J. Appl. Math. & Informatics Vol. 40(2022), No. 5 - 6, pp. 1043 - 1052
https://doi.org/10.14317/jami.2022.1043

COMPLETE HAMACHER FUZZY GRAPHS
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ABSTRACT. Our goal in this paper is to propose the advancement proposed
by Alsina, Klement and other researchers in the area of fuzzy logic applied
to the area of fuzzy graph theory. We introduce the notion of complete
Hamacher fuzzy graphs and the notion of balanced Hamacher fuzzy graphs
and discuss their properties. Moreover, several operations on these fuzzy
graphs are explored via the complete notion.
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1. Introduction

Triangular conorms were presented by Menger [16] which were later on dis-
cussed by Schweizer and Sklar [19]. Alsina et al. [10] proved that conorms are
one of the models for intersecting fuzzy sets. Since that time, many others have
provided several operators for the same purpose [14, 15]. The min and max
operators of Zadeh’s have been used in many applications of fuzzy logic such as
decision-making processes and fuzzy graph theory. It is a fact that from theoreti-
cal and experimental aspects other operators may work better in some situations,
especially in the context of decision-making processes. To find a good operator
for an application, we consider the properties they possess, their suitability to
the model, their simplicity, their software and hardware implementation, etc.

Graph theory has several interesting applications in system analysis, oper-
ations research, economics and many other fields. Since most of the time the
aspects of graph and graph problems are uncertain, it is a good idea to deal with
these aspects via the methods of fuzzy logic. As the notions of degree, comple-
ment, completeness, regularity and many others play very important role in the
crisp graph case, it is a nice idea to try to see what corresponds to these notions
in the case of fuzzy graphs. Sunitha and Kumar [20] defined several new opera-
tions on fuzzy graphs and they also modified the definition of complement of a
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fuzzy graph so that to agree with the crisp case in graph. In 2011, AL-Hawary
[4] introduced the new concept of balanced fuzzy graphs. He defined three new
operations on fuzzy graphs and explored what classes of fuzzy graphs are bal-
anced. Since then, many authors have studied the idea of balanced on distinct
types of fuzzy graphs, see for example [7, 20]. Moreover, Al-Hawary and others
explored the idea of balanced fuzzy graphsin [1, 2, 3, 4, 6, 7, 8, 9]. Fuzzy graphs
have several applications in cluster analysis, database theory, decision-making
and optimization of networks. Rosenfeld [18] considered fuzzy relations on fuzzy
sets and modified the structure of fuzzy graphs, using max and min operations,
to obtain analogs of graph-theoretical concepts. Some remarks on fuzzy graphs
were provided by Bhattacharya [12]. Mordeson and Peng [17] defined some op-
erations on fuzzy graphs and introduced the concept of strong fuzzy graphs.
Later on, Bhutani and Battou [13] considered operations on fuzzy graphs pre-
serving M-strong property. The complement of a fuzzy graph was proposed by
Mordeson and Peng [17] and then modified by Sunitha and Vijayakumar [20]

In [5], Hamacher fuzzy graphs were defined and explored. Several operations
on these fuzzy graphs were provided and the idea of strong Hamacher fuzzy
graphs was also discussed. The main purpose of this paper is to propose the
advancement proposed by Alsina, Klement and other researchers in the area
of fuzzy logic in the area of fuzzy graph theory. We introduce the notion of
complete Hamacher fuzzy graphs and the notion of balanced Hamacher fuzzy
graphs and discuss their properties.

2. Preliminaries

A graph G = (V, E) is a mathematical structure consisting of a set of vertices
V = V/(G) and a set of edges E = E(G), where each edge is an unordered pair of
distinct vertices. Two vertices x and y of a graph G are adjacent if zy € E(G).

