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EVALUATION OF THE CONVOLUTION SUMS

Zak+bl+cm:n J(k)O'(l)O’(m), Zalerm:n lo(l)a(m) AND Zal+bm:n US(Z)U(m)
FOR DIVISORS a,b,c OF 10

YOON KYUNG PARK

ABSTRACT. The generating functions of the divisor function os(n) = ZO@”” ds
are quasimodular forms. In this paper, we find the basis of the space of
quasimodular forms of weight 6 on I'g(10) consisting of Eisenstein series and
n-quotients. Then we evaluate the convolution sum 3= 1 1 14 em—r 0 (K)o (D)o (m)
with lem(a, b,c) =10 and 3=,y —p, lo(Do(m) and 3° 4y, 03(Do(m)
with lem(a, b) = 10.
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1. Introduction

For a non-negative integer n we denote o4(n) by the classical divisor function
0s(n) =Y g<q, d°. We also denote Wy p(n) by the convolution sum of divisor
functions defined by

I,m>1
al+bm=n
where o(n) := o1(n). The evaluation of W, is expression as a linear com-
bination of well-known elementary functions, and it has been studied by Ra-
manujan and many mathematicians for 1 < lem(a,b) < 36, except lem(a,b) =
91,29,31,34 and 35 ([1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 18, 20, 21, 22,
26, 27, 28, 31, 32, 33, 34]) Recently, W1741, W1747,W17597W1771 were evaluated
by Cho([10]).
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The convolution sum

Wape(n):= Y, ok)o(lo(m) (lem(a,b,c) <9)
k,l,m>1
ak+bl+cm=n

of three divisor functions was studied in [23, 25]. For positive integers a1, as, as, a4
with lem(ay, as, a3, aq) < 4,

Wa17a2,037a4(n) = Z a(ml)o(mg)a(mg)a(m4)

mi,mo,m3z,ma>1
aimitagmatazms+asma

was considered in [17] by Lee and the author.

Lahiri used S[(r1,...,7r¢),(S1,...,5¢t),(a1,...,a:)] to consider more general
convolution sums[16]:
Sl(riy...m), (154, 8¢), (a1, ..., ae)](n)
= Z m?"'m?asl(m1)"'03,,(mt),

my,...,m¢>1
aimi+---tarmi=n

where t,7;,5;,a; are non-negative integers satisfying ¢ > 0,a; > 0 and s; is
odd. Omne can evaluate S[(r1,...,7¢),(s1,-..,8), (a1,...,a:)] because we know
that it is the nth Fourier coefficient of a certain quasimodular form of weight
t+s1+--+ 8 +2(ry +---r¢) and a level depending on aq, ..., a;.

When ¢,7;,s; and a; are small, the evaluation of

S[(r1y. 1), (81, -+, 8¢), (a1, .., a)]

can be obtained by elementary functions. For any t,7;, s;,a;, one can evaluate
this general convolution sum by using the theory of modular form.

In detail, S[(r1,...7¢),(S1,...,8¢),(a1,...,a¢)] can be evaluated by finding
a basis of the respective space of quasimodular forms in terms of well-known
functions, such as the Eisenstein series and n-quotients.

In this paper, we evaluate the following convolution sums.

> olk)o()o(m) (lem(a,b,c) = 10),

ak+bl+cm=n

Z lo()o(m)  (lem(a,b) = 10),
al+bm=n
and
> oso(m)  (lem(a,b) = 10).
al+bm=n
For ab < 9, the second sums are evaluated in [24]. Here, we need the mod-
ular form of weight 6 and level 10. Before stating our main work precisely, we
introduce some necessary functions below.
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Definition 1.1. Let H be the complex upper half plane {z € C: Im(z) > 0}
and g = exp(2miz) for z € H. We define the following g-series.

5(2) = n(mt(52) = 3 bs(n)a”,

n=1
ule) = ey = 3 bl

n=1
Ara(z) = 24(Ga(z) — 2G2(22)) d10(2 Z c10,1(n)q",
Aop(z) = 6(G2(2) = 5G2(5z)) d10(2 Z c10,2(n)q",
A1073(z) = 8 (GQ(Z) - 10G2(10Z 510 Z C10, 3 s

where 7(2) = ¢"/#[[02,(1 — ¢") is the Dedekind n-function and Ga(z) =
—1/24+ 37 | o(n)q™ is the generating function of o(n).

We state our main results as given below.

Theorem 1.2. For a non-negative integer n, let W(n) be the one of the three
functions :

(1) with lem(a,b,c) = 10,
51(0,0,0),(1,1,1), (a,b,c)](n) = Z a(k)o(l)a(m),
ak+bl+-cm=n
(2) with lem(a,b) = 10,
S[(l,()),(l,l),(a, b)](n) = Z la(l)a(m),
al+bm=n
(3) with lem(a,b) = 10,
S[(0,0), 3, 1), (@, b)](n) = Y oa(l)o(m).
al+bm=n

Then, W(n) can be written as a linear combination of o(n/d),o5(n/d),o5(n/d),
bs(n), bs(n/2),b10(n), c5(n),cs(n/2), c10,1(n), cr0,2(n) and cip,3(n) for positive
integers n,d, s with d | 10.

