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COMMUTATIVITY OF PRIME GAMMA NEAR RINGS WITH
GENERALIZED DERIVATIONS

ADNEW MARKOS, PHOOL MIYAN∗ AND GETINET ALEMAYEHU

Abstract. The purpose of the present paper is to obtain commutativity of
prime Γ-near-ring N with generalized derivations F and G with associated
derivations d and h respectively satisfying one of the following conditions:(i)
G([x, y]α = ±f(y)α(xoy)βγg(y), (ii) F (x)βG(y) = G(y)βF (x), for all
x, y ∈ N, β ∈ Γ (iii) F (u)βG(v) = G(v)βF (u), for all u ∈ U, v ∈ V, β ∈
Γ,(iv) if 0 ̸= F (a) ∈ Z(N) for some a ∈ V such that F (x)αG(y) =

G(y)αF (x) for all x ∈ V and y ∈ U,α ∈ Γ.
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1. Introduction

A Gamma near ring is a triple (N,+,Γ), where (N,+) is a group (not nec-
essarily abelian); Γ is a non-empty set of binary operations on N such that for
each γ ∈ Γ, (N,+, γ) is a near ring and; (xγy)µz = xγ(yµz) for all x, y, z ∈ N
and γ, µ ∈ Γ [7]. Throughout the paper, N represents zero-symmetric left Γ-
near-ring. For a gamma near ring N , the set No = {x ∈ N : 0αx = 0, α ∈ Γ}
is called the zero-symmetric part of N . A gamma near-ring N is said to be
zero-symmetric if N = No for all x ∈ N . A gamma near-ring N is called
prime if N has the property that for all x, y ∈ N , xΓNΓy = {0} implies
x = 0 or y = 0. A gamma near ring N is called a semi prime if N has the
property that for x ∈ N , xΓNΓx = {0} implies that x = 0. A non empty
subset U of N is called a semigroup right ideal (resp. semigroup left ideal) if
UΓN ⊆ U (NΓU ⊆ U). U is called semigroup ideal if it is both right and
left semi group ideal. A gamma near ring N is called 2-torsion free if x ∈ N
and 2x = 0, then x = 0. For any x, y ∈ N ,(x, y) = x + y − x − y is called
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additive commutator. The multiplicative center of a gamma near ring N is de-
fined as Z(N) = {n ∈ N : xαn = nαx, x ∈ N}. For all x, y ∈ N , α ∈ Γ,
the notation [x, y]α and(xoy)α will denote xαy − yαx and xαy + yαx, respec-
tively. For all x, y, z ∈ N and α, β ∈ Γ the following basic commutator identi-
ties hold.(i) [xβy, z]α = xβ[y, z]α + [x, z]αβy + xβzαy − xαzβy,(ii) [x, yβz]α =
yβ[x, z]α + [x, y]αβz + yαxβz − yαxβz,(iii) (xβyoz)α = xβ(yoz)α − [x, z]αβy +
xβzαy−xαzβy equivalently (xβyoz)α = (xoz)αβy+xβ[y, z]α+xαzβy−xβzαy
and (iv) (xoyβz)α = (xoy)αβz − yβ[x, z]α + yαxβz − yβxαz [8].

