) is Gaussian, and thus SV-reduced. Now suppose

that ‖v′3‖ < ‖v1‖. As in the previous cases, it is enough to show that ‖v′3‖2 ≥
‖v1‖2

3 . From Case 2, we have

(2) ‖v′3‖2 ≥ δ‖v2‖2 −
δ + 1

4
‖v1‖2.

Now we want to replace the right hand side of inequality (2) in terms of ‖v∗1‖2.
If ‖v1‖ ≤ ‖v2‖, for δ ≥ 0.9, inequality (2) directly yields

‖v′3‖2 ≥ δ‖v1‖2 −
δ + 1

4
‖v1‖2 = (δ − δ + 1

4
)‖v1‖2 ≥

17

40
‖v1‖2 ≥

‖v1‖2

3
.

If ‖v2‖ < ‖v1‖, we use ‖v2‖2 ≥ δ‖v1‖2 from the Lovász condition. For δ ≥ 0.9,
inequality (2) gives

‖v′3‖2 ≥ δ2‖v1‖2 −
δ + 1

4
‖v1‖2 = (δ2 − δ + 1

4
)‖v1‖2 ≥

134

400
‖v1‖2 ≥

‖v1‖2

3
.

�

Finally, we present Algorithm 6, our algorithm PG (make-pairwise-Gaussian
algorithm using LLL) for three dimensional lattices.

Algorithm 6 Make-Pairwise-Gaussian Algorithm using LLL(δ) (PG)

Input: A basis (u1,u2,u3) of a lattice L and δ ≥ 0.9
Output: A pairwise Gaussian basis (v1,v2,v3) of L

1: (v1,v2,v3)← (u1,u2,u3)
2: while (v1,v2,v3) is not pairwise Gaussian do
3: (v1,v2,v3)← LLL(δ)(v1,v2,v3)
4: v3 ← v3 − bv3·v2

v2·v2
ev2

5: (v1,v2,v3)← Ordering(v1,v2,v3)
6: (v2,v3)← (v2 − bv2·v1

v1·v1
ev1,v3 − bv3·v1

v1·v1
ev1)

7: (v2,v3)← Gauss(v2,v3)
8: end while
9: Return (v1,v2,v3)
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The correctness of Algorithm 6 follows from the correctness of Algorithm 4
and Theorem 3.6. Since Line 3 and Line 4 of Algorithm 6 execute LLLG al-
gorithm, the updated basis at Line 4 of Algorithm 6 is pairwise SV-reduced
by Theorem 3.6. Therefore, the while loop of Algorithm 4 has been simpli-
fied in Algorithm 6. We present our experimental results of Algorithm 6 and
Algorithm 4 in the following section.

3.3. Experiments

We implement our results by using the software, Python 3.8.5 [MSC v.1916
64 bit (AMD64)] IPython 7.19.0 – An enhanced Interactive Python.

Algorithm 6 uses a subroutine LLLG. First, we examine the probability
where Algorithm 5 (LLLG) outputs a pairwise Gaussian basis. In our ex-
periments, we have tested for 100,000 randomly chosen basis (v1,v2,v3) with
vi ∈ Zm for ‖vi‖∞ ≤ 210 and several 3 ≤ m ≤ 50. Considering that the
experiments with uniformly random vectors might not cover the extremely bad
cases, we have tested for randomly chosen (v1,v2,v3) of Hermite normal form,
too. Our experiments suggest that our Algorithm 5 (LLLG) outputs a pairwise
Gaussian basis with high probability. Table 2 presents the experimental results
on the success rate of LLLG.

Table 2. Success rate of LLLG to give a pairwise Gaussian basis

(v1,v2,v3) : a basis for a lattice L ⊂ Zm with ‖vi‖∞ ≤ 210

m 3 5 10 15 20 25 40 50

(δ = 0.90, random input) 99.3 98.9 98.8 99.0 99.4 99.6 99.9 99.9

(δ = 0.90, random HNF input) 99.3 98.7 98.6 99.0 99.3 99.6 99.9 99.9

(δ = 0.75, random input) 95.7 93.4 93.3 95.0 96.9 98.3 99.7 99.9

(δ = 0.75, random HNF input) 94.9 92.3 92.1 94.5 96.7 98.1 99.7 99.9

Now we compare the efficiency Algorithm 6 which uses LLL and Algorithm 4
which is a repetition of Gauss algorithm. Considering the fact that the subrou-
tine algorithm LLLG in Algorithm 6 repeats two dimensional projections like
the Gauss algorithm, we count the number of all two dimensional projections
executed in each algorithm in the comparison. In our experiment, we tested
for 10,000 inputs (u1,u2,u3) ∈ Z3×3 with ‖ui‖∞ ≤ 230 which are obtained by
multiplying a unimodular matrix chosen uniformly at random to a randomly
chosen basis with relatively short sizes. From our experiments, the average
number of two dimensional projections of Algorithm 6 is 6.6 and that of Algo-
rithm 4 is 19.7. Figure 1 presents the number of two dimensional projections
of Algorithm 6 and Algorithm 4 to return a pairwise Gaussian basis. The max-
imum number of two dimensional projections in Algorithm 6 is 11, and that of
Algorithm 4 is 41. It is noteworthy that about 98 percent of the executions of
Algorithm 4 requires at least 12 projections to return a pairwise Gaussian basis.
For randomly selected inputs, both algorithms are quite efficient for computing
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Figure 1. A comparison of the required number (horizontal
axis) of two dimensional projections of Algorithm 6 and Algo-
rithm 4

a pairwise Gaussian basis on average. Our experiment suggests that Algo-
rithm 6 which uses LLL is more efficient to compute a pairwise Gaussian basis
than pairwise repetitions of the Gauss algorithm in the sense that it reduces
the number of two dimensional projections of Algorithm 4.

4. Conclusion

In this article, we focus on two problems for three dimensional lattices: One
is on the condition for pairwise Gaussian basis to be SV-reduced and another is
on constructing a pairwise Gaussian basis without using ad hoc repetition of two
dimensional Gauss algorithm. We prove a necessary and sufficient condition
for a pairwise Gaussian basis to achieve the first k successive minima for three
dimensional lattices for each k ∈ {1, 2, 3}. By using this condition, we present
an example of three dimensional LLL(1)-reduced basis which is not SV-reduced.
We also present how to compute a pairwise Gaussian basis by using three
dimensional LLL in Algorithm 6. To show the correctness of Algorithm 6, we
prove that LLL(δ) with an additional simple reduction turns any basis for a
three dimensional lattice into a pairwise SV-reduced basis if δ ≥ 0.9, which is
an independently interesting result on the quality of the LLL-reduced basis for
three dimensional case.
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