This paper is organized as follows. In §2, we find a basis for the space of
quasimodular forms of weight 6 and level 10. In §3, we state the explicit form
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of Theorem 1.2 separately in Theorems 3.1, 3.4 and 3.6. We used a MAPLE
program to perform all calculations in this paper.

2. Basis of the vector spaces M (I';(10)) of modular forms with
k=2,4,6

In this section, we state a brief theory of quasimodular forms. For further
details, the reader is invited to refer to the works of Royer[29] or Kaneko and
Zagier[15]. Let

SLy(Z) := {(Z‘ Z) ca,b,c,d € 7 and ad—bc:l}.

For a positive integer N, the congruence subgroup I'g(N) of level N is defined
by

To(N) = {(z Z) € SLy(Z) : a,b,c,d € Z and N|c}.

A modular form of weight k and level N is a holomorphic function f: H — C
such that:
(1) for any matrix (2%) € I'y(N) and any z € H,
az+b
cz+d

<cz+d>kf( ) — (),

(2) f is holomorphic on the set Q U {oo}.

We write M(To(N)) for the space of modular forms of weight k on T'o(N). It
is a finite dimensional vector space over C. When f € My(T'o(NN)) vanishes at
all z € QU {0}, we call f a cuspform and write Si(I'o(V)) for the space of
cuspforms.

Let G be the Eisenstein series of weight k defined by

o0

B
Gi(2) = *275 +3 o (n)g”,
n=1

where By, is the kth Bernoulli number. We write Ej(I'g(V)) for the vector space
generated by

< Gi(dz) : d|N >, if 2|k > 4
<Dogn €aGa(dz) 1 Y oca/d=0>, ifk=2.

Then, My (Io(N)) = Sk(T'o(N)) & Ex(Lo(N)).

The quasimodular form is defined as follows. Denote by D the differential
operator
1 d d

'~ oridz  ldg
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Definition 2.1. Let f : H# — C be a holomorphic function, k£ and s > 0 be
integers. The function f is a quasimodular form of weight k and depth s on
['o(N) if there exist holomorphic functions fo, ..., fs over H such that

(cz+d) ™" f (jjjf;) = jiofj(z) <czc+d>j

for any matrix (‘j g) € I'o(N) and any z € H. Here, f, is not identically zero.

We write M, lggs) (To(N)) for the space of quasimodular forms of weight k and
depth s on T'o(N) and M (T'o(N)) for MSF/2(To(N)).
The space M), (To(NN)) is a vector space with the following structure([15]).
k/2—1
M(To(N)) = €D DI Mj—a;(To(N))@ < DF/271Gy(2) > .
j=0
We need the space of quasimodular formrs of weight 6 and level 10. By the
above structure formula, we have

Mg(T'o(10)) = Mg(T'o(10)) & DMy (To(10))® < D2Go(dz) : d = 1,2,5,10 >

because there is no cuspform of weight 2 and level 10. We find a basis of
Mg(T'p(10)) in terms of n-quotients and the Eisenstein series.

Lemma 2.2. (1) For k=2,4 and 6, let By, be the set defined by

82 = {GQ(Z) — QGQ(QZ), GQ(Z) — 5G2(5Z), GQ(Z) — 10G2(1OZ)} 5
By = {G4(2),G4(22),G4(52),G4(102),85(2),05(22),010(2) } ,
86 = {Gﬁ(Q),Gﬁ(?Z),G6(5Z),G@(].OZ),A5(Z),A5(2Z),A10,1(Z),Alo_’Q(Z),Alg,g(Z)}.

Then, By (k =2,4,6) is a basis for the space My (T'¢(10)).
(2) Let B be the subset of Bg defined by
Bg := {As5(2), A5(22), A10,1(2), A10,2(2), A10,3(2) } -

Then, the newforms fs10,; (7 =1,2,3) of weight 6 ([19] or [28]) can be
written as combinations of the elements of By.

3 1 15 15
fo,101(2) = —1A5(2’) +8A5(22) — §A10,1(2) - ZA10,2(2) + §A10,3(Z)a
3 7 35
fo,102(2) = _1A5(2) +8A5(2z) — 6A10,1(Z) + EA10’2(2)’
1 5 5 5
fo,103(2) = —Zﬁs(z) —8A5(2z) + §A10,1(2) - 1A10,2(2) + §A10,3(2‘)~

Proof. (1) By [30, Proposition 6.1], we know that the dimensions of spaces are
as follows.

dim(c SQ (Fo(lo)) = O, dim(c E2 (Fo(lO))
dime S4(I'o(10)) =3, dimc E4(I'o(10))

)

3
4

i
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We now prove that By is a basis of the space M3(I'(10)). Because the Eisen-
stein series G2(2) satisfies

az+b\ 9 ez +d)
G2 <cz+d> = (cz 4+ d)*Ga(2) i

for (2%) € SLy(Z), G2(z) — mGz(mz) is a modular form of weight k on T'o(10)
when m is a positive divisor of 10. By using g-expansion, we can obtain that Bs
is linearly independent. Thus, By is a basis of M3(I'5(10)).