Madhuchelvi [12] An additive mapping d : N → N is called a derivation
if d(xαy) = xαd(y) + d(x)αy for all x, y ∈ N and α ∈ Γ. An additive map-
ping F : N → N is said to be a right generalized derivation if there exists
a derivation d on N such that F (xαy) = F (x)αy + xαd(y), for all x, y ∈ N
and α ∈ Γ And F is said to be a left generalized derivation if there exists a
derivation d on N such that F (xαy) = d(x)αy + xαF (y),for all x, y ∈ N,α ∈ Γ.
Finally, F is said to be a generalized derivation associated with d if it is both
right as well as left generalized derivation on N . Ibraheem [8] investigate the
conditions for a prime gamma near-ring N to be a commutative gamma ring
if N admitting a generalized derivation F with associated derivation d sat-
isfying some properties of a non-zero invariant subset U of N . Madhuchelvi
[11] proved some identities involving generalized derivations of a gamma near
ring which facilitates the commutativity of a gamma near ring. Thereafter,
Madhuchelvi [12] extended some results generalized derivations in gamma near
ring in the setting of semigroup ideals which shows that a gamma near ring
is a commutative gamma ring. The purpose of the present paper is to obtain
some commutativity condition of prime gamma near ring N with generalized
derivations F and G with associated derivations d and h respectively satisfy-
ing one of the following conditions:(i) G([x, y]α) = ±f(y)α(xoy)βγg(y), (ii)
F (x)βG(y) = G(y)βF (x), for all x, y ∈ N, β ∈ Γ (iii) F (u)βG(v) = G(v)βF (u),
for all u ∈ U, v ∈ V, β ∈ Γ,(iv) if 0 ̸= F (a) ∈ Z(N) for some a ∈ V such that
F (x)αG(y) = G(y)αF (x) for all x ∈ V and y ∈ U,α ∈ Γ.

2. Generalized Derivations on Gamma Near Rings

In this section, we define polynomial with integral coefficients and we recall some
known results which are essential to develop the proof of our main results.

Definition 2.1. Let N be a prime gamma near ring. For ever x, y ∈ N , α ∈

Γ. Define a polynomials with integral coefficients as xαf(x) = xα

n∑
i=1

xi =

f(x)αx, xαg(x) = xα

m∑
j=1

xj = g(x)αx, yαf(y) = yα

p∑
k=1

yk = f(y)αy.yαg(y) =

yα

q∑
n=1

yr = g(y)αy.



Commutativity of Prime Gamma Near Rings with Generalized Derivations 917

Lemma 2.2. (Madhuchelvi [12]) Let N be a prime gamma near ring and U be
a non-zero semigroup ideal of N . Let d be a non-zero derivation on N . Then
(i) If x, y ∈ N and xΓUΓy = {0} ,then x = 0 or y = 0
(ii) If x ∈ N and xΓU = {0} or UΓx = {0}, then x = 0
(iii) If x ∈ N and d(U)Γx = {0} or xΓd(U) = {0}, then x = 0

Lemma 2.3. (Madhuchelvi[12]) Let N be a prime gamma near ring and d be
a non zero derivation on N and Let aαbβc = aβbαc, for all a, b, c ∈ N and
α, β ∈ Γ. Then
(i) If U is a non zero semigroup right ideal or a non zero semigroup left ideal of
N , then d(U) ̸= {0}.
(ii) If U is a non zero semigroup right ideal of N and x is an element of N
which centralizes U , then x ∈ Z(N), a multiplicative center of N .

Lemma 2.4. (Madhuchelvi [12]) Let N be a prime gamma near ring and U a
non-zero semigroup ideal of N . If F is a non zero generalized derivation of N
with associated derivation d, then F (U) ̸= {0}

Lemma 2.5. (Mustafa [13]) If a prime Γ near-ring N admits a non-trival
derivation d for which d(N) ⊆ Z(N),then (N,+) is abelian. Moreover, if N is
2-torsion free, then N is a commutative Γ-ring.

Lemma 2.6. (Madhuchelvi [12]) LetN be a 3-prime 2-torsion free Γ-near ring
and aαbβc = aβbαc for all α, β ∈ Γ, a, b, c ∈ N . If N admits a non-zero
generalized derivation F such that F (N) ⊆ Z(N), then N is commutative gamma
ring.

Lemma 2.7. (Madhuchelvi [12]) Let N be a prime gamma near ring and U
be a non zero semigroup ideal of N and let aαbβc = aβbαc for all α, β ∈ Γ,
a, b, c ∈ N . Let F be a non-zero generalized derivation with associated derivation
d. If F (U) ⊆ Z(N), then (N,+) isabelian.Moreover, if N is 2-torsion free, then
N is a commutative gamma ring.