The standard products of graphs: the direct product (tensor product), the
cartesian product, the semi-strong product and the strong product of two graphs
G1 = (W,El) and GQ = (V27E2) will be denoted by G1 X GQ,GlDG27G1 . G2
and G1MGs, respectively. Let

(z1,22), (y1,y2) € V1 x Vi, where Vi x V5 is the vertex set of each product
graph, then

E(G1 x Go) = {(21,72), (Y1, y2) 7191 € E1 and x2y2 € E»},

E(G10Gs) = {(z1,22), (y1, y2)|z1 = y1 and xays € Es or x1y1 € E1 and o =
Y2}

}E(G1 e Ga) = {(z1,22), (Y1, y2)|21 = y1 and x2y2 € Ez or 2131 € By and w2y2
Ey

E(Gl.Gg) = E(G; x G2> @] E(G1|:|G2)

Throughout this paper, V' represents a crisp universe of generic elements, G*
stands for the crisp graph and G is the Hamacher fuzzy graph.

Definition 2.1. [18] A fuzzy graph with V as the underlying set is a pair
G : (o,u) where o : V — [0,1] is a fuzzy subset and p: V x V — [0,1] is a fuzzy
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relation on o such that p(z,y) < o(z) Ao(y) for all z,y € V, where A stands for
minimum. The underlying crisp graph of G is denoted by G* : (¢*, u*).

Definition 2.2. [11] A binary operation S : [0,1]? — [0, 1] defined by S(z,y) =

—92 .
Hfiix;”y is called a Hamshar conorm.

Next, we recall some definitions and results from [5] that will be needed
throughout this paper.

Definition 2.3. A Hamacher fuzzy graph with a finite set V' as its underlying
set is a pair G = (o, p) where 0 : V' — [0,1] is a fuzzy subset of V and p :
V xV —[0,1] is a symmetric fuzzy relation on o such that

() + py) — 2u(x)p(y)
1 — p(x)p(y) '

o is called the Hamacher fuzzy vertex set of G and p is called the Hamacher
fuzzy edge set of G. The underlying crisp graph of G is denoted by G* = (V, E).

wz,y) <

Definition 2.4. Let o; be a fuzzy subset of V; and p; be a fuzzy subset of E;
for i=1,2. The direct product of G; and G5 is the Hamacher fuzzy graph G,
xGo = (01 X 09, 11 X p2) where
0'1(1'1) —+ O'Q(SUQ) — 20’1(1’1)0’2(1’2)

1-— 0'1(I1)0’2($2)

(01 X JQ)(IL‘l,"EQ) =

for all (z1,22) € V1 x V4 and

pa (1) + p2(w2) — 21 (1) p2(w2)
1 — pa (1) pa(r2)

(1 x p2)(w1,72) =

for all z1y1 € F1 and xays € Fs.

Lemma 2.5. If G and G2 are the Hamacher fuzzy graphs of the graphs G
and G%, respectively, the direct product G1 X Gg is the Hamacher fuzzy graph of
GT x G5.
Definition 2.6. Let o; be a fuzzy subset of V; and p; be a fuzzy subset of E;
for i=1,2. The Cartesian product of G; and G4 is the Hamacher fuzzy graph
G1|:|G2 = (0’1|:|02,M1|:|M2) where
0'1((E1) + JQ(LUQ) — 20’1(%1)0’2(%2)

1-— 0'1(.%‘1)0'2(1‘2)

(01502)($1,$2) =

for all (z1,22) € Vi x V3,

o1(x) + p2(2y2) — 201 () p2(T2y2)
1 — o1 () p2(2y2)

(1 Opz) (2, 22) (2, 92)) =

for all x € V1 and x2y2 € Es and

(D) (21, 2) 0, ) = P2 2B )

for all z € V5 and z1y1 € F.
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Definition 2.7. If a fuzzy membership degree is attached from [0,1] to each
edge of the Hamacher fuzzy graph G of a graph G* and each vertex is crisply in
G, then G is called the Hamacher fuzzy edge graph.

