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ABSTRACT. In this paper, we introduce a new algorithm for finding a solution of an
equilibrium problem in a real Hilbert space. Our paper extends the single projection
method to pseudomonotone variational inequalities, from a 2018 paper of Shehu et. al., to
pseudomonotone equilibrium problems in a real Hilbert space. On the basis of the given
algorithm for the equilibrium problem, we develop a new algorithm for finding a common
solution of a equilibrium problem and fixed point problem. The strong convergence of the
algorithm is established under mild assumptions. Several of fundamental experiments in
finite (infinite) spaces are provided to illustrate the numerical behavior of the algorithm
for the equilibrium problem and to compare it with other algorithms.

1. Introduction

Let H be a real Hilbert space and C be a nonempty closed convex subset of H.
The paper is concerned with a method for finding solutions to equilibrium problems,
stated as follows:

(1.1) Find z* € C such that f(z*,y) >0 Vy e C,

where f : H xH — X, is a function such that f(z,.) is convex and subdifferentiable
on H for every fixed x € C. From now on, we denote the solution set of Problem (1.1)
by Sol(C, f). Problem (1.1) is a general model in the sense that it unifies, in a simple
form, numerous known models of optimization problems, nonlinear complementary

problems, and variational inequalites [3, 10, 12, 13]. Equilibrium problems have
many direct applications in other fields, such as transportation, electricity markets,
and network problems [7, 13, 15, 19, 24, 26, 27]. This may explain why the problem

has become an attractive field and has received a lot of attention by many authors.
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Some notable methods for solving it have been proposed, to highlight a few, see

[7 ? ) ) ) ) ) ) ) ) ) ) ]'

In the special case, f(z,y) = (F(z),y — x), where F': C — X, Problem (1.1) is
equivalent to the following variational inequality problem:

(1.2) Find z* € C such that (F(z*),z —2*) >0 Vy e C.

In order to solve the variational inequality problems, many iterative methods have
been proposed. If F'is strongly monotone, the problems can be solved by the Newton

method [34] or by single projection methods [9, 16]. Under the assumption that
F' is monotone and L-Lipschitz continuous, the extragradient method for solving
Problem (1.2) is introduced by Korpelevich in [20]. In this method, two projections

onto the feasible set C' are used at each iteration:

20 € C,

y* = Pro(a® — N F(2)),

2P = Pro(af — A\ F(yF)),
where Ay € (0,1) and Prc denotes Euclidean projection onto C. Korpelevich
showed that the iterative sequence generated by the algorithm is convergent in
Euclidean spaces. His extragradient method has since been expanded and improved
by many mathematicians in different ways [11, 22]. Recently, in [33], the authors
introduced a single projection method which combines a projection method with
the Halpern iteration technique. This method requires only one projection onto the
feasible set C' at each iteration and the iterative process is given by

20 € C,

y* = Pro(zf — A\ F(2F)),

dF = 2k —yF — N (F (%) — F(y")),
oM = g’ + (1= ag) (@* —yprd"),

(1.3)

where v € (0,2), ay € (0,1), limy_o0 a = 0, po g o = +00, Ay € (0,00) and

2k gk .
o= [T idE 0
0 if d* =0,

Recall that the strong convergence result of the iterative sequence generated by the
proposed method is only established in real Hilbert spaces when F' is pseudomono-
tone and L-Lipschitz-continuous. When F' is a multivalued mapping from C' to
H, then Problem (1.1) becomes the following multivalued variational inequality
problem

(1.4) Find (z*,w") € C x F(x*) such that (w*,z —z*) >0 Vz € C.
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Recall that the Hausdorff distance p(A, B) between two subsets A and B of H
is defined by:
p(A, B) := max{d(A, B),d(B,A)},
where d(A,B) := sup bin% lla — b||. A multivalued mapping is said to be Lipschitz
a€A bE
continuous on C with constant L if

p(F (), F(y)) < Lllz - y|*,Vz, y € C.

In paper [8], by replacing a projection onto C' in (1.3) at each iteration by an
approximate projection or a proximal operator, we improved the method in [33]
and proposed a new algorithm for solving Problem (1.4). We proved that the
algorithm is strongly convergent under the assumption of the pseudomonotonicity
and Lipschitz continuity of cost mappings.

In this paper, we extend the single projection method to pseudomonotone vari-
ational inequality in [33] (Algorithm (1.3)) for solving Problem (1.1) in a real
Hilbert space. Under the assumptions that the equilibrium bifunction f(z,y) is
pseudomonotone and

(1.5) p (D2 f(x,)(v),02f(y, )(y)) < Lllx —y|, Yo € H,y € C,

we have proved that the sequence {z*} generated by the algorithm is strongly
convergent to a solution of the problem. Note that in many other methods, the as-
sumption of Lipschitz-type continuity with the constants ¢1, ¢o of bifunction f(z,y)
is necessary for obtaining the convergence theorem of the algorithm [1, 17, 18, 30].
In our algorithm, the condition (1.5) is considered to be an alternative to the condi-
tion that f(x,y) is Lipschitz-type continuous. On the basis of the given algorithm
for equilibrium problem we developed a new algorithm for finding a common solu-
tion of Problem (1.1) and of fixed point problems. The strong convergence of the
algorithm is established under mild assumptions.

