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SOME IDENTITIES FOR MULTIPLE (h,p,q)-HURWITZ-EULER
ETA FUNCTION'
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ABSTRACT. In this paper, we construct the multiple (h, p, ¢)-Hurwitz-Euler
eta function by generalizing the multiple Hurwitz-Euler eta function. We
get some explicit formulas and properties of the higher-order (h, p, ¢)-Euler
numbers and polynomials.
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1. Introduction

The field of the special functions such as the gamma and beta functions,
special polynomials, the hypergeometric functions, the zeta and related func-
tions, g-series, (p, q)-series, and series representations is a ever expanding area
in advanced mathematics, applied mathematics, probability, mathematical sta-
tistics, and physics. In particular, special polynomials play a fundamental role
in applied mathematics, physics, science, and industry(see [1-15]). Choi and
Srivastava presented a generalized Hurwitz formula and Hurwitz-Euler eta func-
tion(see [5, 6]). It is the purpose of this paper to introduce and investigate a
new some generalizations of the (p,¢)-Euler numbers and polynomials, (p,q)-
Euler zeta function, (p, q)-Hurwiz-Euler zeta function. We call them multiple
(h, p, ¢)-Euler numbers and polynomials, multiple (h,p, ¢)-Euler zeta function,
and multiple (h,p, ¢)-Hurwitz-Euler eta function. The structure of the paper
is as follows: In Sect. 2, we define higher-order (h,p,q)-Euler numbers and
polynomials and derive some of their properties involving elementary proper-
ties, distribution relation, and so on. In Sect. 3, by using the higher-order
(h, p, q¢)-Euler numbers and polynomials, multiple (h,p, ¢)-Euler zeta function
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and multiple (h, p, ¢)-Hurwitz-Euler eta function are defined. We also contains
some connection formulae between the higher-order (h,p, ¢)-Euler polynomials
and the multiple (h, p, ¢)-Hurwitz-Euler eta function.

Throughout this paper, we always make use of the following notations: N
denotes the set of natural numbers, Z; = NU{0} denotes the set of nonnegative
integers, Zg = {0,—1,—-2,-3,...} denotes the set of nonpositive integers, Z
denotes the set of integers, R denotes the set of real numbers, and C denotes the
set of complex numbers. We use the notation

ZZZ

k1=0 k=0 k1,

We would like to review definitions related to q—number and (p, ¢)-number used
in this paper. For any m € N, ¢g-number can be defined as follows

1_ m m—1
= =1 m=t
mly = 5=, ;q ta+d*++a

For z € C, the (p, ¢)-number is defined by

[2]p.q = pp 0 (p#q).

With the (p, ¢)-number, the necessary elements of the (p,q)-calculus, namely,
(p, q)-integration, (p, ¢)-differentiation, (p, ¢)-exponential, were worked by many
mathematicians. Many (p, ¢)-extensions of some special functions and polyno-
mials have been studied(see [1, 2, 7, 12, 13, 14, 15]).

The binomial formulae are known as

. Zn: <Z)(b)k’ . (Z) _n(n-1). k'(n k1)

k=0

and
1 = [(-n = n+k—1
———=(1-b)""= —b)F = b
0o =R (e -2 ()
k=0 k=0
Choi and Srivastava [5] constructed and studied the multiple Hurwitz-Euler eta
function 7,(s, a) defined by following r-ple series:
(—1)krtthr

ne(s,a) = Zk 0(]€1+"'+I€7~+(1)57 (Re(s) > 0;a > 0;r € N).

It is known that 7,.(s,a) can be continued analytically to be whole complex
s-plane. Inspired by their work, the (h,p, g)-extension of the multiple Hurwitz-

Euler eta function can be defined as follows: For s,z € C with Re(x) > 0 and

r € N, the multiple (h, p, ¢)-Hurwitz-Euler eta function 77,(:;;1)(5, x) is define by

N S Skt thephkibe b gt
) (s,0) =205 Y2 s
. [Fr 4+ ke 2l
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Note that if p=1,¢ — 1, then nl(,f}}h) (s,a) = 2"n,(s,a). Another type of multiple

(h,p, q)-Euler zeta function ({2 (s) can be defined as follows. For s € C, we

define
& -1 —_1)m hm m
e =ty > (M) S

p

m=1 m [m q

Observe that if r = 1, then CI(,,Tg]h)(s) = 1(,2) (s)(see [13]). By using the sym-

metric properties about the multiple (h,p, ¢)-Hurwitz-Euler eta function, we
obtain symmetric identities about the higher-order (A, p, ¢)-Euler numbers and
polynomials. Firstly, we introduce the basic definitions related to higher-order
(h, p, q)-Euler numbers and polynomials.