Lemma 2.8. Let G and Gy be the Hamacher fuzzy edge graphs of the graphs
G and G%, respectively. The cartesian product Gi0Gs of G1 and Gy is the
Hamacher fuzzy edge graph of G1JG>.

Definition 2.9. Let o; be a fuzzy subset of V; and p; be a fuzzy subset of E;
for i=1,2. The semi-strong product of G; and G4 is the Hamacher fuzzy graph
Gl . G2 = (01 09, U1 ',Ug) where
Jl(il) —+ 0'2(352) — 20’1(1‘1)0’2(1’2)

1-— 0‘1(1[71)0‘2(1’2)

(01 02)(71,72) =

for all (z1,2z2) € Vi x Va,

01(7) + p2(2y2) — 201 (2) p2(T2y2)
1 — o1(2)p2(z2y2)

(Ml 'M2)(($,$2)($,y2)) =

for all x € V1 and xoy2 € FEo and

pa(w1yn) + p2(zey2) — 201 (21y1) p2(T2y2)
1 — pa(w1y1) p2(T2y2)

(11 - p2) (21, 22) (Y1, 92)) =

for all z1y7 € E1 and a2y € Es.

Lemma 2.10. Let Gy and G5 be the Hamacher fuzzy edge graphs of the graphs
G7 and G5, respectively. The semi-strong product G1 o Gy of G1 and G2 is the
Hamacher fuzzy edge graph of G5 o G5.

Definition 2.11. Let o; be a fuzzy subset of V; and p; be a fuzzy subset of
E; for i=1,2. The strong product of G; and G; is the Hamacher fuzzy graph
G1MGs = (01Moy, 11y Mus) where
0'1(%1) + 02(%2) — 20’1(1’1)0’2(1’2)

1-— 0'1(1‘1)0'2(5(}2)

(0'1.02)(131,562) =

for all (z1,2z2) € Vi x Va,

01(%) + p2(2y2) — 201 () p2(T2y2)
1 — o1 () p2(z2y2)

(1 Mp2) (2, 22) (2, y2)) =

for all x € V1 and xoys € Fo,

02(2) + pa(z1y1) — 202(2) 1 (2191)
1 —oa(2)pa(z191)

(11 Muo) (21, 2) (41, 2)) =

for all z € V5 and z1y; € E7 and

p(@1y1) + po(@2y2) — 2p (z1y1) p2(w2y2)
1 — pu1 (z1y1) pa(w2y2)

(111 Mu2)((z1, 22) (Y1, ¥2)) =

for all z1y1 € Eq1 and a2y € Es.
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Lemma 2.12. Let Gy and G5 be the Hamacher fuzzy edge graphs of the graphs
1 and G35, respectively. The strong product GiBG2 of G1 and Gg is the
Hamacher fuzzy edge graph of G B G5.

Definition 2.13. Let o; be a fuzzy subset of V; and let u; be a fuzzy subset of
E;,i=1,2 where V1NV; = &. Define the union G1 UG5 = (01 Uos, 11 Ups) of the
Hamacher fuzzy graphs G = (o1, p1) and Go = (09, p2) as follows: (o1 Uos) (z) =
o1(z) if w € Vi\Va, (01 U02)(2) = 02(x),ifx € V2\V, (11 U p2)(zy) = pu(ay) if
xy € E1\Ey and (1 U p2)(xy) = pa(zy) if zy € Ex\Fjy.

Theorem 2.14. The union G1 UGy of Gy and Gy is the Hamacher fuzzy graph
of G7 UG5 if and only if G1 and G2 are the Hamacher fuzzy graphs of G7 and
G35, respectively, where o1, o2, p1 and pe are fuzzy subsets of Vi, Vo, E1 and
Es, respectively, and Vi N Vo = (.