The paper is organized as follows. In Section 2 we review some necessary con-
cepts and lemmas that will be used in proving the main results of the paper. Im
Section 3 we give then Halpern subgradient method for solving Problem (1.1) and
prove its convergence. In section 4, we develop the algorithm forom Section 3 for
problem of finding a common solution of Problem (1.1) and fixed point problems.
In the last section, several fundamental experiments are provided to illustrate the
convergence of the algorithm from Section 3, and to compare it to other algorithms.

2. Preliminaries
Throughout this paper, unless otherwise mentioned, let H denote a Hilbert
space with inner product (.,.) and the induced norm ||.|.

Definition 2.1. Let C' be a nonempty closed convex subset in J. The metric
projection from I onto C' is denoted by Pr¢ and

Pro(z) = argmin{|lx —y|| : vy € C}, Vo € H.
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It is well known that the metric projection Prg(+) has the following basic property:

(x — Pro(z),y — Pro(z)) <0, Vo e H, y € C.

Definition 2.2. Let C be a nonempty closed convex subset of a real Hilbert space
H. A bifunction f: C x C — H is called

(i) B-strongly monotone on C, if
f@y) + [y 2) < =Bz —y|* Yo,y e C;
(ii) monotone on C, if
flz,y)+ f(y,z) <0 Vz,y € C;
(iii) pseudomonotone on C, if

f(z,y) > 0= f(y,z) <0Vr,yeC.

Definition 2.3. Let C C H be a nonempty subset. An operator S : C — H is
called

(i) B-demicontractive on C, if Fiz(S) is nonempty and there exists § € [0,1)
such that

(2.1) 1Sz —p||* < |l = p||* + Bllz — Sz||* V& € C, Vp € Fiz(S);

(ii) demiclosed, if for any sequence {z*} C C, 2% — 2z € C, (I — 9)(2*) — 0
implies z € Fiz(95).

It is well known that if S is S-demicontractive on C then S is demiclosed and (2.1)
is equivalent to (see [25])

(2.2) (x — Sz,x —p) > %(1 — B)||lz — Sz||* Vx € C, Vp € Fiz(9).

To prove the main result in Section 3 and 4, we shall use the following lemmas
in the sequel.

Lemma 2.4. For every z, y € H, we have the following assertions.
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@) llz+yll® = ll2l* + 2(z, y) + Iyl

(i) llz+yl? < llz]* + 2(y, = +v)-

Lemma 2.5. Let {ax} be a sequence of nonnegative real numbers satisfying the
following condition:

apt1 < (1 — ag)ag + ooy + Br, Vk > 1,

where {ap} C [0,1], Y70 g o = 400, limsup,_,, 6 < 0 and B >0, >07, B <
00. Then, klim ai = 0.
— 00

The subdifferential of a convex function g : C — R U {+o0} is defined by
9g(x) = {u e H: (u,y —x) < g(y) —g(x) VyeC}.

In convex programming, we have the following result.

Lemma 2.6. ([31]) Let C be a convex subset of a real Hilbert space H and
g : C — RU {400} be subdifferentiable. Then, x* is a solution to the following
convex problem:

min{g(z) : z € C}
if and only if 0 € dg(z*) + N¢(z*), where dg denotes the subdifferential of g and
Ne(z*) is the outer normal cone of C at z* € C, that is, No(z*) = {u € H :
(u,y —2*) <0 Yy e C}.
3. Halpern subgradient method
3.1. Assumption

In this article, in order to find a point in Sol(f, C'), we assume that the bifunction
[ H x H — J satisfies the following conditions:

Ay, f(z,x) =0for all z € C, f is pseudomonotone and weakly continuous on I,
ie, 2" =z and y* =g = f(z",y*) = f(z.9);

As. There exists a real nonnegative number L such that
p(02f (z,)(y), 02/ (y,)(y)) < Lllz — yll, Vo € H,y € C;

As. Sol(C, f) is nonempty.

Ay. f(x,-) is convex and subdifferentiable on .
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Remark 3.1. (a) Let g : 5 — H be a convex subdifferentiable and weakly con-
tinuous on H. Clearly, f(z,y) := g(y) — g(x) satisfies conditions A; — Ay. We well
known that the following optimization problem

min g(x) such that x € C,

is equivalent to Problem (1.1).

(b) Let F(x) be a Lipschitz continuous and weakly continuous function on X,
ie, 2F = 7 = F(2¥) — F(z). Setting f(z,y) := (F(x),y — x), it is easy to see
that f(x,y) satisfies conditions A; and As.

