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ABSTRACT. We point out a flaw in a result proved by Singh and Shah [Kyungpook Math.
J., 57(2017), 537-543] which was recently published in Kyungpook Mathematical Journal.
Further, we point out an error in another result of the same paper which we correct and
obtain integral extension of the corrected form.

1. Introduction and Statement of Results

Let p(z) = > a;27 be a polynomial of degree n. We define
§=0
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0

From a well known fact of analysis ([12],[14]), we know
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Thus, it is appropriate to denote

(1.3) [Plloe = max|p(2)]

1 2w )
Further, if we define ||p||o = exp {2 J log |p(e’9)|d9}, then it is easy to verify that
T o

lim = .
i ol = lpllo
If p’(z) denotes the ordinary derivative of p(z), then

(1.4) s [1'(2)] < o 2|
z|=1 zl=1

Inequality (1.4) is known in the literature as Bernstein’s Inequality [3] and it is best
possible with equality holding for the polynomial p(z) = az™, where a # 0 is any
complex number.

If p(z) has no zero in |z| < 1, then inequality (1.4) can be sharpened and
replaced by

(1.5) max p(2) < 5 5 [ax p(2)].

Inequality (1.5) was conjectured by Erdés which was later proved by Lax [7]. In-
equality (1.5) is best possible and become equality for polynomials which have all
the zeros on |z| = 1.

Under the same hypothesis on p(z) as in (1.5), Aziz and Dawood [1] improved
it by proving;:

(1.6 o ()] < o2 = i o2

|2|=1 |2|=1 |2|=1
Equality holds in (1.6) for p(z) = o + 82", |a| > |B].

Malik [8] generalized (1.5) for polynomial p(z) of degree n having no zero in
|z| < k, k > 1 by proving the inequality,

n
1.7 '(2)] < —— .
(1.7) max [p(2)] < 7 max[p(2)]

Chan and Malik [4] considered more general lacunary type of polynomials p(z) =

n .
ao+ Y. ajz?, 1 < p < n, and generalized (1.7) by proving:
J=u
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n .
Theorem A. Let p(z) = ap+ > a;27, 1 < pn < n, be a polynomial of degree n
J=p
having no zero in |z| <k, k > 1, then

n
1.8 max |p'(2)] <
(18) ma ()] < 1

e T p(2)];

Equality occurs in (1.8) for p(z) = (2" + k*)* , where n is a multiple of .

As an improvement of Theorem A, Pukhta [9] proved

n .
Theorem B. Let p(z) = ap+ Y, a;jz?, 1 < u < n, be a polynomial of degree n

j=n
having no zero in |z| <k, k > 1, then

(1.9) max [p'(2)] <

n {m_x Ip(2)] -

win (2] |

n
1+k’“ |z

Equality in (1.9) occurs for p(z) = (2" + kM) * , where n is a multiple of .

Singh and Shah [13] proved the following result which apparently is a general-
ization and an improvement of Theorems A and B for the class of polynomials with
s-fold zeros at the origin.

n—s .
Theorem C. Let p(z) =2° ao+ Y a2’ |, 1< p<n—s50<s<n-—1,bea
J=n
polynomial of degree n having s-fold zeros at the origin and remaining n — s zeros
in|z| >k, k>1, then

max P’ (2)] <
(n — 5)*lag| + (n — s)plau[K# + s(n — s)ag|(L + k#*1) + spla,[(K*F + k)
(n = s)laol(1 + k# 1) + play, | (kP + k2)

(1.10)
1 (n —s)?|ao| + (n — s)p|a, k"1 .
P P 5 G = Taol (1 + b0) + plag (ot 20y i P

In the same paper [13], the authors further proved the following result as gen-
eralization of Theorem C.

n—s .

Theorem D. Let p(z) = 2° | apn—sz™ "+ > ap-s—j2" 7], 1 < p < n-—s,
J=n

0 <s<n-—1, be a polynomial of degree n, having s-fold zeros at the origin and
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remaining n — s zeros on |z| =k, k <1, then

(1.11)
max [p'(2)] <
n—s (n = 8)|an—s| k> + plan—s—p k¥
P T T B e ) ) e

2. Lemmas

We need the following lemmas to prove the theorem.
Lemma 2.1. Ifp(z) = ag+ zn: ayz’, 1 < p <mn, is a polynomial of degree n having
no zero in |z| <k, k> 1, thlgzu

I

B k=141
n | a
(2.1) ¢/ ()] = bt | =2 W) on 2 =1,
1+ﬁ ZH | fptl
n | aop
and
(2.2) RSt gn < 1,
n | ap

where ¢(z) = 2"p(1>.

z

This lemma is due to Qazi [10].