3. Commutativity of Prime Gamma Near Rings with Generalized
Derivations

This section is devoted to study the commutativity of prime gamma near ring ad-
mitting a non-zero generalized derivation F of N with associated zero derivation
d and a non-zero generalized derivation G with associated derivation h satisfies
G[x, y]α = f(y)α(xoy)βγg(y), F (u)βG(v) = G(v)βF (u), for all u ∈ U, v ∈ V
and β ∈ Γ, F (x)βG(y) = G(y)βF (x),for all x, y ∈ N, β ∈ Γ, F (x)αG(y) =
G(y)αF (x) for all x ∈ V and y ∈ U,α ∈ Γ, then N is a commutative Γ- ring.
Theorem 3.1 is a generalization of result proved by Shang [18] and, also we have
generalized results of Kamal and Al-Shaalan[9] by Theorem 3.2, Theorem 3.3
and Theorem 3.4.

Theorem 3.1. Let N be a 2-torsion free zero symmetric prime Γ-near ring. For
ever x, y ∈ N there exist polynomials with integral coefficients f(x), g(x) ∈ Z[x]
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such that a non-zero generalized derivation G of N with associated non-zero
derivation d satisfies
(i) G[x, y]α = f(y)α(xoy)βγg(y)
(ii) G[x, y]α = −f(x)α(xoy)βγg(x),for all x, y ∈ N then N is a commutative Γ-
ring

Proof. Assume that condition (i) holds
G[x, y]α = f(y)α(xoy)βγg(y), forall x, y ∈ N (3.1)

Replacing x by yδx in (3.1), we get
G[yδx, y]α = f(y)αyδ(xoy)βγg(y)

G(yδ[x, y]α) = f(y)αyδ(xoy)βγg(y)

By definition of generalized derivation
d(y)δ[x, y]α + yδG[x, y]α = f(y)αyδ(xoy)βγg(y)

d(y)δ[x, y]α + yδf(y)α(xoy)βγg(y) = f(y)αyδ(xoy)βγg(y

d(y)δ[x, y]α = 0, forall x, y ∈ N,α, δ ∈ Γ (3.2)

Putting x by zβx in (3.2), we find that
d(y)δ[zβx, y]α = 0, forall x, y, z ∈ N,α, β, δ ∈ Γ

d(y)δzβ[x, y]α = 0, forall x, y, z ∈ N,α, β, δ ∈ Γ

d(y)ΓNΓ[x, y]α = {0}
Since N is prime, we have d(y) = 0,for any y ∈ N or [x, y]α = 0,for all x, y ∈
N,α ∈ Γ
But d ̸= 0, we have

[x, y]α = 0, forall x, y ∈ N,α ∈ Γ

xαy = yαx, forall x, y ∈ N,α ∈ Γ (3.3)

Taking derivation both sides in (3.3), we get
d(xαy) = d(yαx)

d(x)αy + xαd(y) = d(y)αx+ yαd(x)

Since derivation is additive commutative
d(x)αy + xαd(y) = yαd(x) + d(y)αx

But x ∈ Z(N), then xαd(y) = d(y)αx

d(x)αy + xαd(y) = yαd(x) + xαd(y)

d(x)αy = yαd(x), for all y ∈ N,α ∈ Γ

d(x) ∈ Z(N), for all x ∈ N

d(N) ⊆ Z(N)

Therefore, by Lemma 2.5, we obtain N is a commutative Γ-ring. □
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(ii) Assume that condition (ii) holds
G([x, y]α) = −f(y)α(xoy)βγg(y) (3.4)

Replacing x by yδx in (3.2), we get
G[yδx, y]α = −f(y)α(yδxoy)βγg(y)
G(yδ[x, y]α) = −f(y)αyδ(xoy)βγg(y)