3.2. Algorithm

Algorithm 3.2. Choose starting point 2° € H, £ > L, sequences {ax}, {\x} and
{ex} such that

{ag} € (0,1),limy 00 afp = 0, pe g g = +00,
(3.1) 0 < prer < af, Yoo (prer)® < oo,
{\} Cla,b] C (0,%) C (0,00).

Step 1. (k=0,1,...) Find ¥* € H such that
. 1
y* = argmin {)\kf(xk,y) + §||y —zF|? iy e C’} .
If 2¥ — y* = 0 then STOP.
Step 2. Take u* € Oy f (a2, y*) satisfying (z* — y* — \pu®, y* —2) > —¢;, V2 € C and
ot e B(u®, Ll|lz" — ") N daf (v", "),

where B (uF, L|z% — y*||) := {z € I : |z — uF| < L]z — ||}

Step 3. Compute zFt1 = a2 + (1 — ay)2*, where 2 := z* — prd* and
k_ .k gk
X ) " —y® d
d¥ =k — gk — A (uF — "), pk:7< Hd’?llz )

Step 4. Set k: =k + 1, and go to Step 1.

Remark 3.3. (a) By Step 1 and Lemma 2.6, we have
0¢€ )\kan(xkvyk) + yk - xk + NC(yk)a
it follows that there is a u* € ds f(2¥, y*) such that

<‘rk _yk - )‘kukayk _x> > 07 Vz € 07
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i.e., the u* in Step 2 always exists.
(b) If d* = 0 then

2% =y || = Apllu® = o*|| < ALj2 — o).
Since A\, < % for all k£ we have
(1- )\kL)ka — ka <0=zF =y~

Thus, we observe that d¥ # 0 and py of Step 3 is defined.

3.3. Convergence analysis of algorithm

In this section, we show that the algorithm proposed is strongly convergent if
assumptions A; — Ay satisfy.

Lemma 3.4. Let sequence {x*} be generated by Algorithm 8.2 and z* € Sol(C, f).
Then,

(i) |I2% = 2*||? < fla* — 2% — [|2* — 2¥||* + 2ppe;
(ii) sequences {xz*} and {z*} are bounded.
Proof. Using Step 2, we have
(% — % — N b — ) > —e Vo e C.
Replace by z* € C in the last inequality, we have
(% — g% — ¥ yF — 27) > —ep.

Using z* € Sol(C, f), f(y*,4*) = 0, v* € 02f(y*,y*) and the pseudomonotone
assumption of f, we get

M (0%, = at) > Nl F(6Fy7) = gt at)] > 0.

Adding two last inequalities, it follows that
—ep < (yP —a* af —yF = Nu® + No®) = (F — 2, db).
Using the above inequality and the definition of z*, we have
125 =2 =|la* — ppd® — 2*||?

=[la* —a*||* = 2px(a* — ¥, d") + p}||d" |

<la* —a*|* = 200 (¥ — ¢, d*) + 7| d¥ P + 2pnen
(@ —y* d*) + pr(a® — ¢, d*) + 2pies

— 2| — 2p4
—2*|? = pr(a® — ¥, d") + 2prey,
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and pg (2% — y*, d*) = ||z* — 2¥||%. Therefore

128 — 2% ||* <lla* — 2" |> = pr(a® — ", d") + 2pper

=|ja¥ — a*|? — || — 2| + 2pper.

This follows (i). We now prove (ii). From (i) and condition (3.1), it follows that

a1 o)

—2*|| = lopx® + (1 — )2 — 2

< agll2® — 2* )| + (1 = ag)||2* — ]

< aplla® = 27|+ (1= an)y/llak — 22 + 2peen
< anlle® —a*l|+ (1 = an)(la* —*l| + V2orer)
< max {|l2° = &* |, Jo* - 2| + v/2oker }

k
< max{xo — 2|, |l2° — 2*|| + \/52 ./piez}
i=0
(3.2) < — 2| + \/52 Vpi€i < F00.
i=0

It implies that {z*} is bounded. Using again (i), we have that the sequence {z*} is
bounded. O

Lemma 3.5. Let z* € Sol(C, f). Set aj, = ||z* — 2*|]2, b = 2(20 — 2*, kT — 2%)
and Bx, = /2pker. Then,
(i) ar1 < (1 — ap)ar + arby + B;
(ii) Br > 0, 3232, Br < 00
(iii) kl;rr;o o =0;
(iv) —1 <limsupby < oo.
k—o0
Proof. Using Lemma 2.4 (ii), we get
[+t — 2| =llan(a® — 2*) + (1 = ap) (2* — 27|
<1 — ap)?||2* = 2*||? + 200 (1 — ) (2® — 2, 2P — %)
<1 —ap)||2® = 2*|? + 204 (2 — 2*, 2T — ).
Combining the last inequality and Lemma 3.4 (i), we get
[l — %2 <(1 — ap)||z® — 2*||* + 200 (2° — 2%, 2" — %) + (1 — ar)\/2pk€r

<(1 = ag)||z® — 2*)|? + 204 (2° — 2%, 2P — %) + /2pper.
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This follows (i). Assumptions (i¢) and (iii) are directly inferred from condition
(3.1).

