KYUNGPOOK Math. J. 62(2022), 509-531
https://doi.org/10.5666/KMJ.2022.62.3.509
pISSN 1225-6951 eISSN 0454-8124
© Kyungpook Mathematical Journal

On Ruled Surfaces with a Sannia Frame in Euclidean 3-space

SULEYMAN SENYURT*
Department of Mathematics, Ordu University, Ordu, Turkey
e-mail : senyurtsuleyman52@gmail.com

KEMAL EREN
Department of Mathematics, Sakarya University, Sakarya, Turkey
e-mail : kemal.erenl@ogr.sakarya.edu.tr

ABSTRACT. In this paper we define a new family of ruled surfaces using an othonormal
Sannia frame defined on a base consisting of the striction curve of the tangent, the princi-
pal normal, the binormal and the Darboux ruled surface. We examine characterizations of
these surfaces by first and second fundamental forms, and mean and Gaussian curvatures.
Based on these characterizations, we provide conditions under which these ruled surfaces
are developable and minimal. Finally, we present some examples and pictures of each of
the corresponding ruled surfaces.

1. Introduction

A surface is the image of a function with two real variables in three dimensional
space. Geometric shapes such as planes, cylinders, cones, and spheres are exam-
ples of surfaces. Surfaces are used in such applications as architectural structures,
computer graphics, works of art, geometric design, textile and automobile design.
Surface theory is an important field of study in differential geometry; the basic
theory can be found, for example, [1, 2, 3]. Developable surfaces, in particular, are
widely used in industrial applications. Ruled surface have also been widely stud-
ied, [4, 10]. Ruled surfaces are called linear surfaces because they are formed by
moving a line along a curve, so are represented by an infinite family of straight
lines. A generalization of ruled surfaces was introduced by Juza in the 1960s and
has since by well studied [5]. The striction point, the striction curve and the dis-
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tribution parameter (Drall) of a ruled surface with a Frenet frame in 3-dimensional
Euclidean space were considered in [6, 7]. Some characteristic properties of a ruled
surface with a Frenet frame of a non-cylindrical ruled surface were investigated by
Ouarab and Chahdi [8]. On the other hand, Pottmann and Wallner expressed the
orthonormal Sannia frame on the striction curve of a ruled surface in 3-dimensional
Euclidean space [9].

The aim of this study is to examine a ruled surface with the orthonormal Sannia
frame defined on the striction curve of the tangent, normal, binormal and Darboux
ruled surfaces.

2. Preliminaries

Let E® be a 3-dimensional Euclidean space provided with the standard flat
metric given by

<, >=da? + dxi + da3,

where 2 = (11,72, 23) is a rectangular coordinate system of E3. Let a be a space
curve with respect to the arclength s in E3, and let 7, N and B be the tangent,
principal normal and binormal unit vectors at a point «(s) of the curve «, respec-
tively. There exists an orthogonal frame {T', N, B} which satisfies the Frenet-Serret
equations,

(21) TI:KN, N/:_HT+TB7 B/:—TNa
where & is the curvature, 7 is the torsion of the curve « [2]. The surface obtained

by a line r moving along a differentiable curve « is called a ruled surface and its
parametric equation is given by

(2.2) X (s,v) = afs) +vr (s).
The curve « is called the base curve and the straight line r is called the ruling of the

ruled surface [11]. Specifically, if the Frenet vectors of the curve are taken instead
of r, the equations of the surfaces are obtained by

X7 (s,v) = a(s) +vT (s),
Xn (s,v) = a(s) + vN (s),
Xpg(s,v) =a(s) +vB(s)

The normal vector field, the components of first and second fundamental forms, the
Gaussian curvature and the mean curvature of a surface are computed as

X X X,

(2.3) ux = =222y
[ Xs x X
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E= <X57X5>a F= <Xs,Xv>a
(24) G= <XU7XU>7l: <XSS7U'X>7

m:<st7uX>7 n:<X'uv7uX>7

In — m? 7En—2Fm—|—Gl

(25) K=ga—rm "= Zme-m

respectively [11]. Frenet vectors of a curve make an instantaneous rotation along
the curve and around an axis that is called as the axis of rotation. The Darboux
vector W points in the direction of the rotational axis and is calculated by

W =7T+ kB.