Definition 1.1. The classical Euler polynomials F,,(z) are defined by the fol-
lowing generating function

2 t"
e =Y Ba@) (i <.
n=0 :

When z =0, E,, = FE,,(0) are called the Euler numbers F,,.

Definition 1.2. For r € N, the classical higher-order Euler polynomials EY) (x)
are defined by the following generating function:

2\ a7
(751) =2 Ee (<
As usual, the numbers EY) = EY(0) are called higher-order Euler numbers.

Much research has been done in the area of special functions by using (p, )-
number(see [1, 2, 7, 12, 13, 15]). Some interesting properties of the (h, p, ¢)-Euler

numbers E,(L}f,)w polynomials ET(L’f,)w(x) were first investigated by Ryoo [13].

Definition 1.3. For 0 < ¢ < p < 1 and h € Z, (h,p, q)-Euler numbers E,(L?;),,q

and (h,p, ¢)-Euler polynomials E,(f,),,q(z) are defined by means of the generating
functions

o t'l’L oo
Z ES}Z)’,qi[ = [2}11 Z(_l)lphlqle[l]p~qt
and

(—1)lphlql€[l+m]p’qt
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respectively.
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2. Higher-order (h,p,q)-Euler numbers and polynomials

In this section, we consider the higher-order (h, p, ¢)-Euler numbers and poly-
nomials as follows:

Definition 2.1. For 0 < ¢ < p < 1, h € Z, and r € N, higher-order (h,p,q)-
Euler numbers E,Sf;ff; and higher-order (h,p, ¢)-Euler polynomials E,(fphzl(x) are
defined by the following generating functions

oo o0

DB =2 Y (mgr etttk byt

n=0 : K1, kp=0
(1)

and

o0 t" (o ]

SEHD B 3 (caprthge et g
n=0 ' ke k=0
respectively.

Note that if = 1, then Er(:;fz = Ey(fzq and Er(fphl)l(a:) = E,(mh;q(ac) Observe

that if p=1,¢ — 1, then E,(f,},}f()l — B and Ef:;,lz(x) — E)(Lr)(a:).
From (1) and (2), we note that

Theorem 2.2. For0<qg<p<1, heZ, andr € N, we have

. 2 n . _ r,h+1
B = 3 (7 ) B ),

1=0
n (3)
r _ n xl l (r,h+1)
En,),q(@ - Z (l>q Mp,qEn—l,nq'
1=0
Theorem 2.3. Forr € N and h € Z, we have
R S
ki, k=0
215 - (”) 1 xl l 1 "
— Mg -1 qz p(n— e f - )
(p _ q)n ; l ( ) 1+ ql+1ph+nfl
Proof. By the Taylor series expansion of ell».«* we have
o0 l
") (ot

El,p,q(x)ﬁ
1=0
_ " T LR s o SRR R PR N | PR

215 (1) p q e

ki, k=0

o 0o tl
_ 2 Z (—g)frt et tb) (g lf]fg,q Tk

1=0 ki, k=0 '
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The first part of the theorem follows when we compare the coefficients of % in
the above equation. By (p, ¢)-numbers and binomial expansion, we also note
that

o0
By (x) = [2]; Z (—g)ftthephtatetb) o ok, ]
ok

n,p,q q
=0
r=

1,

00 . o ik X pk1+..-+kr+m _ qk1+"'+kr+z n
= [2]; Z (—q) 4t "p (ky+-+kr) ( )
-+ kr=0 p—q
[2]2 - <”> ! al !
= oo (—1)'g"pne
Cp-gr e\l
oo
X Z (—1)k1+"‘+k7‘q(l+l)(k1+"‘+kr)p(h+n—l)(k1+“'+k,‘)
k1, kpr=0