By definition of generalized derivation
d(y)δ[x, y]α + yδG[x, y]α = −f(y)αyδ(xoy)βγg(y)

d(y)δ[x, y]α + yδ(−f(y)α(xoy)βγg(y)) = −f(y)αyδ(xoy)βγg(y) (3.5)

Taking f(y) instead of −f(y) in (3.5), we have
d(y)δ[x, y]α + yδ(f(y)α(xoy)βγg(y)) = f(y)αyδ(xoy)βγg(y)

d(y)δ[x, y]α + yδf(y)α(xoy)βγg(y) = f(y)αyδ(xoy)βγg(y)

d(y)δ[x, y]α = 0, for all x, y ∈ N,α, δ ∈ Γ (3.6)

The rest of the proof follows from (3.2)

Theorem 3.2. Let N be a 2-torsion free zero symmetric prime Γ-near ring and
U, V are non-zero semi-group idels of N and let aαbβc = aβbαc, for all a, b, c ∈
N,α, β ∈ Γ. If a non-zero generalized derivation F of N with associated zero
derivation d and a non-zero generalized derivation G with associated derivation
h satisfies F (u)βG(v) = G(v)βF (u), For all u ∈ U, v ∈ V and β ∈ Γ. Then N
is a commutative Γ- ring.

Proof. For all s, u ∈ U, v ∈ V and α, β ∈ Γ we have
F (uαs)βG(v) = G(v)βF (uαs)

F (u)αsβG(v) = G(v)βF (u)αs (3.7)

Replacing s by sµr in (3.7), where r ∈ N,µ ∈ Γ, we get
F (u)αsµrβG(v) = G(v)βF (u)αsµr

By using (3.7), we get
F (u)αsµrβG(v) = F (u)αsβG(v)µr

F (u)αsµrβG(v) = F (u)αsµG(v)βr

F (u)αsµ(rβG(v)−G(v)βr) = 0, for all s ∈ U,α, µ ∈ Γ

F (u)ΓUΓ(rβG(v)−G(v)βr) = {0}
By Lemma 2.2, we have
F (u) = 0, for any u ∈ U or rβG(v)−G(v)βr = 0, for any r ∈ N, β ∈ Γ Since U
is a non-zero semigroup ideal by Lemma 2.4,F (U) ̸= 0, we get

rβG(v)−G(v)βr = 0, for any r ∈ N, β ∈ Γ

rβG(v) = G(v)βr, for any r ∈ N, β ∈ Γ

G(v) ∈ Z(N), for all v ∈ V
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G(V ) ⊆ Z(N)

By Lemma 2.7, N is a commutative Γ ring. □
The following example proves that the primeness hypothesis in the Theorem 3.2,
is not superfluous.
Example 3.1 Let N =

{(
a 0
0 b

)
: a, b ∈ R

}
, where R is a commutative

ring and Γ =

{(
a 0
0 0

)
: a ∈ R

}
. Then N is a Γ-near ring. Let U ={(

a 0
0 0

)
: a ∈ R

}
and V =

{(
0 0
0 b

)
: b ∈ R

}
. Clearly U and V are

non-zero semigroup ideals of N .
A map G : N → N is defined by G

(
a 0
0 b

)
=

(
0 0
0 b

)
with associated

derivation h : N → N is defined by h
(
a 0
0 b

)
=

(
0 0
0 b

)
and F : N → N

is defined by F
(
a 0
0 b

)
=

(
a 0
0 0

)
with associated derivation d : N → N is

defined by d
(
a 0
0 b

)
=

(
0 0
0 0

)
. Then it is easy check that F and G are gen-

eralized derivations with associated derivations d and h respectively. However
F and G satisfies the property of Theorem 3.2, i.e., F (u)βG(v) = G(v)βF (u),
for all u ∈ U, v ∈ V and β ∈ Γ. But N is not prime.