The unit Darboux vector C, on the other hand, can be computed as following
T K
—, oS = ——
«/52_’_7—2 «/52_’_7-2
where the angle ¢ is between the Darboux vector W and the binormal vector B of

the moving curve [12]. The parametric equation of the ruled surface created by the
moving the vector C' along the curve « is

Xc (s,0) = a(s) +vC (s).

C =sinpT 4+ cospB, sing =

If there exist a common perpendicular to two consecutive ruling in the ruled surface,
then the foot of the common perpendicular on the main ruling is called a striction
point and the set of these points is also defined as the striction curve. The equation
of the striction curve of the ruled surface given in (2.2) can be written by

(o, 1)

- 2
£

(2.6) Bls) = a(s)

[6]. Specifically, if the striction curve is taken to be the base curve on the surface,
then the parametric equation of the ruled surface is given as

X (s,v) = B(s) +vr(s).

Let the curve 8 be a striction curve of the ruled surface X (s,v). The Sannia
orthonormal frame [9] is the orthanormal frame {e1, ez, es} created by unit vectors
along the striction curve g such that

e/
(2.7) eL=r, egznTlH, e3 = e1 A ea,
1

where r is the ruling of the ruled surface X (s,v). The Sannia formulae along the
striction curve become



512 S. Senyurt and K. Eren

/I /I [
€ = kleg, €y = —klel + k263, €3 = —kgeg,

where k1 and ko are the curvature and the torsion of the striction curve of the ruled
surface X (s,v) [9].

3. Ruled Surfaces with Sannia Frames

In this section, we examine the ruled surfaces formed by Sannia frames along
the striction curves of ruled surfaces generated by Frenet vectors of a curve. The
surfaces obtained are called Sannia ruled surfaces. The relation between the Sannia
and Frenet frame, the first and second fundamental forms, and the Gaussian and
the mean curvatures of each ruled surface are calculated separately.

3.1. Sannia ruled surfaces associated with tangent ruled surface

Theorem 3.1. Let X1 be a tangent ruled surface and {ei, e2, e3} be a Sannia
frame on the striction curve of Xrp. Then, the relationship between the Sannia
frame {e1, ez, e3} on striction curve and the Frenet frame {T, N, B} is as follows:

(31) €1 :T, 62:N, €3=B.

Proof. Let the curve  be a striction curve of the tangent ruled surface X. Using
(2.6), it can be easily shown that the striction curve ¢ is equal to the base curve of
X7, i.e. ((s) = a(s). Therefore, the equation (3.1) is satisfied. O

Definition 3.2. A surface ®; is called a e; Sannia ruled surface in Euclidean 3-
space, if the surface ®; is generated by moving the vector e; along the striction
curve ¢ of X1 and its parametric equation is defined as

(3.2) Dy (s,v) = ((8) + vey (s).
Taking the partial differential of ®; with respect to s and v, we get
., =T +veN and &y, =1T.
By (2.3), the normal vector field of ®;, which is denoted by ue,, is found as
Ue, (8,v) = —B.

Theorem 3.3. Let ®1 be a e; Sannia ruled surface in E3. Then, the first and the
second fundamental form, the Gaussian curvature and the mean curvature of ®;
are calculated as

I, = (1 + 1;2/@2) ds® + 2dsdv + dv?,
II., = —vkTds?,

Ke1 = 07 H€1 =

T

b
20K
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k # 0, respectively.

Proof. Taking the second order partial differentials of the surface ®; given by (3.2)
with respect to s and v, we get

P14, =KN +v (—&°T + &'N + k7B)
(I)lsv = '%Na (I)l'uv =0.

Using the equation (2.4), the components of the first and the second fundamental
form of ®; are obtained as follows:

E., =14+v%:% F, =1, G =1,

le, = —vKT, Mme, =0, ne =0.

From here, if the last equations are substituted in the equation (2.5), the proof is
complete. O

Corollary 3.4. Let X7 and ®, be a tangent ruled surface with base curve a and
a ey Sannia ruled surface with base curve ¢ which is striction curve of Xr, respec-
tively. Then, the surfaces X1 and ®1 are the same surfaces.

Corollary 3.5. Let X1 and ®1 be the tangent ruled surface with base curve o and
e1 Sannia ruled surface with base curve ( which s striction curve of Xr, respec-
tively. If the striction curve ¢ of Xt is planar curve, the ex Sannia ruled surface is
developable and the minimal surface.

Definition 3.6. A surface ®5 is called a ey Sannia ruled surface in Euclidean 3-
space, if the surface ®9 is generated by moving the vector ez along the striction
curve ¢ of X7 and its parametrical equation is defined as

(3.3) Dy (s,v) = ((8) + vea (s).