Definition 2.15. Let o; be a fuzzy subset of V; and let u; be a fuzzy subset of
E;, i =1,2 where V1 NV, = &. Define the ring sum G; @ G2 = (01 D o2, i1 B fi2)
of the Hamacher fuzzy graphs G1 = (01, 1) and Gy = (02, o) as follows:

(01B02)(x) = (01U02) () if & € V1UV3, (p1®p2)(zy) = p(zy) if xy € E1\Ey
and (p1 @ pe)(wy) = p2(zy) if xy € E2\Ey.

Lemma 2.16. The ring sum G1 & Go of two Hamacher fuzzy graphs G1 and
Gy of G1 and G2 is the Hamacher fuzzy graph of G7 ® G3.

Definition 2.17. A homomorphism v : G; — G4 of two Hamacher fuzzy graphs
G1 = (o1,p1) and Go = (02,u2) is a mapping ¥ : Vi — Vi, satisfying the
following conditions:

(a) o1(z) < 02(¢(x)) for all z € Vi, (b) pa(zy) < p2(¥(x)i(y)) for all 2,y €
V1. An isomorphism ¢ : G; — G5 of two Hamacher fuzzy graphs G; = (o1, p1)
and G = (o9, p2) (denoted by Gy ~ Gs) is a bijective mapping ¢ : Vi — Vs
which is also an homomorphism.

Definition 2.18. The complement of a Hamacher fuzzy graph G = (o, u) of a
graph G* = (V, E) is the Hamacher fuzzy graph G = (7, i) where 7 () = o(x)

Ao oW 2000 2y for all 3,y € V.

for all x € E and fi(zry) =

We remark that this definition of complement for Hamacher fuzzy graphs
agrees with that of crisp graphs in the sense that the complement of a comple-
ment is isomorphic to the original graph.

Definition 2.19. A Hamacher fuzzy graph G = (o, p) is said to be self-
complementary if G ~ G.

Lemma 2.20. a) Let G : (o,u) be a self-complemetary Hamacher fuzzy graph.
Then 2, ey 1(@,y) = (1/2) 3, oy (20T 2000

b) Let G : (o, ) be a fuzzy graph with p(z,y) = (1/2)(”(z)t‘i(gzg)ig(;”;)o(y)) for
all x,y € V. Then G is self-complemetary.

¢) Any two isomorphic fuzzy Hamacher graphs Gy : (o1,p1) and Ga : (02, p2)
satz'sfy ZmEVI 01 (x) = ZIEVQ 0'2(.%‘) and Zx,yevl Ml(l‘? y) = Zm,erQ NZ(xa y)
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Definition 2.21. A Hamacher fuzzy graph G = (o, p) is called strong if u(xy) =

o(x)4o(y)—20(x)o
17(3(1)0(?(!)) W forall zy € E .

3. Strong and complete Hamacher fuzzy graphs

We start this section by defining the relatively new notion of complete Hamacher
fuzzy graph.

Definition 3.1. A Hamacher fuzzy graph G = (o, u) is called complete if

w(xy) = U(w)':i(ggg)i"(g)a(y) forall z,y € V .

It is clear that every complete Hamacher fuzzy graph is strong, but the con-
verse needs not be true as the Hamacher fuzzy graph on two vertices with no
edges is strong but not complete.

The proof of the following result follows at once from the proof of Lemma
2.20 and Theorem 2.14:

Lemma 3.2. If Gy and Gy are strong (complete) Hamacher fuzzy graphs, then
G1 x G is also a strong (complete) Hamacher fuzzy graph.

The proof of the following result follows at once from the proof of Lemma 2.8

Lemma 3.3. If Gy and Gy are strong (complete) Hamacher fuzzy edge graphs,
then G1 O G3, G1 B G2 and Gy - G are also strong (complete) Hamacher fuzzy
edge graphs.

4. Balanced Hamacher fuzzy graphs

We begin this section by defining the density of a Hamacher fuzzy graph and
balanced Hamacher fuzzy graphs. We then show that any complete Hamacher
fuzzy graph is balanced, but the converse need not be true.

