J. Appl. Math. & Informatics Vol. 40(2022), No. 5 - 6, pp. 1035 - 1041
https://doi.org/10.14317/jami.2022.1035

SOME PROPERTIES FOR COMPREHENSIVE SUBCLASS OF
BI-UNIVALENT FUNCTIONS
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ABSTRACT. Herein, we construct a qualitative subclass BY(k, u, o) of the
class of analytic bi-univalent functions. Next, we explore estimates of the
coefficients |a;| (j = 1,2) and the Fekete-Szegd functional |az — §a§| for
functions in this subclass.
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1. Introduction and preliminaries

Let’s denote by A the class that contain all analytic functions f, which can
be written as

f(z)=2z+ Zanz", (1)
n=2

where z € U = {z: |z| < 1}, the usual open unit disk.
From Koebe one-quarter theorem [2], every univalent function f € A has an
inverse f~!, which can be written as
fHw) = w — ddw + (2d2 — a3)w® — (5a3 — Bagas + ag)w +--- . (2)

If w € U, then the function f~' is univalent. Hence, f € ¥, the class of all
analytic bi-univalent functions (see [1, 6, 10]).

Definition 1.1. [5] Given the parameters v > 2 and 0 < v < 1. Let £,(7)
denote the class of all analytic univalent functions [, satisfying

2
Rel(z) —~
bl P A/ I
/‘ — ‘d@_m 3)
0

and normalized with 1(0) = 1, where z = re?? € U.
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For v = 2 and v = 0 we get the class £ := £5(0) of all functions with positive
real part. Note that (3) can be written as

2 .
114+ (1—2y)ze "
()= / L2 )
0

Also, we one can write

I(z) = (Z + ;) I(z2) - (Z - ;) Io(2),  11(2),12(2) € La(y), 2€U

where €(t) is a real-valued function on [0, 27|, which ensures

2 2
/de(t) =27 and /|de(t)| <wv, wv>2.
0 0

In the following definition and in the sequel, the analytic bi-univalent function
f is given by (1), its inverse function f~! := g is given by (2), and z,w € U.

Definition 1.2. A function f(z) belongs to the class B (k, u1, o), if the following
inequalities are fulfilled:

Re(@-n) (L) wnir@) s oer@) et @
and
Re (1= (Z) bn (@) " +omg'@)) € L6 9
where Kk > 1,0, p > 0,v>2and 0 <y < 1.
The particular values of the parameters k,u,v,o, and 7 direct the class
B (k, u, o) to different subclasses, for example:

(1) If k = 1, we obtain the subclass BY(1, u, o).
A function f(z) belongs to the subclass BY(1, u, o), if

Re ((/'(2)' 7" +020"(2)) € £(7)
and
Re ((g/(@)' ™ + 02"(@)) € £4(7).
(2) If kK =1 and p = 0, we obtain the subclass B7(1,0,0).
A function f(z) belongs to the subclass BY(1,0,0), if
Re (f'(2) + 02f"(2)) € Lu(7)
and
Re (¢'(w) + 029" (w)) € Lu(7):
(3) If k =1 and p = o = 0, we obtain the subclass B7(1,0,0).
A function f(z) belongs to the subclass BY(1,0,0), if

Re (f'(2)) € Lo(7)
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and

Re (g'(w)) € Lu(7).
Remark 1.1. For v = 2, the class B7(1,0,0) was introduced by Srivastava et
al. [6].

(4) If Kk =0 =1 and p = 0, we obtain the subclass B7(1,0,1).
A function f(z) € X given by (1) belongs to the subclass B7(1,0, 1), if

Re (f'(2) +2f"(2)) € Lo(7)
and

Re (¢’ (w) + 29" (w)) € Ly,(7).
(5) If 4 = 1, we obtain the subclass BY(k, 1, o).
A function f(z) belongs to the subclass BY(x, 1,0), if

Re((l—n)(f(z)>+ oz f"( +I€)€£v

Re((ln)(gfj)>+az +n)e£

(6) If x =1 and o = 0, we obtain the subclass BY(x, 1,0
A function f(z) belongs to the subclass BY(k, 1,0), if

Re ((1 — k) (@) + Fu> € L,(7)
Re <(1 —r) (‘"EZ”) + /<;> € Lo(7).

(7) If 4 =0 =0, we obtain the subclass BY(k,0,0).
A function f(z) belongs to the subclass BY(k,0,0), if

Re (kf'(2) =+ 1) € Lo(7)

and

and

and
Re (kg'(z) —k + 1) € Ly(7).
The next lemma is significantly important to proof our main result.

Lemma 1.3. ([4]) Let the function T(z Z)\ 27, 2 € U such that T € L,(7),

7j=1
then

Al <v(l=7), =1

Motivated by the work of Frasin et al. [3], Padmanabhan and Parvatham [5],
Tang et al. [4], and Yousef et al. [7, 8, 9], we provide estimates on the coefficients
la;| (j = 1,2) and the Fekete-Szeg functional |as — ca3| for functions belonging
to the class B (k, u, o).
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2. Coefficient bounds and the Fekete-Szego inequality for the
subclass B (k, j1,0)

In this section, we state and prove the main result for the subclass BY(k, u, o),
introduced by Definition 1.2.