Taking the first order partial differentials of ®5 with respect to s and v, we have

Oy, =(1—vk)T +v7B and &y, = N.
So, by (2.3), the normal vector field u,, of ®5 is obtained as

—vrT + (1 —vk) B
\/1)27’2 +(1—vk)?

Uey (Sv ’U) =

Theorem 3.7. Let ®5 be a ex Sannia ruled surface in E>. Then, the first and the
second fundamental forms, the Gaussian curvature and the mean curvature of ®q
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are given as

I, = ((1 —vK)® + (’UT)2) ds® + dv?,

2 / / /
— 2
I, = S o T e e, T dsdv,
\/11272 +(1- ’Uli)2 \/v272 +(1- vm)2
T2 v (1K' — 7'K) + v1’
K€2 = - 5 PR He2 = 3
(v272 + (1 —vk) ) 2(1}272 +(1- v;<;)2) 2
respectively.

Proof. Taking the second order partial differentials of the surface ®5 given by (3.3)
with respect to s and v, we get

®yyy = kN +v (—&'T — (k*+1°) N+ 7'B),
=—rT+7B, ¢2,,=0.

RS
V)
3
<

|

From equations (2.4), the components of the first and the second fundamental form
of @5 are obtained as follows:

E€2 = (1 - ’UK/)Q + (UT)27 F€2 = 07 G€2 = 17

v2 (1K' — 7'K) + v1’ T
leg = 9 meg = ) nez = O

\/v272 +(1—wr)? \/11272 +(1—wr)?

From here, if these equations are substituted in the equation (2.5), the proof is
complete. O

Corollary 3.8. Let X1 and ®2 a be tangent ruled surface with base curve a and e
Sannia ruled surface with base curve ¢ which is striction curve of X, respectively.
If the striction curve ¢ of Xt is planar curve, the ruled surface ®o with the Sannia
frame is developable and the minimal surface. Also, since K., < 0, all points of the
ruled surface @2 are hyperbolic points.

Definition 3.9. A surface ®3 is called a e3 Sannia ruled surface in Euclidean 3-
space, if the surface ®3 is generated by moving the vector ez along the striction
curve ¢ of X1 and its parametrical equation is defined as

(3-4) D3 (s,v) = ((s) +ves (s).

Taking the first order partial differentials of ®3 with respect to s and v, we have

3, =T —vrN and 3, = B.
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So, by considering (2.3) the normal vector field u., of ®3 is obtained as

vl + N
Uey (8,V) = ———

1+ (’UT)2'

Theorem 3.10. Let ®3 be a e3 Sannia ruled surface in E3. Then, the first and
the second fundamental forms, the Gaussian curvature and the mean curvature of
®3 are obtained as

1., = (1—|—’U2I€2) ds® + dv?,

€31

k(1 4+v2712) — o’ 2
L, = — ( 7)) v ey T dsdv,
1+ (07)2 1+ (07)2
T2 K (1 + ’U2T2) — ot
Key = T 2.2 Hey == 3
(1 +v2k?) 2(1 + v2k2)>

respectively.

Proof. Taking the second order partial differentials of the surface ®5 given by (3.4)
with respect to s and v, we reach

B3,y = v7KT + (k — 07 ) N —0r?B,
D3, = —TN, @3, =0.

So, by recalling the equation (2.4), the components of the first and the second
fundamental form of ®3 are given as follows:

Ee, =14+0°71%, F., =0, G =1,

3

k(1 +027r%) — o7’ T
ZE3 - - Ll m83 - ) neg - O

1+ (vr)? 1+ (vr)

From here, if these equations are substituted in the equation (2.5), the proof is
complete. O

Example 3.11. Consider the curve

a(s) = % (cos (s) + COSS?’S)’Sm (s) + sz’n9(33)7 _20\2 (S))
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with Frenet vectors and the curvatures as follows:

( sm(S)—%(?’S) cos(s)+%(35) Ln(s))7

T=2 G
N = ( cos(25) \fSln(Qs)7 %) 7

B = (3605(5 —cos(3s) SZTL(S)g, \/gcgs(s)) 7

R =

0s (s), 7 = /3sin (s)

[10]. Since the striction curve and the base curve of tangent ruled surface are the
same curve, the equations of the ruled surfaces with the Sannia frame {e;, e, e3} are