[2]T . n i n—i)x 1 "
f— 4( — q)n l (_1)lq lp( l) 1 + l+]_ h+n7[ .
p—q" = ¢*ip

This completes the proof of Theorem 2.3. [J

Theorem 2.4. For r € N, we have

r TOO r+m—1 m_ m, hm
s = 3 (),

m=0
Proof. By Taylor-Maclaurin series expansion of (1 — a)™", we have
1 " N (mr—1 my 1+l n—I+hym
() =2 (")
m=0

Also, by (4) and binomial expansion, one can obtain the desired result immediately.(]

For d € N with d = 1( mod 2), by Theorem 2.3, we can show

r,h lmlnlz
st nz<> o

=0

X Z Z a1+ +a,(71)k1+--.+k,.

ay, - ,ar=0%ky, - k.=0

q(l+1)(a1+dk1+~~~+ar+dk7-)p(n—l+h)(a1+dk1 +-tartdkr)
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Theorem 2.5. (Distribution relation of higher-order (h,p,q)-Euler polynomi-
als). For d € N with d = 1( mod 2), we have

B

— [2]2 [d]” S (—q)@ttor hay+-- +harE(T h) Gt---ta+x

= gy e e\ )
ai, - ,ar=0

Proof. Since

Erh) (a1+---+ar+x>

n,pd,q? d
'r n 1 r
l la1+ +ar+z), (n=1)(a1++ar+z)
(e _q an( > p <1+qd(l+1)pd(n—l+h)> ;
we have
“ a+-+a-+z
ai+-+ap, hai+--- A r,h 1 T
I M Gy
a1, ,ar=0
— [Z]Qd Zn: (n> (_l)lqlzp(nfl)z
- d _ nd\n
(p? — )" =\
d—1 1 r
_ 1\ai1+-+ar (I+1)(a1+-+ar), (n—=l+h)(a1++ar)
X Z 0( 1) q 1 P 1 <1+qd(l+1)pd(n—l+h)>
al"‘. 7a’l‘:

()

Hence, by (5) and Theorem 2.3, we have

2 . & wrtetar ha oy (1t tastw
q[d]%q Z (—q) 1+ +rph 1++h TET(lp)q y

q~ ay, - ,a,=0

213 zn: (n) 1 xl l 1 '
= n (=1)'g"ptn e I lpn—ith | -
(p—q)" =\ 1+¢"*'p

This completes the proof of Theorem 2.5. [J

3. Multiple (h, p, q)-Hurwitz-Euler eta function

In this section, we define multiple (h,p, ¢)-Hurwitz-Euler eta function. This
function interpolates the higher-order (h,p, ¢)-Euler polynomials at negative in-
tegers.

Choi and Srivastava [5] defined the multiple Hurwitz-Euler eta function n,(s, a)
by means of

(= 1)kt thr

ne(s,a) = 5 'Z;:O Gt Th tar

, (Re(s) > 0;a>0;r € N).
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It is known that 7,.(s,a) can be continued analytically to be whole complex s-
plane(see [5]). The (h, p, ¢)-extension of the multiple Hurwitz-Euler eta function
can be defined as follows:

Definition 3.1. For s,z € C with Re(z) > 0, the multiple (h, p, ¢)-Hurwitz-

Euler eta function nj(,f’(’;h) (s,x) is define by

X (1) Ribke ki) Rt

(r,h) — [o]"
Mp.q (s,x) - [2]q Z S s
ko =0 [k:l + + k, + m]pﬁq

(6)

Observe that if p =1,¢ — 1, then 2Tn1(,f§h)(s,a) =n,(s,a). Let

o0 tn
r,h _ r,h
Fzg,q (t,z) = Z Ef(lp()z(x) .y
n=0

o0
_[2]7‘ Z (_1)k1+»--+krph(k1+~»-+kr)qk1+»--+kre[k1+--~+k,,r+x]p,qt'

q
ki, k=0
(7)
Theorem 3.2. Forr € N, we have
1 o0
(r,h) — (r,h) s—1
) (s, ) = / FOM (2, )=t (8)
p,a I(s) ), P

where T(s) = [;° z* te *dz.
Proof. From (7) and Definition 3.1, we get
nya (s, )
(_1)k1+---+k7~ph(l~c1+---+k,r)qk1+...+k7‘