Lemma 2.2. If p(z) is a polynomial of degree n such that p(z) # 0 in |z| < k,
k >0, then

lp(2)| 2 m  for |z[ <k,

where m = min |p(z)].
|z|=k

This lemma is due to Gardner et al. [6].

Lemma 2.3. The function

8

(2.3) J@) = kit

SERSE SRS
5}

|

()
<

M > k/t+1 _|_1

is a non-decreasing function of x.
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This lemma is due to Gardner et al. [6, Lemma 2.6]. However, the authors did not
define the quantities z, p and k for the conclusion to hold. It is of interest for the
sake of completeness to define these quantities.

From (2.3), we can show that

L))
f(a) = {Z(Z"')’““““}Q

which implies that, for k£ > 1 and p any real, then f/'(z) > 0 for all non-zero real x.
Thus, by the first derivative test, f(z) is non-decreasing for all non-zero real x, any
real p and k > 1.

)

N

Lemma 2.4. If p(z) is a polynomial of degree n and q(z) = z”p( ), then for

each a, 0 < a < 2m and r > 0,

21 2w 2m
(2.4) // ' (") + emp'(ew)}rcw da < 27n” / |p(ei9)’rd9.
0 0 0

The above lemma was proved by Aziz and Rather [2].

3. Theorem and Comment on Theorem D

In this paper, firstly, we prove the following integral extension whose ordinary
version corresponds to the corrected form of Theorem C which we state as the
corollary. Secondly, we point out a flaw concerning Theorem D proved by Singh
and Shah [13].

n—s .
Theorem. Let p(z) = 2° [ag+ Y a2’ |, 1 <p<n—-s,0<s<n-—1bea
J=p
polynomial of degree n having s-fold zeros at the origin and remaining n — s zeros
in|z| >k, k> 1, then for every \ with |A\| <1 and r >0,

n—s p(z) A
3.1 '(z) — < 4 — =M
(3.1) 20" (2) — sp(2)|l, < [A+ee] | =z ksm )
where
M ‘a’ﬂf| o kp,—l +1
n =5 ool — P
(3.2) A=kt
1+ /’1/ |aM| ku.ﬂ,_l

— m
"8 faol — Nt



460 B. Chanam, Kh. B. Devi, Th. B. Singh and Ksh. Krishnadas

and m = min |p(z)| .
|z|=k

Proof. Let

(3.3) p(z) = 2°H(2),

where H(z) = ag + i ajz?, 1 <p<n-—sand 0 <s<n-—1,is a polynomial of
Jj=p
degree n — s having all its zeros in |z| > k, k > 1.
From (3.3) we have
2p/(2) = s2°H(2) + 2° T H'(2)
= sp(2) + 25T H!(2).

This gives for |z| =1,
P'(2)] < slp(2)| + [H'(2)]-
The above inequality holds for all points on |z| = 1 and hence

(3.4) P'(2)] < slp(2)| + max [H'(2)].

Let m; = ‘H‘liI}v |H(z)|, then m; < |H(z)]| for |z| = k. As all n— s zeros of H(z) lie in

|z| > k, k > 1, therefore, for every complex number A such that |A| < 1, it follows
by Rouche’s theorem that all zeros of the polynomial H(z) — Am; lie in |z] > k,
k>1.

Now, the reciprocal polynomial of H(z) — Am; is

2" (H <1> — )\m1> ="H <1> — 2" my
Z Z
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1
where ¢(z) = z"p (
z

Applying Lemma 2.1 to the polynomial H(z) — Amy, we have for |z| =1

) is the reciprocal polynomial of p(z).

,LL |a’l’«| kﬂ—1+1
G (2)] > et | Lm0 = Al H(2))
- M |al
1+ krtl
n—s|ag — Amy|
(3.5) = Ai[H'(2)],
,LL |a’H| k'p'_l + 1
where A; = k#t1 n = s lag — Ami|
1+ M |a‘,u‘ k,u+1
n—s|ag — Amy|
Now,
(3.6) in [H(2)] : in [p(z)| = =, wh in |p(2)]
) m; = min 2)| = == min |p(z)| = —, where m = min |p(2)].
! |z|=k ks |z|=k p ks |z|=k

Further, using Lemma 2.2 to the polynomial H(z), we have |H(z)| > m; for
|z| < k, i.e., in particular, |ag| > m;. Then,

(3.7) lag — Ama| > |ao| — [A|ma.