By (5,0) = Z (cos (5) + 0059(33) sin () + sin9(3s)7 —2052 (s))

3 ) sin (3s) cos (3s) 2sin(s)
+ 7Y (—Szn (s) — 5 C08 (s) + 53 > )

®y (5,0) = Z (cos (s) + cos (3s) sin (s) + sin (3s) —2cos (s))

9 7’ 9 7 V3
o <_ V3cos (2s) B V/3sin (2s) 1)
2 ’ 2 2]

D3 (s,v) =

cos (3s) . sin (3s) —2cos (s)
(cos (s) + g Sin (s) + R )

o <3cos s) ; cos (3s) sin(s)?, \/§C(;S (s)) ,

WO W

respectively, (Figure.1).
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(a) The tangent ruled (b) The tangent ruled sur- (c) The tangent ruled sur-
surface(®1 Sannia ruled face Xp (in purple), ®» face Xr (in purple), P3

surface) X7 = ®; Sannia Sannia ruled surface (in Sannia ruled surface (in
ruled surface (in purple), red), striction curve ¢ (in green), striction curve ¢ (in
striction curve (¢ (in  yellow) yellow)

yellow)

Figure 1: Sannia ruled surfaces associated with tangent ruled surface with
s€(—1,3)and v € (—1,1)

3.2. Sannia ruled surfaces associated with normal ruled surface

Theorem 3.12. Let Xy be a normal ruled surface and {f1, fa, fs} be the Sannia
frame on the striction curve of Xy, denoted by 5. Then, the relationship between
the Sannia frame { f1, fa, f3} on striction curve and the Frenet frame {T, N, B} is
as follows:

—K T+ T
VK2 + 72 VK2 + 72
S S N
T VRZHT2 VRZ 1

fi=N, fa=

fs

where k2 + 712 # 0.

Proof. Considering the equation (2.6), we can easily calculate the striction curve of
the normal ruled surface by fallowing:
B(s) = a(s) +

K
——=N.
K2 + 72

By the definition of Xy, we say fi = N and also, by using the equations (2.1) and
(2.7), the vectors f2 and f3 are computed as

fo= T+ =B and f3=——=—=T+———_B
Vi Vi Vi Vi
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O

Definition 3.13. A surface I'; is called a f; Sannia ruled surface in E3, if the
surface I'; is generated by moving the vector f; along the striction curve g of Xy.
The parametrical equation of f; ruled surface is defined as

(3.1) [y (s,0) = B(s) + vfi (s)

where ((s) = a(s) + pea N and f; = N.

T2

Taking the first order partial differentials of I';y with respect to s and v, we get
FlS:/\1T+)\2N+/\3B, FlU:N

such that

72

!
K K
o e — VK, Ay = (7142 +7_2) and M =7 (752 T +U) .

So, by considering (2.3) the normal vector field of I'y which is denoted by uy, is
found as

A=

-3 A1
ur (s,v) = T+ B
Y S R
Theorem 3.14. Let I'y be a fi1 Sannia ruled surface. Then the Gaussian curvature
and the mean curvature of I'y are
—72 )\1)\’3 - )\27’ - /\/1)\3

T
Kf :7andHf =
RN T T T )

respectively.

Proof. Taking the second order partial differential of 'y given by (3.1), we get
Tiss = ()\/1 — )\QH) T+ (/\/2 + Mk — /\37’) N + (/\/3 + /\27') B,
g = —kT + TB, Iy =0

By using these equations, the components of the first and the second fundamental
form of I'y are found as

Ep =X+ M4+ )2, Fr,=X, Gy =1,

Mt MWt or)

l - ) _T,
f1 \/m f1

From the equation (2.5), we reach the desired. O

Corollary 3.15. Let Xy be a normal ruled surface in E3. if the base curve a of
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Xy is planar curve, then the fi Sannia ruled surface is developable and minimal
surface.

Definition 3.16. A surface I's is called a f» Sannia ruled surface in E3, if the
surface I's is generated by moving the vector f; along the striction curve g of Xy.
The parametric equation of fo Sannia ruled surface is defined as

(3.2) Ty (s,v) = B(s) + vfa (s)

K
where 8(s) = a(s) + mN and fo = T+ B.