We also consider the set By. In [11, 18] (respectively, [12]) the function d5(z)
(respectively, d10(z)) is used to calculate the convolution sums of divisor sums
of weight 4 and level 5 (respectively, 10). That is, d5(z),d5(2z) and d19(2) are
modular forms of weight 4 on I'g(10). Because these three functions are cusp-
forms which are linearly independent and the dimension of S4(I'g(10)) = 3, By
is a basis of My(Ty(10)).

To prove that Bg is a basis of Mg(10), it suffices to show that Bj is a basis
for Sg(I'0(10)). In the definition, all elements of Bf are cuspforms of weight 6
on I'g(10), because they are defined as the product of cuspforms of weight 4 and
one of the elements of Bs.

By referring to the following g-expansions of the elements of B,

As(z) = q+2¢° —4¢° —28¢" +25¢° —8¢° +192¢" — 1204° — 227¢° + O (¢°),

As(22) = ¢*+2¢" —4¢°-284"+0(q"),

Ai(2) = q+24¢°+22¢° +48¢" —25¢° —80¢° — 166¢" — 320¢° — 527¢° + O (¢"*),

Aa(z) = q+6¢°+16¢° +12¢" +5¢° —56¢° —76¢" — 104¢° — 155¢° + O (¢'°)
and

Ars(z) = 3q¢+8¢° +18¢°+16¢" +5¢° —48¢° —98¢" —192¢° — 205¢° + O (¢"),

we can check that they are linearly independent by finding echelon forms as
follows.

As(z) =q+2¢* —4¢> —28¢* +25¢° 78q6+0(q7),
As(22) =¢*+2¢" —4¢° - 28¢°+ O (¢"),
Ato1(2) — As(z) — 22A5(22) = 26¢° +32¢* —50¢° +16¢° + O (¢")

3 168 10
Aloﬁg(z) — TgAg}(Z) + §A5(22) — E AlO,l(Z)
96 20 5 5T6 g o
137 T3 3¢ To),

Alowg(z) — 80A5(22) + 5A10’1(2) — 8A1012(Z) = —160 q5 + 320 q6 +0 (q7) .
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Hence, B is proven be a basis of Sg(I'g(10)).

(2) The set {A10,1(2),A10,2(2), A10,3(2)} cannot generate the space of new-
forms of weight 6 and level 10. By using the g-expansions of newforms fs 10,;
(7 =1,2,3) of weight 6 in [19] or [28], we obtain the following.
for01(2) = q—4¢°—26¢° +16q¢" —25¢° +104¢° —22¢" —64¢° +433¢" + O (¢'°),
q—4¢*+24¢" +16¢* +25¢° —96¢° — 172¢" — 64¢° +333¢° + O (¢'°),
q+4¢ +6¢° +16¢" —25¢° +24¢° —118¢" +64¢° — 207¢°
—-100¢"" + O (¢'°).

Using this result together with the g-expansions of the elements of the set B
mentioned above completes the proof. O

f6,10,2(%

(2)
f6,10,3(2)

The following lemma is clearly obtained from Lemma 2.2 (1), but it plays a
major role in proving the main theorem.

Lemma 2.3. Define
B=BsU{Df: f€Bs}U{D?G(dz):0 < d|10}.
Then B is a basis of Mg(T'o(10)).

3. Proofs of Theorem 1.2

Theorem 1.2 evaluates three convolution sums. Here, we separate each type
of convolution sums in Theorem 3.1, 3.4 and 3.6. We also use the theory of
modular forms and basis B found in Lemma 2.3.

Theorem 3.1. (1)
> a(k)a()a(m)
k+Il+10m=n
65 13 n 3125 n
= 7z W 11717 (5) 374976°° (5)
+625 (2) 44 — 15n (n) 1-3n (E)
23436 7° \10 2496 2\ 936 2 \2
25 — 75n n 25 — 75n n 5 — 33n + 12n?
3744 ° (5) T 36 7® (E) 1440 (n)
1—12n+24n% /n 1—3n 3n—1 n
576 (E) + Toaz0 W T o35 U5 (5)
+3n_1b (n)+ 631 . (n)_ 13 . (ﬁ) _ 11 . (n)
576 ° 1249920 ° 11718\ 2/ ~ 241927'%!
_37 . (n) + 1. (n)
8064 02 8064 V)

(2)
> a(k)o(l)eo(m)

k+2l+5m=n
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65 13 nN 3125 /ny\ 625 n
= 7z @M 1171 (5) * 3719767 (3) * 331367 (To)
320 — 261n 45— 31n  /ny\ 100 — 1750 /n

e i, () 0 (0

74880 3120 2 4992 5

25 — 75n n 5—21n + 12n? 5—36n+24n? /n
TR (To) 2880 (n) 2880 (5)

179n+12n2 n 29n — 11 93n — 31 n 1—3n

R Nt (R I Tt N (2 b
57 (5)+ g0 00+ —ggp 05 (3) + g @
659 (n) — 781 (g) 247 (n) — 67 (n)