Since {x*} is bounded, we have by < 2[|z° — z*||[|2**! — 2*|| < oo, and so
lim sup;,_, o bx < 0co. We now assume contradiction that lim sup,,_, . bx < —1. There
exists ko € N such that by < —1 for all k > ko. It follows from () that

k+1

a1 <(1 — ag)ap + agby + B
<(1 —ax)ar — o + B
=ay — (ax + V)ag + Bk
<ap — oy + Bk-

k k
Sar, = )it ) Bi Yk >k

i=ko i=ko

Using this and the result (4i), one have

400 +o0
limsup ax < ag, — Z o; + Z B; = —o0.

k—oo i=ko i—ko

This contradicts the fact that ap > 0 for all &k € N.
Therefore, limsup,,_, . by > —1. O

Theorem 3.6. Let bifunction f : H x H — H be satisfying the assumptions
Ay — Ay. Then, the sequence {x*} generated by Algorithm 3.2 converges strongly to
a solution z € Sol(C, f), where z = Prgyc, ) (z°).

Proof. Set aj, := || — z||. In oder to prove this theorem, we consider two following
cases.

Case 1. Suppose that there exists kg € N such that ax1 < ay for all k > k.
Then, there exists the limit limy_, o ar € [0,00). From Step 3, Lemma 3.4 (i) and
Lemma 2.4 (ii), it follows that

[ =22 =[|(1 = ar) (2" = 2) + ax(e® - 2)|?
<(1 = o)?||2% = 2||? + 20 (2° — 2,2 — 2)
§||zk — 2% + 20 (2° — 2, ot — z)
<ok = 2|2 — |28 — =¥ + 200, (20 — 2, 2P — 2) + \/2prer
<[la® = 2)|? = (|12 = 2*(1” + V/2pner + @ Qo,

where Qg := sup{2(2® — z,2**! — 2) : k= 0,1,...} < oo. This implies that

(3.3) apg1 — ap + |27 — 282 < +/20rer + Qo VE > 0.
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Taking £k — oo in the last inequality and using the assumptions limy_,, ap =
0, limy_ o0 v/2prer = 0, we have limy,_, o ||2¥ — 2F|| = 0. From v* € B(u*, £||z*F —
y*||) for all k, it follows

<l'k - yk,dk> = ||xk - Z/k”2 - >\k<$k — P uk - vk>
> [la® = yF|1? = A2t — | flut = o
(3.4) > (1-bL)[a* - y*|?,
and
[d¥ = [la" = yF = Ap(u" ="

<l = yFl + Akflu® = oF|

< (T4 XeL)||lz* — o)
(3.5) < (1+bL)[lz* — .

Using Step 3, (3.4) and (3.5), we get pg > % and

ko k2 < ko k gk
o = 1P < g o)
1
— i
(1+0bL)?
Sm”zk —at|*.
From the above inequality and limy_,.. ||z¥ — 2¥|| = 0, it follows that

lim [lz* —y*|| = 0.

k—o0
Using this and limy_,« ||2* — 2¥|| = 0, we obtain limj_, ||2* — v¥|| = 0. By the
definition of 2¥+! and Lemma 3.4 (ii), we have

2R — 2| = ap |2’ — 2F|| < Q1 — 0 as k — oo,

where @ = sup{||z® — 2*|| : k=0,1,...} < +oc. This together with limy_,o. [|2* —
2*|| = 0 implies that

2Pt — 2k || < Jla*tt = 2K 4 |28 — 2% = 0 as k — .
Since sequence {z*} is bounded, so there exists a subsequence {z**!} such that
2t~ pas i — oo, and

ki+1

(3.6) limsup(z® — z, 28T — 2) = lim (2° — 2,2 —2).

k—o0 i—00
We will show that p € Sol(C, f). Indeed, by Step 2, one has

(mk”'l — gy — )\ki+1uk”’+1, yritl — x) > 0VreC.
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Combining this inequality and u**T1 € 9y f (xF+1 yFi+1) we get
(Bt —yFtt g — Mty <N x—yhth

D lf @ 2) = flah yhe),

(b1,

Since ||z* — y*|| — 0 as k — oo, {z*T1} is bounded and converges weakly to p as
i — 0o, {y¥*1} also is bounded and y*+! — p. For each fixed point z € C, take
the limit as i — oo, using lim;_, [|z¥+! — y*+1|| = 0 and weakly continuity of
bifunction f(z,y), we get

f(p,x) >0 Va e C.

Using p € Sol(C, f) and (3.6), we have

limsupb, = limsup(z® — z, 2%+

k— o0 k— o0

_Z>a

2 lim (20 — z, 2" — 2)

k—oc0

= 202" —z,p—2) <0.