—K T
VK272 VK272

Taking the first order partial differentials of I'y with respect to s and v, we get
Pos =mT +neN + 3B,

R T
F21}

— T+ B
4/52_’_7—2 4/52_’_7—2

such that

72 K '
m=-"5_"357"Y ’
K+ T VK2 + 72
/

7’]2: <L) _rU1/K:2+7-27

K2+ 72

KT T !
= v .
B e VK2 + 712
So, by considering (2.3) the normal vector field of I's which is denoted by uy, is

found as
7T — (m7 +n3k) N +n26B

fa = .
\/7722 (K2 +72) + (m7 + n3r)?

Theorem 3.17. Let I's be a fo Sannia ruled surface in E3, then the Gaussian
curvature and the mean curvature of I'y are

(K% +72) ((n3k + 7)1y — 02 (/17 + ' 3K))°
2
((7735 + an)2 + 12 (k2 + 72))

K, =-

f2 ’

o o [ &7 (ns®—m?) + m2 (70 + Kn's) )
(" +7%) ( —mnz (k2 —72) =1y (N3k + m7)

o ) +mT)n's
-9 K — T K2 + T2 < (773’{
s~ 1s7) —12 (0’1 + k')
Hy, = 3

2((7717' + 773/1)2 +n3 (k%2 + 7'2)) 2
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respectively.

Proof. Taking the second order partial differential of 'y, we have
Poge =y —mr) T+ (g +mk —m37) N + ('3 + n27) B,

F2.911 = 77/1T + 77/2N + 77/3B7 FQ'UU =0.

From here, the component of the first and the second fundamental forms of I's are
computed as

3T — Mk
Ep,=ni+n+n3, Fp=-——, Gp=1,
f2 12 T3 f2 m f2
< 127 (0'y = n2k) + n2k (0'g + 127) )
I, = — (m7 +m6) 0y + mr —na7)
2 )
\/7722 (K2 +72) + (m7 + n3k)*
my, = n2 (n'sk +0's7) — 'y (3K + M)
2 bl
\/7722 (K2 +72) + (M7 + n3r)?
neg, = 0.
So, substituting these equations into (2.5), the proof is complete. |

Definition 3.18. A surface I's is called a f3 Sannia ruled surface in E3, if the
surface I's is generated by moving the vector f3 along the striction curve g of Xy.
The parametric equation of f3 Sannia ruled surface is defined as

(3.3) T3 (s,0) = B(s) +vf3 (s)
where B(s) = a(s) + WﬁﬂN and f3 =

T+ B.

T K
VK272 VK272

Taking the first order partial differentials of I'3 with respect to s and v, we get
Pss = T + po N + psB,
P3U

. T T—|— KR B
‘/K,2+7'2 ‘/K,2+7'2

such that

7'2 + T !
= v N
H1 K2 + 72 VrZ+ 12

K ' KT K '
= _ = v .
p2 k2yrz) BT e K2 4 72
So, considering (2.3) the normal vector field of I's which is denoted by uy, is found

as
kT + (p3m — pak) N — po7B

\/u22 (52 +72) + (us7 = puu)*

Ufs
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Theorem 3.19. Let I's be a f3 Sannia ruled surface in E3, then the Gaussian
curvature and the mean curvature of I's are
(K2 + ) (—pap'oh + papd o7 + Fpop'y — Thap's)”

Kp=- 2 2 (k2 4 12 ’
(3T — k)™ + p3 (K% +72)

2
(k2 4 72) (ke — pua7)? 4 Tpap's — 'y ok
+p2? K% A+ p2® T 4 k= pap'T
H +2 (usk + ) VE? + 72 (i p ok — piap/ o + Tpop s — 1 2, K)
fzs = 3 ,
2((u1f€ — ua7)? + a2 (K2 + 72)) ’

respectively.
Proof. Taking the second order partial differential of I'3, we have

Dass = (W'q — p2r) T+ (1'y + pak — pa7) N + ('3 + pa7) B,

Tssp = p'\ T+ p'oN + i/ 3B, T3y = 0.
From here, the components of the first and the second fundamental forms of I's are
computed as

22, 2 _ T + 3k _
Ef3—,LL1+,lL2—|—ILL3, Ff%_ \/W, Gf%_lv

pak (p'y — pak) — pot (1's + p2T)
+ (U3 — pak) (W'y + pak — pi37)

lfs =

V2 (62 72) & (ar — u)?

my, — (—pik + pam) Wy + pa (kp'y — TMI3)7 S—
\//‘22 (k2 +72) + (437 — )’

Substituting these into (2.5) completes the proof. ad

Example 3.20. Considering the curve a given by example 3.1, the striction curve
and Sannia frame vectors of X are found as