499968 1171802 \2) ™ 241920 1! 16128 102

23

+

1125 02"
3)

> o(k)a(l)a(m)

k+2l4+10m=n

13 65 n 625 ny 3125 n
= 187ase M fesma (5) + 3719767° (3) * 937447 (E)
90 — 31n 565 —261n  /ny 50 —T75n  /nN\ T5—175n  /n
51960 % ) 37440 °° (§> 14976 °° (3) 2496 ° ( )
5—18n+6n20(n)+ 5—33n+12n° (g) 1—9n+ 12n° (ﬁ)
2880 2880 2 576 10
2—3n 33n — 16 n 3n—2 127
29920 2"+ g7a0 U (5) + 3301 100" + 599936 (")
649 n 23 31 5
T 937440 (5) ~ 183840101 (M) ~ gog5gc102(n) + 3ooescr08(n),
(4)

10

+

> olk)a()o(m)

k+5l410m=n

5 1 n 1625 n 325 n
= 37297675+ 231367 (5) * 1874887° (5) T 171878 (To)
+20—7n03(n)+5—3n03 (n) 352 — 261n . (n)+17—31n03 (ﬂ)
24960 9360 2 14976 5 624 10
25 — 45n + 12n° (n) + =33+ 12n° (g) 5 —36n + 24n” (ﬁ)
14400 2880 5 2880 10
9n — 35 3n—5 n 3n—5 443
+ 721800 * (™ + 9360 (5) + 5760 100" + 15199200 (™)

- L Cs (E) - #610 1(n) - L010 2(n) + Acw 5(”)
23136 \2) ~ 2419201 16128 1 80640 “103 ")
(5)
> o(k)o(l)o(m)
k+10l4+10m=n
1 5 n 325 N 1625 /m
= 3719767 + 937427 (5) t 1874887° (3) * 16872%° (E)

+1073n0(n)+1073ng (ﬁ)+50715n0 (ﬁ)+55775n0 (ﬂ)
37440 ° 9360 > \2 7488 °\5 1248 2 \10
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25 — 30n + 6n° o(n) 4 =330+ 12n° (ﬁ) L0 —3n,
14400 1440 10/ " 124800 °
3n — 10 n 3n — 10 349 5 n
bs (2 b 2 ) - =25 (2
9360 (2) + 5760 "0 * 12100200 ™) T 93721 ( )
1 11 17

50480 01" ~ 3880 “10:2(M) + Ja350 03(n);

a(k)o(l)o(m)

2k+2l+5m=n

13 65 n 625 ny 3125 n
= 157ass 7° M fos7a 7 (5) * 3719767 (3) + 937427 (To)
Jr2—3n 23 — 156n 3(n) 50—75n03 (n) 50—75n03(n)

7488 os(n) + 1248 2 7488 5 1872

5—21n + 12n? (n)+1—6n+6n2 (n)+15n b5()

10

1440 2 576 5 1992
93n—62. /ny  2—3n 913 7811 /n
9360 (2) 1152 21" ~ 299068 (™) ~ I68720 % (’)
+ - 101(n) — D _i0a(n) + —cr0.(n),
t 5048 10! 16128 '? 8064 '?

> ak)o(l)o(m)

2k+5l4+5m=n

5 1 n 1625  /n\ 325 n

= 372076 "M 231367 (5) * 187488 7° (3) TR (To)
5-3 53 20 — 25 2% — 15

+ 1872(?03 (n) + 468()”03 (%) TS “os (g) T 936 "oy (1%)
25 — 60n + 24n? (n) 5—21n+ 12n2 (n) 3;4&35 bs(n)

14400 2 1440 5
93n — 155 . /n\ 5-—3n 151 4219 /n
O T 099 L 0 n
23400 7 (2) 2820 "1°(™) ~ 1229920 (M * 592050 ( )
_&C (n)-l—ic (n)+#c (n)
24192 10! 13440 "2 40320 12V

(8)
> alk)ol)o(m)
2k+514+10m=n
= 3741976”5(") * 93§44 (n) + 183724588 (Z) + 41668275205 (%)
10— 3n 15— 7n (g) L 34=3ln (n) 320 — 261n (
n
10

)

7380 *™ T Ta1s0 7 4992 5) 77 7a88
25 — 45n + 12n? (n) 5— 18n + 6n2 (n) 5—21n + 12n? (

)

14400 2 2880 5 2880

3n 111n— 340, /ny 10 —3n 251
o081 9984 Sba(n) + 93600 (5) + 1520 2™ ~ Z990680 "
10817 (ﬁ) _ 11 (n) + 1 ( )+ (n)
4687200 ° \2) 7 96768 101\ T 161280 102\ T 39956 1031
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Lemma 3.2. The following eight functions are quasimodular forms of weight
6 and level 10. We rewrite each function as a linear combination of the basis
found in the previous section.