Definition 4.1. The density of a fuzzy Hamacher graph G : (o, u) is

D(G) =2( Z w(z,y))/ Z (U(U) +o(v) — QU(U)U(U))'

z,yeVv x,yeVvV 1- O‘(U)O'(’U)

G is balanced if. D(H) < D(G) for all fuzzy non-empty Hamacher subgraphs H
of G.

Theorem 4.2. Any complete fuzzy Hamacher graph is balanced.
Proof. Let G be a complete fuzzy Hamacher graph. Then

D@G) = A pla g/ Y (LD ToW) —20(0)ol),

Y€y = L-o(@)oly)
= 2 Z wu(z,y)/( Z w(z,y)))

= 2.
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If H is a non-empty fuzzy Hamacher subgraph of G,then

D(H)
= 2 X /(Y (FEE 2,
z,y€y(H) z,y€y(H)
o(x) +o(y) —20(zx)o(y) o(x) +o(y) —20(z)o(y)
< 2 ( )/( ( )
w,yezyz(m 1—o(z)o(y) z,ye%:(H) 1—o(z)o(y)
= 2
= D(G).
Thus G is balanced. |

The converse of the preceding result need not be true.

Example 4.3. The fuzzy Hamacher graph G : (o,u) on V = {a,b,c) where

o(a) = .5, o(b) = o(c) =1 and u(a,b) = pla,c) = ub,c) = .25 is a balanced

graph that is not complete as u(b,c) = .25 #0 = U(b)"rla(?(b)m?(l;)a(c)

We next provide two types of fuzzy graphs with density equals 1.

Theorem 4.4. FEvery self-complementary fuzzy Hamacher graph has density
equals 1.

Proof. Let G be a self-complementary fuzzy Hamacher graph. Then by
Lemma 2.20, D(G) =2(3_, ,cv u(x,y))/(Zx,yev(”(x)ﬁ‘i(i’zg)i‘?g)”(y))
=2(3 0, yev (@, 9) /23, yev iz, y))) = 1. u

Theorem 4.5. Let G : (o,u) be a fuzzy Hamacher gmph such that p(x,y) =
(1/2)(2@ltew)=20(2)oW)) " ¢y o112,y € V. Then D(G) =

1—o(z)o(y)

Proof. Let G : (o,u) be a fuzzy Hamacher graph such that up(u,v) =
(1/2)(”(x)t‘i(gg;)i‘f(g)o(y) ), for all z,y € V. Then by Lemma 2.8, G is self-
complementary and thus by the preceding Theorem D(G) = 1. |

Next, we prove the following Lemma that we use to give necessary and suffi-
cient conditions for the direct product, semi-strong product and strong product
of two fuzzy Hamacher balanced graphs to be balanced:

Lemma 4.6. Let G; and G2 be fuzzy Hamacher graphs. Then D(G;) < D(Gy x
Gs) for i =1,2 if and only if D(G1) = D(G2) = D(G1 x Gs).

If D(G; ) < D(G1xGs) fori = 1,2, then if we let q = Z2(1)toa(va) =20 (vi)os (vy)

170'2(’()1)0‘2(712)

(71 u o1 (u 201 (u1)o1(u
and b = 1)+1 1(51(21)“)01(22)) (uz) D(Gl) = 2(Eu1,u2€V1 Ml(u17u2)/2u1,u2€V1 b)
and if the sum is taking over all uy,us € Vi, v1,v2 € Vo, then
D(Gy)
Z w1 (ur,ue) +a — 2,ul U, Ug)a /Z b+a— 2ab
1 — py(u1,uz)a 1—ab
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p(uy, ug) + po (v, v2) — 21 (ur, ug) po(v1, v2)) b+a— 2ab
= 2
>y T— i oy, w2)paa(or, v2)) DD
T > X pro((ur, uz)(v1, v2)) )

Z (o1 x02)(u1,v1)+(01 X02)(uz,v2)—2(01 X02)(u1,v1)(01 X72) (u2,v2)
1—((71 XJQ)(’lLl,’L)l)(Ul ><0'2)(u2,1)2)

= D(Gl X Gg)

Hence D(G1) > D(G;1 X G3) and thus D(G1) = D(G1 x G2). Similarly, D(G3) =
D(Gy x G2). Therefore, D(G1) = D(G2) = D(G1 x G2).Proof.