. 3
B(s) = <—%cos (8) (=2 + cos (2s)) , 2527’;(3) 7_60\5/;5)> |

fi= <—%\/§cos (2s), —%\/gsin (2s), %) ,

fa = (sin(2s),—cos (2s),0),

1 . \/g
fs = <§cos (25),cos (s) sin (s), 7) :
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So, the ruled surfaces with Sannia frame are given by the following forms:

. 3
fris) = <‘§ (5) (-2 + cos (25)), 22 w(;))

+o (—%\/gcos (25), ~5 V/3sin (25) %) ,

2sin(s)®  cos (s)

Dy (s,v) = (—%cos () (=2 + cos (2s)), 3 T )

+ v (sin (2s), —cos (2s),0),

083
L3 (s,v) = <—%COS (s) (=2 + cos (2s)) , 2817;(8) N )

+v (%cos (2s),cos (s) sin (s),

(a) The normal ruled sur-
face Xy (in purple), T'y
Sannia ruled surface (in
cyan), base curve a (in
white), striction curve g
(in yellow)

(b) The normal ruled sur-
face Xy (in purple), I's
Sannia ruled surface (in

red), base curve a (in
white), striction curve g
(in yellow)

(¢) The normal ruled sur-
face Xy (in purple), I's
Sannia ruled surface (in
green), base curve « (in
white), striction curve g
(in yellow)

Figure 2: Sannia ruled surfaces associated with normal ruled surface with
se(=1,3)and v € (—1,1)

3.3. Sannia ruled surfaces associated with binormal ruled surface

Theorem 3.21. Let Xp be a binormal ruled surface and {g1,92,g93} be Sannia
frame on the striction curve of Xp . Then, the relationship between the Sannia

frame and the Frenet frame {T, N, B} is as follows:

(3.1) g1=B, g=-N, g3=T.
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Proof. Let the curve § be a striction curve of the binormal ruled surface Xp. By
using (2.6), it can be easily shown that the striction curve ¢ is equal to the base
curve of Xp, i.e., §(s) = a(s). From the definition of Xp, we say g1 = B and by
using the equations (2.1) and (2.7), the vectors we compute g2 and go as
go=—N and g3 =T.
O
Definition 3.22. The surfaces W1, U5 and W3 are called g1, g2 and g3 Sannia ruled
surfaces in E3, if the surfaces ¥y, U5 and W3 are generated by moving the vectors
g1, g2 and g3 along the striction curve § of Xp, respectively. The parametrical
equations of Wy, Uy and W3 Sannia ruled surfaces are defined as
Uy (s,v) =d(s) +vg1 (),
Uy (s,v) = 0(s) +vga (),
U3 (s,v) =0(s) + vgs ()

where g1 = B, go = —N and g3 = T.

Corollary 3.23. Let e; and e3 be Sannia surfaces of the tangent ruled surface and
g1 and g3 be Sannia ruled surfaces of the binormal ruled surface, then there are the
following expressions:

1. The g1 and e3 Sannia ruled surfaces are the same surfaces.
2. The g3 and ey Sannia ruled surfaces are the same surfaces.

Example 3.24. Let us consider the curve « given by example 3.1. As proved
above, the striction curve § and the base curve o of Xp are the same curve and
g1 = B, go = —N and g3 = T. In that case, The equations of ruled surfaces with
Sannia frame {g1, g2, g3} of X5 are expressed as

Uy (s,0) :% (cos (s) + 0089(38) ,sin (s) + . 9

‘o (3005 (s) — cos (3s)

, sin(s)®,

sin (3s) —2cos(s)>
RVE]

4

Uy (s,v) :g <cos (s) + 005538)

. (_ V3cos (2s)  /3sin (2s) l)
2 )

,sin (s) +

2 2

sin (3s) —2cos (s) )
VE]
3 , sin (3s) cos (3s) 2sin(s)

+ i (—sm (s) — 30 (s) + 3 3 ) .

cos (3s)
9

,8tn (s) +

U3 (s,0) :% (cos (s) +
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(a) The binormal ruled (b) The binormal ruled (c) The binormal ruled
surface (Sannia ruled sur- surface Xp (in purple), ¥  surface Xp (in purple), ¥3

face) Xp = ¥; (in pur- Sannia ruled surface (in Sannia ruled surface (in
ple), striction curve ¢ (in red), striction curve § (in  green), striction curve § (in
yellow). yellow). yellow).