(1)
G3(z )Gg(lOZ)
B 2% 1 125
125 1 65
_= - —_Dé
156 0 C4(102) 416OD65( )+ 156D55(2Z) 5 D010() + 15755 Go(2)
13 3125 625 631
LA 02 a1 LNy
11718 00 (%) + 371976 (o (52) + 53436 e (102 ) 1249920 -5 (?)
13 11 37 1
irris 20 T gy A0l — g Si0a(a) gy Ares(e),
(2)
GQ(Z)GQ(QZ)G2(5Z)
1 1 25 29 31
— - 2 DG.(2
= 550D *Ga(z) + T G2(22) + — T Z=D?Go(5z2) — 8320DG4(z) 560 G4(22)
875 125 29 31 1
o _ o= = p 20 D6s(22) — — D
1003 P C1(62) = 375 DGal102) + 2555 D05 (2) + 1555005(22) — g7 Do (2)
65 13 3125 625 659
+1g7ass O () T 1i7g Go(22) + 374976 Go(52) + 23436 Go(102) — 159068 25(2)
781 247
~ 117180 25 (32 + g pggp A0 (2) = 16128A102( )+ 16128A103( 2);
(3)
Ga(z )G2(2z)G2(10,z)
— L praue) iDQG (22) + 2 D2Gy(102) — —L_DGy(2) — —2 DGa(22)
480 60~ ? 2 7 24960 : 2080 :
125 875 1
~ J90 DC1(02) = 155 DCG(102) = 156 Dos(2) + 31201)55(22) 768D610( ?)
13 65 625 3125 127
+ig7ass O (A T qagra o (22) + 374976 Go(52) + 53745 Go(102) + 555936 25 (2)
649 2 5
__o% = A 2 A _2 A
037240 (%) ~ Igggag Mo () - 32256 10.2(2) + 3ooes A0:(2),

(4)
Ga(2)G2(52)G2(102)

= s D2Ga(e) + 5 DPGa(52) + 2 DGa(102) — oL DGa(z) - @DG4(22)
,fngZDGAL( 2) - @DG4(10 2) + 41200&5 (2) + 155 DOs(22) + 19201)510( 2)
+%G6(z) + @Gs(%) + 1;$iZ8G6(5z) + %Ge(loz) + %As(@
_@As(%) - mAlo,l(z) - &Alog(z) + %Alo,s(@,
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(5)
G2(2)G3(102)
= 515 D*Ga(2) + 2 D*Ga(102) — s DGA(2) = 125 DG (22) — 5202 DGa(52)
o DGs(102) — 105 DA (=) + 1555 D5(22) + 1055 Do10(2) + 5= Gi(2)
+ﬁ(;e(2z) + 183724588GG(5z) + %Gs(wz) n %Adz) _ %%Adgz)
+@A10’1(z) - %Awﬂ(z) + mA10,3(2)7
(6)
G2(22)Ga(52)
= G DRGa(22) + oo D*Ga(52) — i DGi(z) — 5o DGa(22) — oo DGis(52)
222 DGu(102) + 1o DBs(2) + 1o D5(22) — 5 Dtol2) + T Go(2)
+ 1 Go(22) + 2o Gio(52) + i Go(102) = i o As(2) — i Aa(2)
+&A10,1(z) - %Am,g(z) + ﬁANB(z):
(7)
G2(22)G5(52)
= 55 D2Ga(22) + 2 DPGa(52) — 55 DGA(2) — 2 DGi(22) — o0 DG (52)
—ﬁDGAL(lOZ) + LDds(z) + iD65(2z) - Lpalo(z) + LGG(z)

156 832 3900 960 374976
+ 3135 Go(22) + T Go(52) + Tom=Gio(102) = T DA (z) + oo o A (22)
_%Aw,l(fi) - %Am(z) + ﬁmo,s(z),
(8)
G2(22)G2(52)G2(10z)
= %DQGz(zz) + %DQGQ(&Z) + %DQGQ(loz) - ﬁDG@(z) - ﬁpng)
‘%DGNM - %ZDGAL(lOz) + ﬁm(z) + %D&s(%) ~ ﬁD&w(z)
“F%GG(Z’) + 935WG6(22) + %G6(52) + %Ga(loz) - %As(/ﬂ
+%As(2z) - ﬁAlO,l(Z) + ﬁAlo,g(z’) + ﬁAwﬁ(z)'
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Proof. The functions G2 (2), G2(22), G2(52) and G2(10z) are quasimodular forms
of weight 2 and level 10. Note that if f(z) € My (Lo(IN)) and g(z) € My (To(N)),
then f(2)g(z) € Myqp (Do(N)). Hence Ga(az)Ga(bz)Ga(cz) € Mg(To(10)) for
positive integers a,b, ¢ of 10, and it is wirtten as the linear combinations of a
basis of Mg(I'o(10)) in detail,

{D?G5(dz), DG4(dz),Gs(dz) : d = 1,2,5,10}
U {D55(Z), D55(22), D510(Z), A5(Z), A5(2z), Alo,l(z), Am,z(z), A1073(z)} .
(]

Lemma 3.3. (1)
) 1—-6n

X alholm) = gymsn) + (o)
2)
ottt = st o () + 5ot + 150 ().
3)

5 125 n 5—06m 1—-06n n 1
Do(m) = —= 2o (2 2Y - by (n),
ZJ%;ZNU( Jo(m) :J,12"3(")+312°'3(5)jL 0 Mt 0(5) 130%™