Applying Lemma 2.5 for Lemma 3.5 (¢) and using the last inequality, we deduce

lim ||xk —z||=0.
k—o0

Thus, {2*} converges strongly to the solution z = Prsoic,f) (x9).

Case 2. We now assume that there is not & € N such that {ay}72 ; is monoton-
ically decreasing. So, there exists an integer ko > k such that ay, < ag,+1. Then,
there exists a subsequence {a )} of {ar} such that (see Remark 4.4, [21])

0 <ag < ar@ys1,ar(k) < arey+1 vk > ko,

where 7(k) = max{i € N: ko <4 < k,a; < ajr1}. Using arpy < arpy+1, Yk > ko
and (3.3), one has

0< [ — 27
< Qr(k)4+1 — Qr(k) T ||w7(k) - xT(k)H

< o) Qo + 2prer — 0 as k — oo,

and 50 limy_o0 ||w™ ) — 27*)|| = 0. By a similar way as in Case 1, we can show
that

(3.7)  lim [J2"®H — 27 ®) = Tim [|27® —y™®| = lim |Jw™® -y ®| = 0.
n—o0 n—oo n—oo
Since {z7®} is bounded, there exists a subsequence of {z7(®)}, still denoted by

{:cT(k)}, which converges weakly to p. Arguing similarly as in Case 1, we can prove
that p € Sol(C, f) and

(3.8) lim sup b,y < 0.

k—o0
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From Lemma 3.5 (i) and a,x) < ar@)41, Yk > ko, it follows that

QUr(k)Ar(k) < Ar(k) — Qr(k)+1 T Qr(k)br(k) + Brk) < Ay bri) + Br(i)-

It is equivalent to
ﬁT(k‘)

arky < brry + k)

By Lemma 3.5 (iii), (3.8) and the last inequality, we get

limsup a, () < limsup b, ;) < 0.
k—oc0 k—o0

Therefore, limy, o arx) = 0. As a consequence, we get

Varnr = JlaT®F — g

< am®H R 4 arky — 0, k — oo.

It follows that limg o0 @r(xy4+1 = 0. Furthermore, 0 < ax < a,(xy41 for all & > ko.
Hence, klim ap =0, ie., 2¥ = 2z, as k — oco. O
—00

4. Find a Common Solution of Equilibrium Problem and Fix Point Prob-
lems

Let a finite system of mappings S; (j € J = {1,2,...,r}) of H into itself.
Denote the fixed point set of S; by

Fiz(S;) :={z € H: Sjz =z}

We consider the problem which finds a common element of the solution set of
Problem (1.1) and the set of fixed points of a finite system of mappings S; (j € J),
namely:

Find «* € Nje s Fixz(S;) N Sol(C, f).

4.1. Assumption

In this section, we assume that the bifunction f : H x H — H and the mappings
S; (j € J) satisty the following conditions:

B;. f(x,x) =0for all z € C, f is pseudomonotone and weakly continuous on H
and f(z,-) is convex and subdifferentiable on H;

Bs. There exists a real nonnegative number L such that

p(02f(z,)(y), 02 (y.)(y)) < Lllz —yl, Yz € H,y € C;

Bs. NjesFiz(S;) N Sol(C, f) # 0;

By. S : H — H is B;-demicontractive for every j € J.
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4.2. Algorithm

Algorithm 4.1. Choose starting point #° € H, £ > L, sequences {ay},{\x} and
{er} such that

{Oék} C (07 1)7hmk~>oo Qg = 07 ZZOZO Qaj = 400,
(4.1) 0 < prer < af, Y g(prer)® < oo,
{A\r} C[a,b] C (0,1) C (0,00).

Step 1*. (k=0,1,...) Find y* € 3 such that
k : k 1 k12
Yt = argmln{Akf(w )+ glly =2ty e C}-

If z* — % = 0 then STOP.
Step 2*. Take u* € 0, f(z¥,y*) satisfying (x* — y* — \pu®, 9% —2) > —€x, Vo € C and
vt e Bh, Llla® — ¥ ndaf(y*,y"),
where B (u®, Ll|lz% — y*|) := {z € H : |lx — u”|| < Lfja* — y¥||}. Set d* :=
2P — P — N (uF — %) and 2F := 2F — ppd* with

<xk — yka dk>

d¥ =k — gk = A (Wb =), pr = e

Step 3*. Compute

PP = apa® + (1- ak)zk',

X 1—-p0;
q;?:(l—w)pk—i—wsjpk, O<w< 263 Vj € J,

(4.2) "t =qF | o = argmax{||¢f —p¥||, € T}, k> 1.

Step 4*. Set k:=k + 1, and go to Step 1*.
Lemma 4.2. The sequences {p*}, {x*}, {z*} and {y*} are bounded.