Figure 3: Sannia ruled surfaces associated with binormal ruled surface with
se(—1,3)and v e (—1,1).

3.4. Sannia ruled surfaces associated with Darboux ruled surface

Theorem 3.25. Let  X¢ be the Darbouz ruled surface and {q1,q2,q3} be Sannia
frame on the striction curve w of Xc in E>. Then the relation between the Sannia
frame and the Frenet frame {T, N, B} is given as

q1 = sin T + cos B,
g2 = —cos T +sinpB, g3 =N

where the angle ¢ is between the Darboux vector W and the binormal vector B.

Proof. By considering the equation (2.6), the striction curve of X¢ can be written
as
(o, C") cos
w(s) =a(s) — WC’Z@(S)— "
By the definition of the surface X, the Sannia frame vectors on the striction
curve of X are computed as

e

/

q1 = C =sinT + cos ¢ B,
O/
92 = =7
fedl
g3 =q X q2=—N.

= —cos T +sin pB,
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Definition 3.26. A surface A; is called ¢; Sannia ruled surfaces in E3, if the
surface A; is generated by moving the vector ¢; along the striction curve w of X¢.
The parametric equation of ¢; Sannia ruled surface is defined as

(3.1) A (s,v) = w(s) +vq1 ()

COS
/

where w(s) = a(s) — P 0 and q1 = sin T + cos pB.

Theorem 3.27. Let Ay be a q1 Sannia ruled surface, then the normal vector field
of A1 and the principal normal vector of the curve a are linearly dependent.

cos
Proof. When substituted the equations w(s) = a/(s) — —/SDC and g1 = sinT +
cos pB into the parametric form of A; given in (3.1), we get
vy’ — cos
Ay (s,v) =a(s)+ @7,9"0.
¥

Taking the first order partial differential of this equation with respect to s and v,
and by performing the necessary operation, we can write

A1, X Ay, = —'vN.
From here, the normal vector field denoted by u,, of A; is found as
Ug, = EN.
O

Theorem 3.28. Let Ay be a ¢ Sannia ruled surface, then the Gaussian curvature
and the mean curvature of Ay are

—vy' [W]]

-1

i

Kg =0 and Hq, = — (20082<p+ 2sin<p(ﬂ) + (vcp')2> ,
12

respectively.

Proof. Taking the second order partial differentials of A; results
Alss = w”(s) + qul, Alsv = qi and Alvv =0.

By using the equation (2.4), the components of the first and second fundamental
forms of Ay are computed as

i 2 i
cos . cos
Ey =1+ << @/QD) ) + (v<p’)2 + cos?o, F, =sinp — ( I<P> , G =1,

¥
2
lgy = —v' (k= cos @ [W]) = (v") W], mg, =0, ng, =0.
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By substituting these equations into (2.5), the proof is complete. |

Corollary 3.29. The q1 Sannia ruled surface is always a developable surface.

Definition 3.30. A surface A, is called ¢; Sannia ruled surfaces in E3, if the
surface As is generated by moving the vector ¢go along the striction curve w of X¢.
The parametric equation of g Sannia ruled surface is defined as

(3.2) As (s,v) = w(s) + vga ()

cos @
/

where w(s) = a(s) — C and g2 = —cos T +sin pB.

By substituting the latter equations w and ¢z into (3.2), we get

cos @
/

Ay (s,v) =a(s) —

C+v(—cospT +sinpB).

Taking the first order partial differentials of this equation with respect to s and v,
we simply calculate

AQSXA%:(sin Lpf(“;#)/)va(tp’NJrHWHC).

So, the normal vector field ug, of Ag is computed as

!/
(sing - (22) ) W= v (@N + 11O

\/<Sm‘f’ - (Tw)/>2 +? ((w’)2 + HWHQ) |

Theorem 3.31. Let As be a g2 Sannia ruled surface, then the Gaussian curvature
and the mean curvature of Ao are

Ugy =

2
/
—|w? (singo — (C‘;#) —vp' + vcp”)
/ 2 ’
(s (222)") -+ (1002 + IP)

i
, cos
Hgy, = —|[W| <sm<p— ( (pfp) —vga'+vga”> )

Proof. The second order partial differentials of As are given as

Kg =

respectively.

AQSS = wll(s) + ’Uqga A2.911 = q/27 AZU'U =0.