Theorem 3.3. Let N be a 2-torsion free zero symmetric prime Γ- near ring and
let aαbβc = aβbαc,for all a, b, c ∈ N,α, β ∈ Γ. If a non-zero generalized deriva-
tion F of N with associated derivation d and a non-zero generalized derivation
G of N with associated derivation h such that F (x)βG(y) = G(y)βF (x), For all
x, y ∈ N, β ∈ Γ.Then N is a commutative Γ- ring.

Proof. For all x, y, z ∈ N and α, β ∈ Γ we have
F (xαy)βG(z) = G(z)βF (xαy)

F (x)αyβG(z) = G(z)βF (x)αy (3.8)

Replacing y by yµr in (3.8), where y, r ∈ N,µ ∈ Γ, we get
F (x)αyµrβG(z) = G(z)βF (x)αyµr (3.9)

Using (3.8) in (3.9), we get
F (x)αyµrβG(z) = F (x)αyβG(z)µr

F (x)αyµrβG(z) = F (x)αyµG(z)βr

F (x)αyµ(rβG(z)−G(z)βr) = 0, for ally ∈ N,α, β ∈ Γ

F (x)ΓNΓ(rβG(z)−G(z)βr) = {0}
Since N is prime, we have

F (x) = 0, for all x ∈ N or rβG(z) = G(z)βr, r ∈ N, β ∈ Γ
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But F (N) ̸= 0, we have
rβG(z) = G(z)βr, for all r ∈ N, β ∈ Γ

G(z) ∈ Z(N), for allz ∈ N

G(N) ⊆ Z(N)

Therefore, by Lemma 2.6 ,N is a commutative Γ-ring. □

Theorem 3.4. Let N be a 2-torsion free zero symmetric prime gamma near ring
with two non-zero generalized derivation (F, d) and (G,h) such that 0 ̸= F (a) ∈
Z(N) for some a ∈ V and let aαbβc = aβbαc,for all a, b, c ∈ N,α, β ∈ Γ. If
F (x)αG(y) = G(y)αF (x) for all x ∈ V and y ∈ U,α ∈ Γ, where U is a non-zero
semigroup ideal of N , then N is a commutative Γ ring.

Proof. If h = 0 or d = 0, then N is a commutative Γ-ring, by Theorem 3.2
Suppose that h ̸= 0 ̸= d, then for all x, y ∈ U, z ∈ V , we have

F (z)αG(xβG(y)) = G(xβG(y))αF (z)

F (z)αG(x)βG(y) + F (z)αxβh(G(y)) = G(x)βG(y)αF (z) + xβh(G(y)αF (z)

Since F (z) ∈ Z(N), for some z ∈ V , we have
F (z)αG(x)βG(y) + F (z)αxβh(G(y)) = F (z)αG(x)βG(y) + xβh(G(y)αF (z)

So,
F (z)αxβh(G(y)) = xβh(G(y)αF (z) (3.10)

Replacing x by rδx, for any r ∈ N, δ ∈ Γ it yields
F (z)αrδxβh(G(y)) = rδxβh(G(y))αF (z) (3.11)

Using (3.10) in (3.11), we get
F (z)αrδxβh(G(y)) = rαF (z)δxβh(G(y))

(f(z)αr − rαf(z))δxβh(G(y)) = 0, for all x ∈ U, β, δ ∈ Γ

(F (z)αr − rαF (z))ΓUΓh(G(y)) = {0}
By using Lemma 2.2 , we have

F (z)αr − rαF (z) = 0 or h(G(y)) = 0

But we assume that h ̸= 0, we get
F (z)αr = rαF (z), for all r ∈ N,α ∈ Γ

F (z) ∈ Z(N), for all z ∈ V

F (V ) ⊆ Z(N)

Therefore, by Lemma 2.7, N is commutative Γ-ring. □
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