Proof. Let * € N;jcsFix(S;)NSol(C, f). Using Step 3* and the §; demicontractive
assumption of S;, j=1,2,..., we get

[l — 2|2 11 = w)p* + wSjp* — ™|

= [l(" —2*) + w(S;p" — ")
" — 2% || + 2w(p® — ¥, S;,p" — p*) + WIS, " — p¥||?
Ip* — 2*||> + w(w + Bj, — 1)|S;op" — p*|?

Ip* — 2*| .

INIAIA

(4.3)
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From Lemma 3.4 (i) and the last inequality, it follows that

(4.4) 1255 — 2| < [Ip" = 2" + V2y/Prsrnsa.
Using Step 3*, condition (4.1) and (4.4), we have

P =2l = o (a® = 2%) + (1= apsa) (M = 27|
< applle® — 2|+ (1= app) |25 - 2]
< apnlle® =l + (1= arr) (10" — 2| + V2y/prri€)
< max{[|p® — 2| + V2y/Prirera}

k+1

maX{HpO -z + Z ﬁ\//’k—i—lfk-i-lv HJUO —z"||} < +oo.
i=1

So, the sequence {p*} is bounded. From (4.3) and (4.4), it follows that the sequences
{2*} and {z*} are bounded. O

Lemma 4.3. Let 2* € Nje Fiz(S;) N Sol(C, f). Set ap = ||z* — 2*||?, Br = 2prex
and by, = 2(x° — x*,p* — x*). Then,

(i) akt1 < (1 — ag)ak + agby + Bi;
(ii) Be =0, 3071 Br < oo;

s Bk Q.
(iii) klggo“k 0;

(iv) —1 < limsupb < 0.

n—oo

Proof. Using Lemma 2.4 (ii), Lemma 3.4 (i) and Step 3*, we get

" =[P = flaw(a® —2*) + (1 — ap) (" — ")
< (1 —ap)||2F = 2| ? + 200 (20 — z*, pF — 2¥)
< (1 —ap)l|z® — %2 + 205 (2° — 2%, p" — %) + 2pren(l — ay)
(4.5) < (1 —ap)l|z® — 2% 2 + 2ax (2® — 2%, p" — %) + 2prer.

Using last inequality and (4.3), we have

2P — 2|2 < (1 — ag)||2® — 2*|| + 2ap(z® — 2%, pF — %) + 2pper.
We have (¢). By arguing similarly as in the proof of Lemma 3.5, we obtain (i),
(7i1) and (iv). O

Theorem 4.4. Suppose that conditions By — By are satisfied. Let {x*} be a
sequence generated by Algorithm 4.1. Then, the sequence {x*} converges strongly
to a solution

zZ e ﬂjeJFix(Sj) N SOZ(O, f),
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where z = PrmjeJFix(Sj)mSol(C,f)($O)~
Proof. Set aj, := ||z* — z||. In oder to prove this theorem, we consider two following
cases.
Case 1. Suppose that there exists kg € N such that ax1 < ay for all k& > k.
Then, there exists the limit limy_, o ax € [0, 00).
Using Step 3*, Lemma 2.1 (ii), Lemma 3.4 (i) and (2.2), we obtain
[l = 2|1 =[|(1 = w)p* + wSjop* — 2|
=[p* = 2)* = 20(p" — 2, 0" = S;op") + W [Ip* = 50"
<[p* = 2)1* = w(1 = Bj, —w)llp" — Sjop"|I?

= 2= B, — )l - pH 2

<1 = | = ol + 20 (a® — 29t — 2) — [+~ P
e I e

Slla — 2| — ¥ — 2¥1P + 20n(a® — 2,95 — 2) — JF* ) + 2puc

(4.6) <[l = 2)1* = [l2" = 2®)1* + anMo — 2" = p"|1* + 2per,

=llar(@® = 2) + (1 = ax)(z" - 2)

where My := sup{2(z® — 2,p* —2) : k =0,1,...} < co. It follows that
(4.7) apy1 — ap + ||2° = F |2 4+ [|2FT = pF |2 < Mo + 2prer Yk > 0.
Passing the limit as K — oo and using the assumptions

kl'l)n;o ag =0, kli)nolo 2prer = 0,

we have
lim [|2% — 2% =0, lim ||z*F —p*| =0.
k—o0 k—ro0

By a similar way as in the proof of Theorem 3.6, we can show that
Jim fJz* — y*|| = 0.
It follows that
125 = y* Il < (12" = 2*) + [la* — y¥]| = 0, as k— oco.
Using Step 3*, we have
Ip* — 2% = apllz® — 2| < My — 0, as k — oo,
where M, = sup{[|2® — 2*||: £ =0,1,...}0 < 4+o0. Therefore,

2"+ = 2F < [l = pF |+ Ip® = 2F 4 R =2t = 0 as k= oo
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From this and
l2* = p*|| < 2T — 2| + [l = p¥,

it follows that limy_, o ||2* — p¥|| = 0. Since sequence {x*} is bounded, there exists
a subsequence {x*} such that 2% — p € K, p*¥ — p and

(4.8) limsup(z® — z,p" — 2) = lim (2% — 2, p" — 2).

k—o00 i—o0
Now, we will show that
p € NjesFixz(S;) N Sol(C, f).