By using (2.4), the components of the first and second fundamental forms of Ay are
computed as
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I N 2

COS COS

E, = —< /tp) (sin ¢ + cos p) + ( /tp) + (W’/)2
¥ ¥
i

COS
+ sinp + 2¢/ (— sinp + (%) ) + v? ((cp’)2 + IIWHQ) ,
Fpp=1, Ggp =0,

ol ((=¢)" -

/
(—“;S,“’) ) — vk +oT

lq2 = )
N 2
V@mw—(%#))+wﬂ0¢f+nww)
!/
W (sing - (2) = g’ + 05" )

Mgy = 2 )

(sing— (222)') 4o (1002 + IWP)

Ng2 = 0.
By substituting these equations into (2.5), the proof is complete. O

Definition 3.32. A surface Az is called g3 Sannia ruled surface in E3, if the surface
Agj is generated by moving the vector g3 along the striction curve w of X¢. The
parametric equation of g3 Sannia ruled surface is defined as

As (s,v) = w (s) + vgs

COS
/

where w (s) = a(s) — 20 and g3 = —N.

We take derivate of this equation with respect to s and v, it is found that
Az, = @'(s) +vN', Az, =—N.

Therefore, the normal vector field of Az can be written as
! !
costp(“;#) T+ (1 - sintp(“;#) ) B - (cos<p - HVi{/II) C

i (22 ) st (i)’

Theorem 3.33. Let As be a q3 Sannia ruled surface, then the Gaussian curvature
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and the mean curvature of As are

Ky =0,
,(cosp\' [ . cosp\’
2¢ S sing — S
12 12
"
e <_(w¢) +¢/C°S‘P>
+v (K sing + 7/ cosnp)(m—cosgp)
(COS“") (k' cosp + 7/ sin ) + vr’
Hy, =

/ 2 2

2 H((Tw)) + costo + (i)
’ 2

1+ <(@¢) > + cos2p + v2|| W2

where ¢’ # 0.
Proof. Taking the second order partial differential of Ag, it follows that

Azss = @"(s) —vN", Asgy =T —7B, Agzy =0.

By using the equation (2.4), the components of the first and second fundamental
forms of Ag are computed as

2
!
cos
Fem iy << go'gp) ) +cos’ + (0 ||[W)* Fys =0, Gga = 1,

/ / 2
2 smgo(cow) — 230’((—“:,“’) )
"
o (—(C‘;#) + ¢’ cos (p> + o7’

"sinp + 7’ cos p) (IITUH —cosnp)

_|_

(COS“") k' cos + 7' sin ) . .
= ) qu =V, nqg = U.

lys = — 2
\/1+ <(@)> +eosto+ ()

When substituted these into (2.5), the proof is complete. O

Example 3.34. Considering the curve « given in example 3.1, the striction curve
and the Sannia frame vectors of X are found as
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3 ’ 3
1 1 3
G = <—cos (2s), isin (2s), g) ,

33
o (s) = (2005 (s) — cos (s) cos (25) 2Sin(s) . \/3Cos (s)) 7

2
g2 = (sin (2s), —cos (2s),0),
[ V3cos (25) V3sin (2s) 1
q3 = 2 ) 2 SN

So, the q1, g2 and g3 Sannia ruled surfaces are given by the following forms:

3cos (8) + 3vcos (2s) — cos (3s)

Arlsv) = v3sin (2s) + 45?71(3)3 V3 (v —2cos(s)) |’
6 ’ 2
2co0s (8) — cos (8) cos (2s) + 3vsin (2s)

AQ (Sv ’U) = . 3 3 ’ 9
2sin(s) —331)005(25) 7 —\/§COS (S)
3cos () 4 3v/3vcos (2s) — cos (3s)

A3 (s,v) = . 3 6 7
4sin(s)” + 3v/3vsin (2s) CEs 2v/3cos ()

6 ’ 2
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(a) The ruled
surface X¢ (in purple), A;
Sannia ruled surface (in
cyan), base curve a (in
white), striction curve w

Darboux

S. Senyurt and K. Eren

(b) The graphs of Darboux
ruled surface X¢ (in pur-
ple), Ay Sannia ruled sur-
face (in red), base curve «
(in white), striction curve
w (in yellow).

(c) The graphs of Dar-
boux ruled surface X¢ (in
purple), Az Sannia ruled
surface (in green), base
curve « (in white), stric-
tion curve w (in yellow).

(in yellow).

Figure 4: Sannia ruled surfaces associated with Darboux ruled surface with
se€(—1,3)and v € (—1,1).
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