(4)
S o(l)o(m)
I+10m=n
1 1 n 25 n 25 n 5—3n
= 3o+ 7503 (5) + 3157 (5) + 7500 (i) + 135 o)

S () o) () - gt

Y. olDo(m)

2l+5m=n

1 1 n 25 n 25 n 5—6n n
= 3o+ 7503 (5) + 337 (5) + 750 (35) + 1m0 7 (3)
1—3n n 5 31 n 1
+a10 (5) ~ 20t — 55005 (3) + g0
Proof. (1) is in [8, 13, 27], (2) in [14], (3) in [18, 11], (4) in [28] and (5) in
[12]. O

Now we are ready to prove Theorem 3.1 (1), because W, y(n) = W o(n) and
Wdaydb(n) = Wa,b(n/d).
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Proof of Theorem 3.1. One can easily obtain the following.
G2(az)Ga(bz)Ga(cz)

= e (e () e () e (D)

_i > {AWas(n) + Whe(n) + Wea(n)} ¢" + Y Wane(n)g".

n>1 n>1

Given that Go(az) is a quasimodular form of weight 2 and level N’ for any
multiple N’ of a,

G2(az)Ga(b2)Ga(cz) € Mg(To(N))

with N = lem(a,b,c). By equating coefficients of ¢™ in Lemma 3.2 (1) and
Lemma 3.3, we find the first formula (1). The other formulas (2)-(8) are obtained

by (2)-(8) of Lemma 3.2, respectively. O
Lemma 3.4. (1)
DGQ(Z)GQ(lOZ)
S 1 1 125
= — 5 D*Ga(2) = T D*Ga(102) + 72 DGa(2) + =2 DGa(22) + o2 DGa(52)
125 1 1 1 1
1 1 1
A —A A
576 10,1(2) + 576 10,2(2) 192 10,3(2),
(2)
DG2(2Z)G2(5Z)
L praon . B 1 s 125
= —15D G2(22) 48D Ga(52) + 1248DG4(Z) + 156DG4(2Z) + 1248DG4(52:)
125 5 31 1 1 1
5 1 1
"‘rmAlo,l(z) - mAlog(z) + @AIO,S(ZL
(3)
DG42(52)G2(22)
= L D2G22) = D D2G(52) + —DGa(2) + — DGa(22) + 2> DCa(52)
T s R 127 77 312071 390 ! 624 !
+ B DG(102) — L Ds(2) — L Dy(22) + — D1o(2) + ——As(2) + = As(22)
78 AR T e 0P T 950 T AR T g 00N T ggp TRV T 7 e leE
1 1
—%Am,l(?:) + 72880A10,2(Z) - %AIO,S(Z)»

(4)
DGQ(].OZ)GQ(Z)
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— L D2Gu(2) = 2D%Gu(102) + ——DGu(2) + —— DGa(22) + —2— DG (57)
1200 2 37 72 6240 * 780" 1248 4

1

1

156
1
——Aqo,2(2) + 1920A10 3(2).

A
+576O 101(2) = £765

Theorem 3.5. (1)

> le(h)a(m)
[+10m=n
=)+ o (n)ﬂin (E)ﬁiﬂg (£)+Ma(n)
T 62470 156 624 156 2 \10 120

n? n n n 1 1
~157 (15) + 20807 ~ 1567 (3) ~ g0 — g5 ~ 575
1

_;’_ic (n) _
576 '0? 192

(2)

> lo(l)o(m)
2l+5m=n
n n 25n n 25n n 5n — 4n? n
= 121573 H?E 3(2) 124803<5)+@ 3(10)+ 240 J( )
n? n 5 31n n 1 1 n
557 (5) ~ st — gaggte (5) + ggabiom = ggzesm — gz (3)
———ci0,2(n) + ﬁcws(n%

c10,1(n)

010,3(71)’

-2 ioa(n) — L
115210 7 1152

> lo(h)o(m)
514+2m=n

n n n 5n n 5n n n? n
- 3120”2(") + 7807 ( ) t 524 (5) 1567 (10) 3007 (5)
0 () it gt (5) + gghole)  ggero
+75 5 (n) — %010,1(71) + 2;80010 2(n) — gfiocm,s(n)

> lo(l)o(m)
10l+m=n
- na'(n)Jr n (n) 5na(ﬁ)+57n0 (ﬁ), n? a(n)
~ 624077 1560 124872 \5/) T 3127 \10/ ~ 1200
n — 4n? n n n
240 ¢ (E) *+ 20800 (™ ~ 1560
——~~C10 3(71)

n n 1
(5) ~ 9600100 * 5595 (")

5760101 (") ~ 5760 <102(") + 7555

1
5760
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Proof of Theorem 3.5. Note that
1n /n (1)
DG3(az)Ga(bz) = Z:l {_24(1 ( ) +Wap(n)paq™.