By a similar way as in the proof of Theorem 3.6, we can prove that p € Sol(C, f).
For each j € J, using Step 3*, we have

I = S0l = ~lIp* — afll < gt — gyl =l L
By limg_ o0 [|2¥T1 — p*|| = 0 and the last inequality, we get
lp*F — S;pF|| = 0, k — oo.
From limg o ||2¥ — p*|| = 0 and 2% — p, it follows that p** — p. Using this,
limy o0 |[P¥ — S;p%|| = 0 and the demiclosedness of S;, we have p € Fiz(S;).

Therefore,
p € NjesFix(S;) N Sol(C, f).

This together with (4.8) implies that

0

limsupby = 2lim (20 — 2z, p* — 2)

k— o0 i—00

= 2z —2z,p—2) <0.

Using this, Lemma 2.5 and Lemma 4.3, we obtain klim |z* — 2| = 0.
—00

Case 2. We now assume that there is not k € N such that {ax}72 5 is monoton-
ically decreasing. So, there exists an integer ko > k such that ak, < agy+1. Then,
there exists a subsequence {a, )} of {ax} such that (see Remark 4.4, [21])

0 <ag < ar@y+1,0rk) < arpy+1 Yk > ko,

where 7(k) = max{i € N: ko <i < k,a; <ajr1}. Using arn) < arpy41, for all
k > ko and (3.3), we get

278 = 27| 0, 79—y 50, k > ox.
By a similar way as in case 1, we can show that

(4.9) lim [|z7® —p™®) | = lim ||27® — 5" ® || = lim [|z7®) —7®)|| = 0.
k—oo k— oo k—oco
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Since {z7(®)} is bounded, there exists a subsequence of {z7(®)}, still denoted by
{xT(k)}, which converges weakly to p € J{. By a similar way as in case 1, we can
prove that p € Nje s Fiz(S;) N Sol(C, f) and

lim supb () < 0.

k—oco

Using Lemma 4.3 (i) and a4y < ar(g)4+1, Yk > ko, we have
a‘l’(k)a‘r(k) S aT(k) - a'r(k)—',—l + aT(k)bT(k) + ﬂT(k’) S aT(k‘)bT(k‘) + BT(k‘)‘
Since a,(x) > 0, we get
57‘(16)

Ar(ky < by + ?(k).

From Lemma 4.3 (iii) and last inequality, it follows that

lim supa, () < limsupb, () < 0.
k—o0 k—o0

Hence, limy o0 ar ) = 0. It follows that

T(k)+1 _ ZH2

ariy1 =
< (e =T 4 70— 2] 0, koo
Using 0 < ax < a4 for all & > ko, we get lim ap = 0. Hence, ¢ — 2 as
n—oo
k — oo. O

5. Computational Experiments

In this final section, we present some fundamental experiments in finite/infinite
spaces to illustrate the numerical behavior of Algorithm 3.2 and to compare it with
known algorithms. All programs are coded in Matlab R2018a and the program was
run on a PC Intel(R) Core(TM) i7-6600X CPU @ 2.60GHz 16GB Ram.

Let H = R™. Consider Problem (1.1), whose feasible region C is a polyhedral
convex set given by

C={xeR": Ax < b},

and the bifunction f: R™ x R™ — R which is often found in Nash-Cournot equilib-
rium models of the form (see [29]):

(5.1) f(z,y) = (Pr+Qy+q,y — ),

where b € R™, g € R™, Ais a m X n matrix, P, () are n X n matrices such that @ is
symmetric positive semidefinite and P — @ is negative semidefinite. The bifunction
f satisfies the conditions A;, A3 and A4 (see [29]). Now, we will show that the
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condition As holds. Indeed, we have Osf(x, )(y) = {Pzx + 2Qy — Qz + ¢} and
Dof(y,)(y) = {Py + Qu + ¢}. Tt follows that

p (02f (x,-)(y), 02 (y,-)(y)) = [[(P = Q)(z — )| < [P = Qlllx —yll, Y&,y € R".