Thus, using the fact of (3.7) to Lemma 2.3, we have A; > A, where A is given by
(3.2). Hence, inequality (3.5) gives for |z| =1

(3.8) G'(2)] > A|H'(2)],
Now, for real numbers o« and R > r; > 1, it is easy to verify that
IR+ €| > |ry + €',

which implies, for r» > 0

27 2
(3.9) /|R +e|"da > /|r1 + e'"da.
0 0
. " . B G'(e?)
For points e'?, 0 < 6§ < 27, for which H'(e") # 0, put R = (e and r; = A,
e

then from Remark 3.3 and inequality (3.8), we have R > rq > 1.
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Then, for every r > 0

2m 2
i ior Nu N G'(e") '
/’G/(€0)+6 H'(e")|" da = |H'(e")] /‘H’(ew) + do
0 0
[1€E)] , al
. 0\ | T ez
— |H' ()] /HH’(@”) + da
0
(3.10) > ’H’(ei‘g)‘r/m—i—em‘r da (using (3.9)),

for points ¢, 0 < 0 < 27, for which H'(e") # 0. Moreover (3.10) holds trivially
for points €?, 0 < 0 < 27 for which H'(¢?) = 0. Thus, for r > 0

27 27

/|A+eza‘ da/|H' 19’ d0<//‘G/ 19 wcHl 19’ do db

0
< 2m(n — S)T/ }H(ew) - )\ml‘r e,

(using Lemma 2.4).

Substituting the value of m; from equation (3.6) in the above inequality, we have

/|Hl 19’d9< /’H 19 77“
127r

—f|A+ e|"da o

Multiplying by on both sides of the above inequality and taking r*" root, we get

n—s

H'|, 7“H — A=
e LEREY

which is equivalent to

oy < (n—s) |p(z) m
||Zp (Z) SP(Z)” = ||A + e’a||r P ks Ta
which completes the proof of the theorem. O

Remark 3.1. If we let r — oo in (3.1), we have

p(z) A

28 ks

)

ax |20/ (2) <><(”S) o
max (2 — S z max
|z|=1 p P “\1+A4)z=1
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where A is defined by (3.2) in the theorem. Then

pz) A m“

(3.11) (2]~ ma 2] < (17 ) max |22 -

|z|=1 2] 1+ A

Let zp on |z| = 1 be such that

2ol

258 ks

12 - —

zl=1

Choose the argument of X\ suitably such that

‘p(zo) _ )‘m‘ - ’p(zo) Y
28 ks z5 ks
m
= \p(zo)| - |)\|E

(3.13) < max |p(=)] ~ Al -

Using (3.13) in (3.12), we have
p(z) A m‘

3.14
(3.14) max | = e

|z]=1
Combining (3.11) and (3.14), we get
Al < (n=s T
e 2)] s p(e)| < (35 ) {maxlota)] - WS

which on simplification gives

m
< — A=
< max [p(2)] = A3

n—s n—s
1 / < - —7A .
(3.15) max p'(2)] < (1+A+S> max () = e A

Now,
(n—s —|—s> B 1
bra (n =) (Jaol = I\ 5 ) (1 k1) + palay (ko4 4 k20

< [(n = )2 (laol = N 5 ) + (0 = s)pa et

(3.16) +S(7’l—5> (|a0|—|)\|%) (1+ku+1)+sl~t|aul(k’u+1+k‘2”)}
and

—s)? N — pt1
(3.17) n-s _ 1 (n—s) (laol |A|k5)+(n s)ptla,|k

(R E () (Jaol — I\ ) (1 Ro0) g (o )

Using (3.16) and (3.17) in (3.15) and considering the limit as |A| — 1, we have the
following corrected form of (1.10) of Theorem C.
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n—s )

Corollary. Let p(z) = z° {ao+ Y. ;27 |, 1 < u<n—-s50<s<n-1,bea
J=H

polynomial of degree n having s-fold zeros at the origin and remaining n — s zeros

in|z| >k, k> 1, then

1
max [p/ (2)] < -
- (n =) (laol = 72 ) (1+K#4) + | (et 4 k)
m
<[ = 9)? (Jaol = 75) + (0 = )l !
t+s(n —s) (Jao| — 12 ) (1 +k*1) + spla, | (2 + k24)| max [p(2)|
ks |z|=1
na
m
1 (=9 (Jaol = 22) + (= s)pla et

- min |p(z)].
B (n = s) (Jaol = 75 ) (1 ki) + pala| et 4+ 2w 1=

Remark 3.2. In fact, inequality (1.10) of Theorem C is not the correct form it

should have been. It must be noted that in the correct form of(1.10), as is given by
m
the corollary, every factor |ag| wherever it appears, is replaced by |ag| — e where
m = min |p(z)|.
|z|=k

Remark 3.3. In the theorem, A given by (3.2) is such that A > 1. To see this, we
have from (3.2)

M |ay| — k21 4 ot
"= (Jaol = N3 )

I |a‘#‘ - k“+1—|—1
"= (Jao] — N2 )

As k>1and g > 1, we have k?* > k#*1 > 1. Thus, A > 1.

A:

Comment on Theorem D. Theorem D is incorrect as it is based on an incorrect
lemma (for reference see [5, Lemma 2.2]) as pointed out by Qazi [11].
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