(ki + -+ Kk + 2]

s
p,q

1 0 Ykt (kb be) btk o0
—prl oy U P ¢ / .
k byt bt alp g 0

o0
= FR) (g —4) 5~ L4t
i ), B

This completes the proof of Theorem 3.2. [

The value of multiple (h, p, ¢)-Hurwitz-Euler eta function n[()f(}h)(s, x) at neg-

ative integers is given explicitly by the following theorem:

Theorem 3.3. Letn € N . Then we obtain

i (=n, ) = B ().
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Proof. Again, by (7) and (8), we have
)

Mg (s
1 oo
_ = F(r,h)( )ts Lt
L(s) Jo ™1 ©)
1 o (-1)m
= Emh) / gmts—1 gy
o > B S

We note that

: 1 d " n+l_—z_—n—1
_ 1(d : 10
ig% 27”71' (dz) (z"Te %z ) (10)
Y
n!

For n € N, let us take s = —n in (8). Then, by (9), (10), and Cauchy residue

theorem, we have

T, 3 1 N T, l)m * m—-n—
nz(, qh)( n,r) = lim — Z ﬁn;‘q - / t Lat
0

5—— nF

m=0

1 (=)™
_ . (r h)
=27 (sgmn (s ) ( . q -] )
. 1 (=)™
_ (r,h)
=27 (2772( 1)n> <En7p7q(x) . >

rh
= E! JM)](J?)
This completes the proof of Theorem 3.3. O
Let

o l

rh (r,h)t

Fzg,q (1) = ZEl,p,q n
=0 (11)

oo

_ [2]T Z (_1)k1+“'+krphk71+'“+hquk1+'"+k7‘e[k71+”'+k7‘]p.qt.

ki, k=0
By the I-th differentiation on both side of (11) at ¢ = 0, we obtain the following

d!
— Fmh) ()

1%'pa
dt t=0

B S (b g (02
kl»“'ykr:o

rh
=E"" (1eN).
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By using the above equation, we are now ready to define multiple (h, p, ¢)-Euler
eta function. We define multiple (h, p, ¢)-Euler eta function as follows:

Definition 3.4. For s € C, we define
o0 (_1)k1+~~+l~c7~ hki+--+hk,

(rh) (o) — [9]7 p q
Mpy (s) = [2] -
o ! kl,;;,.:l [fr 4+ ke]p

k14 ki

Relation between C},Z}h)(s) and = E,(:;,}?L)] is given by the following theorem.
Theorem 3.5. Let n € N, We have
r,h _ r,h
wq (=n) = B
By (4), we have

" = (mA4r—1
(r,h) — T _1\ym,m, hm [m], 4t
ngzo E = [2]q mE:O ( " )( 1)mgmptmelmieat,

By using Taylor series of el”r.a? in the above, we have
oo o0 o0
t" m+r—1 "
h h
S et oy (mg > (") e m[m];g) "
n=0 n=0 m=0

g

-1 in the above equation, we have

By comparing coefficients

T s - m—’_r_]- m _m m n
gy =en Y (" e, (13)
m=0

By using (13), another type of multiple (h,p, ¢)-Euler zeta function can be de-
fined as follows.

Definition 3.6. For s € C, we define

> m r— _1\m,hm, m
Cz(),rc}h)(s) — [2}2 Z < + 1> M (14)

m=1 m [m]fw

The function C,(,qu) (s) interpolates the number Eﬁ:}% at negative integers. Sub-
stituting s = —n with n € N into (14), and using (13), we obtain the following
theorem and corollary:

Theorem 3.7. Letl € N. We have
rh T r,h
i (D) = G (<) = B
Corollary 3.8. For0<q<p<1,he€eZ,reN, andn € N, we have

S ("D i,

m
m=1

= Z (= 1)kt ke phkatthky ghabdke g 4oy kel -
k1, kr=1
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