Test 1. Let n = 5,m = 10. We perform some experiments to show the numerical
behavior of Algorithm 3.2, (the computation results are shown in Fig. 1), where
L=|P-0Q|, \x = i, e, =0 for all k, ap, = ﬁ and the matrices P, Q, A, b
are chosen as follow:

1.1378  —0.3305 1.0301 0.5701  —1.9009 2.9916
—0.2146 —0.9073  1.1676 1.8277  —1.9109 2.1089
1.6476  —0.7412 —0.4565 —1.2547  1.1941 2.3122
—1.6537  0.3268 —0.7278 1.6381 —1.5688 2.8907
A= 1.9957 0.7574  —0.0763  0.2750 0.7552 b— 1.4493
0.9103 1.4555  —0.8860 —1.2259  1.1001 ’ 2.963 |’
0.2336  —1.1566 —1.3679  0.8170 1.1660 1.3412
—1.4287 0.0270 —0.4184  0.6063 0.8379 2.8821
1.3505  —0.2998 —0.8582 —0.6724  1.7862 2.9139
0.9010 —1.0412 —-1.0278 0.0863 —0.8079 1.35
6.0789  2.0000 0 0 0
2.0000 7.9330 0 0 0
P = 0 0 8.0712  2.0000 0 ,
0 0 2.0000 8.5923 0
0 0 0 0 6.5521
3.7329  1.0000 0 0 0
1.0000 3.5758 0 0 0
Q= 0 04.2547  1.0000 0
0 0 1.0000 3.9077 0
0 0 0 0 3.4648

Test 2. This test compares the computation results of Algorithm 3.2 (Alg.
3.2) and the Halpern subgradient extragradient method (HSEM) in [17] with the
different initial points (Table 1). The data of the algorithms are as follows:

e A is a matrix of the size m x n with entries generated randomly in [—2, 2]
and elements of b generated randomly in [1, 3].

e ¢ is a zero vector and two matrices P, @) are defined as follows:

8.9487 2 0 0 0
2 9.8750 0 0 0
P = 0 0 6.9455 2 0 ,
0 0 2 8.7904 0
0 0 0 0 10.2969
4.8100 1 0 0 0
1 4.4537 0 0 0
Q= 0 0 0 3.2502 1 0
0 0 1 4.0523 0
0 0 0 0 5.1967
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Figure 1: Convergence of Algorithm 3.2 with the tolerance ¢ = 1072, the
stopping criterion is ||zF+1 — 2| <.

o Alg. 3.2: The parameters are the same in Test 1, the stopping criterion is
[2F 1 — 2k < e.

e HSEM: \; = 5 forallk, aj, = %H’ the stopping criterion is ||zF+1 —zF|| <
€.

Test 3. In this test, we perform some experiments to show the numerical behav-
ior of Algorithms 3.2 and the Halpern subgradient extragradient method (HSEM)
([17], Algorithm 3.2) and the extragradient-viscosity method (EV M) ([36], Algo-
rithm 1). Computational results are reported in Table 2. The data of the algo-
rithms are as follows:

e A is a matrix of the size m x n with entries generated randomly in [—2,2],
elements of b generated randomly in [1, 3].

e ¢ is a zero vector, the matrix P = @ — T where the symmetric positive
semidefinite matrix @ is made by using Q1 and a random orthogonal matrix,
the negative semidefinite 7' is made by Q2 and another random orthogonal
matrix; @1, Q2 are random diagonal matrices with their diagonal elements in
[1,m] and [—m, 0], respectively.
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Alg. 3.2 HSEM
Init. point Iter. CPU-times | Iter. CPU-times
(I,1,1,1,0) 4 1.2656 14 3.8438
(1,0,0,0,0) 17 1.4531 28 7.2031
(1,0,1,0,1) 57 4.5781 10 2.0938
(0,0,10,0,5) 530 38.3594 63 9.5938
(5,0,10,0,5) 536 38.7344 336 40.7188
(1,2,10,0,5) 502 35.7656 120 15.4531
(30,2,10,0,5) 642 44.7188 342 44.3438
(30,2,10,10,5) | 526 36.375 579 95.2188
(3,2,1,1,5) 16 1.4531 30 4.0156
(30,2,1,1,50) 46 3.9375 1660  230.5469
(10,2,1,1,20) 28 2.3906 686 85

Table 1: The comparative results for different initial points, where e = 1073.

o Alg. 3.2: The parameters are the same in Test 2.
e HSEM: The parameters are the same in Test 2.
e EVM: F(z)=2-2° 2°€C, B= %7 Br = ﬁ“, S = I, where [ is identify
mapping.
Test 4. Consider the infinite dimensional Hilbert space L%([0,1]) with the
innner product and induced norm indicated as

1
2

= | (Ot Yoy € L(0,1]), ] = (/ 1 (o) ar)

We consider Problem (1.1) with the feasible set C' = {z € L*([0,1]) : ||lz|| < 1} and
the bifunction

f('ray) = <F(Z‘),y - $‘>,

where F : L2([0,1]) — L2([0,1]) is of the form F(z) = max{0,z(t)}. Obviously,
F(z) is monotone and 1-Lipschitz continuous and f satisfies the conditions A1 — Ay4.
In this test, we compare the behavior of Algorithm 3.2 (Alg. 3.2) with the adaptive
golden ratio algorithm (AGRA) of Malitsly in [23] and the subgradient extragradient
algorithm (SEA) of Censor et al. ([11], Algorithm 4.1). In all three algorithms we
take 20(t) = t2, £ = 2, the stopping criterion is ||2**! — 2*|| < e. The computation
results of this test show in Table 3.
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