Given that DGs(az)Ga(bz) € MG(FO(N)) with N = lem(a,b), equating the
coefficients of ¢™ in Lemma 3.4 suffices to prove the theorem. O

Lemma 3.6. (1)

G4(2)Ga(107)
A D) 4 B Gee) + 20 Ge(22) + OB G(52) + 2 G(102)
TR0 Y T 15624 0V T 9765 T 0EE) T 310480 1953 6Lt

1 26 1 1
*mﬁdz) - %A5(22) - EAlo,l(z) - 1T2A10,2(Z) - @Am,:}(z),
(2)
Gy (2z)G2(5z)
3 13 125 625
— Y pgien s B 2 20 D29
50 DC4(22) + 7555 G6(2) + 3906 C6 (22) + 37535 G6(52) + 7515 Ge(102)
391 4687 193 3 11
0 AL(2) — AL (22) 4 —2 A 2
52020°(*) ~ 3006025 (2%) T gp10 2101 () — p102(2) + 3 Ao (2),
(3)
G4(52)Ga(22)
5 1 1 325 130
=~ 1 PG452) + 3555 06(2) + 575 0 (22) + 5551 G6(52) + 1553 G6(102)
5 130 1 11 1
2 A 20 AL(22) — —A A _ A
Faa0a () F 1g5305(22) = g5 A10a(2) + g A02(2) — g Ar0(2),
(4)
G4(102)Ga(2)
——§DG(102)+ G(z)+iG(2)+6—G( )+3—G(10)
T 156240 7812 0\ T 156240 3906 °
1 1 11
5305 2%(%) ~ 7812A5(2Z) T3z 02 - %AN’Z( 2) T+ grag 08 (2):
Theorem 3.7. (D
Z o3(l)o(m)
l+10m=n

13 o5 (n) + 26 o (@)+ 625 o (Q)Jr 1250 (£)+10—3n0 (n)
T 15624 ° 9765 °\2/ " 31248°°\5 1953°°\10 240 °

1 /n 1 2% /n 1 1
2407 (E) ~ 26040 ™ ~ 3765 (5) — 315101 (n) = g c02(n)



828 Yoon Kyung Park

2l+5m=n

:%05(") 3;3605 (g) 332805 (%) 7682152“5 (%)+51_2§n"3 (g)

1 /n 391 4687  /m 193
“ 2407 (5) ~ 52080 ~ 30060 (*> 50160101 (") — Tz cr0.2(n)
Lo,
1344 103"
(3)
Z az(l)o(m)
5l4+2m=n

1 1 n 325 n 130 n 2—3n n
= 31213 * g5 (5) * 1562477 (3) * 19537° (To) TR (3)
1 /n 5 130 /n 1 11 1
2407 (5) 5208 (M) + 1953 (E) ~ g5zc101(n) + fagger02(n) = grgeroa(n),
(4)
Z o3(l)a(m)

10l+m=n

1 1 n 65 n 325 n 1—-3n n

= o220 t 75127 ( ) 156247 (5) 3906°° (E) gy s (E)
1 n 1 11

~5107 ™M 5505 ~ T512¢ ( ) + 4032010 1(n) = grge02(n) + goo5

Proof of Theorem 3.7. Because
G4(az)Ga(bz)

=g+ X {2 () 307 () +S10.0. @0 i

and G4 (az)Gy(bz) € Mg(To(N)) with N = lem(a, b), we obtain our final theo-
rem. t

——c10,3(n).

REFERENCES

1. A. Alaca, S. Alaca and K.S. Williams, FEwvaluation of the convolution sums
D it12m=n 0(D)a(m) and 33, 4, —p, (1)o(m), Adv. Theor. Appl. Math. 1 (2006), 27-48.

2. A. Alaca, S. Alaca and K.S. Williams, FEwvaluation of the convolution sums
> it18m=n (D)a(m) and > o g, =, 0(1)o(m), Int. Math. Forum 2 (2007), 45-68.

3. A. Alaca, S. Alaca and K.S. Williams, FEwvaluation of the convolution sums
> it2am=n oD)a(m) and 33 g,y o(D)o(m), Math. J. Okayama Univ. 49 (2007), 93-
111.

4. A. Alaca, S. Alaca and K.S. Williams, The convolution sum Zm<n/16 o(m)o(n — 16m),
Canad. Math. Bull. 51 (2008), 3-14.



Convolution sums of divisor functions 829

5. A. Alaca, S. Alaca and E. Ntienjem, The convolution sum 3,  p..—,, o(l)a(m) for (a,b) =
(1,28), (4,7), (1,14), (2,7), (1,7), Kyungpook Math. J. 59 (2019), 377-389.

6. S. Alaca and Y. Kesicioglu, Evaluation of the convolution sums 32 97,,—p, o(l)o(m) and
>4 32m=n (o (m), Int. J. Number Theory 12 (2016), 1-13.

7. S. Alaca and K.S. Williams, Evaluation of the convolution sums >, ¢,._, c(l)o(m) and
> 214 3m=n o()o(m), J. Number Theory 124 (2007), 491-510.