Theorem 2.1. Let f(z) be in the class BY(k, pu,0), where k > 1, o, 4 > 0, and
0<~vy<1. Then

|as] < min {\/ 20(1 —7) v(l—7) }
2 Bk + 1)+ (1 —11k) + 6K + 120| " |u (1 — 3K) + 2(k + o)
{ ") 20(1 — 1)
M (1—4/{)+3/@+60| |2 3k +1) + p (1 —11k) + 6K + 120’
v(l —7) N v(1—7)° }

(1 —4r) + 36+ 60| (1 —3k) +2(k + o)

lag| < min

and
v(l—1)
| (1 — 4k) + 3K + 60’

|lag — sa3| <
where
2 3k +1) + 1 (3 — 195) + 12k + 240

>2 and ¢ =
v=sands 20 (1 — 4r) + 6k + 120

Proof. First, we write the equivalent forms of inequalities (4) and (5) as follows:

=) (L) w0 (2) = 12, (6)

and

o
glw 1—
=) (Z) ) 03 ) = st @
where g = f~! and r,s € £,(v) have the following Taylor expansions:
r(z) =14 7112+ 122 +r32° +--- and s(w) = 14 syw + spw? + szw® + -+ .

Equalizing the corresponding coefficients in (6) and (7), yields

[w(1=3kK)+2(k+0)]ax =r1, (8)
{'u(u_l);?m_'—l)]a§+[u(1—4n)+3n+60]a3=r2, (9)
— [ (1 =3k) +2(k+ 0)] az = s1, (10)

and

23k + 1 3—19k) + 12k + 24
|:.U(I€+ )+ . K) 4+ 12K + U]a%—[u(1—4/€)+3/€+60]a3=52.

(11)
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In view of r,s € L,(7) and Lemma 1.3, the following inequalities hold:
‘Tv‘ S’U(l_’)/)a ‘Sv| S'U(l_’y)v v> 1 (12)
From (9), (11), and (12) we find that

20(1 —7)
< . 1
|a2_\/|/ﬂ(3n+1)+u(111ﬁ)+6n+120| (13)

From (8) and (10), we have

r = —S1, (14)

and

i

(1 (1= 3k) +2(k + )"

a§§

which, by (12), shows

v(l—7)
lw(1—=3k)+2(k+0)|

Next, by subtracting (11) from (9), we get

las| <

Ty — 82 2
_ . 16
47 5 (1 —dm) +6nt 120 2 (16)

By using (13) and (15) in (16), additionally, by means of the inequalities (12),
we have

|a | < U(l — 7) 2”(1 — PY)
(1 —4k) + 35+ 60| | 2 (Bk+ 1) + p (1 — 11K) + 6k + 120
and
‘a3| < U(l_,Y) ’U2(1_7)2
T p (1 =4k) + 3k +60]  |u(1—3k)+2(k+0)]>
respectively.
Also, from (11), we find that
,u2(3/<;—|—1)+u(3—19m)+12n+240a2_a B S9
20 (1 — 4k) 4 6K + 120 2T (1 —4k) + 3k + 60
Consequently, we have
|a3—§a§| < |52 < v(l —7)

W (1 —4k) 4+ 3k 4+ 60| ~ |u(l —4K) + 3k + 60|’

where
~ p2(3k+ 1) 4 (3 — 19k) + 12k + 240
¢ 21 (1 — 4rk) + 6k + 120 ‘

Which completes the proof. O

Choosing v = 2 in Theorem 2.1, we get the following consequence:
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Corollary 2.2. Let f(z) be in the class BY(k,u,0), where k > 1, o, u > 0 and
0<~v<1. Then

m2<mm{¢ 401 —7) 21— 7) }
- W2 Bk + 1)+ p(1—118) + 6k + 120| " |u (1 —3K) +2(k +0)| |’

. 2(1 — ) 41 —-19)
las| < min )
(1l —4k)+ 3k +60] |2 (Br+1)+ u(l—11k) 4 6k + 120]
2(1 1) 4(1 —)?
(U= 20) + 35+ 6] u(1—3m) + 2+ ) |
and
2(1 —
|a3 . §a§| < ( ) ’
lp (1 —4kK) + 3k + 60|
where

2Bk + 1)+ (3 —19K) + 12k + 240
N 211 (1 —4kK) 4 6K + 120 '

Putting v = 0 in Corollary 2.2, we immediately obtain the following conse-
quence:

Corollary 2.3. Let f(z) given by (1) be in the class B°(k, i, o), where k > 1
and o, i > 0. Then

2 2
|az] < min , ,
VIEEBr + 1) + p (1 —11k) + 6k + 120] " |1 (1 = 3k) +2(k + o)

2 4
| (1 —4k) + 3k + 60 + w2 3k + 1) + (1 — 11k) + 6K + 120|’

las| < min{

2 4
+ ;
I (1 —4k) + 3k + 60| |u(1—3m)+2(/§+0)|2}

and
2

| (1 — 4K) + 3K + 60’

|ag — ca3| <

where
2B+ 1)+ (3 —19k) + 12k + 240
¢ 20 (1 — 4r) + 6k + 120 '
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