Theorem 4.7. Let G1 and G2 be fuzzy Hamacher balanced graphs. Then G1 X Gy
is balanced if and only if D(G1) = D(G2) = D(G1 x G3).

Proof. If G; x G5 is balanced, then D(G;) < D(G; x G3) for i = 1,2 and by
Lemma 46, D(Gl) = D(Gz) = D(Gl X GQ)

Conversely, if D(G1) = D(G2) = D(Gy x G2) and H is a fuzzy Hamacher
subgraph of G x Gs, then there exist fuzzy Hamacher subgraphs H; of G,
and Hy of G3. As G; and G5 are balanced and D(G;) = D(G2) = ny/r1, then
D(Hy) = a1/by < ny/rp and D(Hs) = ag/by < ny/ry. Thus ayry + agrp <
biny + bony and hence D(H) < (a1 + ag)/(bl + bg) < nl/rl = D(Gl X GQ)
Therefore, GGy x G is balanced. | |

By similar arguments to that in Lemma 4.6 and Theorem 4.7, we can prove

the following result:

Theorem 4.8. Let Gy and G2 be fuzzy balanced graphs. Then
(1) Gy e Gy is balanced if and only if D(G1) = D(G3) = D(G1 ¢ G2).
(2) G10Gs is balanced if and only if D(G1) = D(G2) = D(G10G3).
(3) G1BGs is balanced if and only if D(G1) = D(G2) = D(G,HG3).

We end this section by showing that isomorphism between fuzzy Hamacher
graphs preserve balanced.

Theorem 4.9. Let Gy and G2 be isomorphic fuzzy Hamacher graphs. If Go is
balanced, then Gy is balanced.

Proof. Let h : V3 — V4 be a bijection such that oi(z) = o2(h(z)) and
pi(z,y) = pa(h(x),h(y)) for all z,y € V1. By Lemma 2.20, > . o1(z) =
dowev, 02(@)and 3o v (T, y) =32, ey, Ha(z,y). I Hy = (07, ) is a fuzzy
Hamacher subgraph of G; with underlying set W, then Hy = (O‘;, ,uIQ) is a fuzzy
Hamacher subgraph of G5 with underlying set h(W) where oy (h(z)) = o (z) and
pio(h(x), h(y)) = )y (2, y) for all x,y € W. Since Gy is balanced, D(Hy) < D(G5)
and so

2 Y (i) h)) /(Y W) = 20500 ()

z,yEW z,yEW 1- UQ(x)UQ(y)

2 Y gl Y A0 Z20a)oaly)

x,y€Va z,yeVa 1- 0‘2(.1‘)0‘2(];)

IN
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and so
03(@) + 05(y) — 20(x) o5 (y)
2( 1z, y))/( o
x,yEE:Wu ! ;C,yze:W 1 — oy(z)oy(y)
02(7) + 02(y) — 202(x)02(y)
< 2(w7yZEV1 pa (, y))/(wze:v2 1— oa(2)o2(y)
< D(Gh).
Therefore, G; is balanced. m

5. Conclusion

In this paper, the new concepts of complete and balanced Hamacher fuzzy
graph were introduced. It has been proved that the direct product, join and
ring sum of two complete Hamacher fuzzy graphs are complete Hamacher fuzzy
graphs. Moreover, these results on Hamacher fuzzy graphs are considered pre-
serving complete property. The Dombi fuzzy graph can well describe the uncer-
tainty of all kinds of networks.
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