8. M. Besge, Extrait d ‘une lettre de M. Besge ¢ M. Liouville, J. Math. Pures Appl. 7 (1862),
256.

9. H.H. Chan and S. Cooper, Powers of theta functions, Pacific J. Math. 235 (2008), 1-14.

10. B. Cho, Convolution sums of a divisor function for prime levels, Int. J. Number Theory
16 (2020), 537-546.

11. S. Cooper and P.C. Toh, Quintic and septic Eisenstein series, Ramanujan J. 19 (2009),
163-181.

12. S. Cooper and D. Ye, FEvaluation of the convolution sums 3 ;. 5q,—, c()o(m),
D dlasm=n 0(Da(m) and 3o 5., _, o()o(m), Int. J. Number Theory 10 (2014), 1385-
1394.

13. J.W.L. Glaisher, On the square of the series in which the coefficients are the sums of the
divisors of the exponents, Mess. Math. 14 (1885), 156-163.

14. J.G. Huard, Z.M. Ou, B.K. Spearman and K.S. Williams, Elementary evaluation of certain
convolution sums involving divisor functions, in Number Theory for the Millennium, II,
A.K. Peters, Natick, MA, 2002, 229-274.

15. M. Kaneko and D. Zagier, A generalized Jacobi theta function and quasimodular forms,
in: The Moduli Spaces of Curves, in: Progress Mathematics, vol. 129, Birkhauser, Boston,
MA, 1995, 165-172.

16. D.B. Lahiri, On Ramanujan’s function 7(n) and the divisor function o(n), I, Bull. Calcutta
Math. Soc. 38 (1946), 193-206.

17. J. Lee and Y.K. Park, FEvaluation of the convolution sums
Za1m1+a2m2+a3m3+a4m4:n o(mi)o(ma)o(ms)o(my) with lem(ai,az2,as,a4) < 4,
Int. J. Number Theory 13 (2017), 2155-2173.

18. M. Lemire and K.S. Williams, Evaluation of two convolution sums involving the sum of
divisor functions, Bull. Aust. Math. Soc. 73 (2005), 107-115.

19. LMFDB, The L-functions and Modular Forms Database, website https://www.lmfdb.org/

20. E. Ntienjem, Evaluation of the comvolution sums 3.\ gm—y, o(l)o(m), where (o, p)
is in {(1,14),(2,7), (1,26), (2,13), (1,28), (4,7), (1,30), (2, 15), (3, 10), (5,6)}, M.Sc. thesis
Carleton University, Ottawa, Ontario, Canada, 2015.

21. E. Ntienjem, Evaluation of the convolution sum involving the sum of divisors function for
22, 44 and 52, Open Math. 15 (2017), 446-458.

22. E. Ntienjem, Elementary evaluation of convolution sums involving the divisor function
for a class of levels, North-W. Eur. J. of Math. 5 (2019), 101-165.

23. Y.K. Park, Ewaluation of the convolution sums Y,
lem(a, b,c) < 6, J. Number Theory 168 (2016), 257-275.
24. Y K. Park, Evaluation of the convolution sums 3,1\ pm—y, lo(l)o(m) with ab < 9, Open

Math. 15 (2017), 1389-1399.

25. Y.K. Park, Evaluation of the convolution sums 3 i.pitcm—n@(k)o(l)o(m) with
lem(a,b,c) = 7,8 or 9, Int. J. Number Theory 14 (2018), 1637-1650.

26. B. Ramakrishnan and B. Sahu, Evaluation of the convolution sums 32, 5., o(l)o(m)
and 3311 sm=n 0(1)o(m) and an application, Int. J. Number Theory 9 (2013), 799-809.
27. S. Ramanujan, On certain arithmetical functions, Trans. Cambridge Philos. Soc. 22 (1916),

159-184.

28. E. Royer, Evaluating convolution sums of the divisor function by quasimodular forms, Int.

J. Number Theory 3 (2007), 231-261.

aktbltem=n (k)a()o(m) with



830 Yoon Kyung Park

29. E. Royer, Quasimodular forms: An introduction, Ann. Math. Blaise Pascal 19 (2012),
297-306.

30. W. Stein, Modular Forms: a Computational Approach, Graduate Studies in Mathematics,
vol. 79, American Mathematical Society, 2007.

31. K.S. Williams, The convolution sum Zm<n/9 o(m)o(n — 9m), Int. J. Number Theory 1
(2005), 193-205.

32. K.S. Williams, The convolution sum Zm<n/8 o(m)o(n—8m), Pacific J. Math. 228 (2006),
387-396.

33. EX.W. Xia, X.L. Tian and O.X.M. Yao, FEwvaluation of the convolution sums
2it25j=n 0(1)o(j), Int. J. Number Theory 10 (2014), 1421-1430.

34. D. Ye, Evaluation of the convolution sums 3 1, 36— 0()o(m) and 3= 411 9=y, o (Do (m),
Int. J. Number Theory 11 (2015), 171-183.

Yoon Kyung Park received Ph.D. from KAIST. Since 2019 she has been at Seoul National
University of Science and Technology. Her interest is number theory.

School of Liberal Arts, Seoul National University of Science and Technology, 232,
Gongneung-ro, Nowon-gu, Seoul 01811, South Korea.
e-mail: ykpark@seoultech.ac.kr





