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SECOND MAIN THEOREM WITH WEIGHTED COUNTING
FUNCTIONS AND UNIQUENESS THEOREM

Liv YANG

ABSTRACT. In this paper, we obtain a second main theorem for holo-
morphic curves and moving hyperplanes of P"(C) where the counting
functions are truncated multiplicity and have different weights. As its
application, we prove a uniqueness theorem for holomorphic curves of
finite growth index sharing moving hyperplanes with different multiple
values.

1. Introduction

In the recent paper [9], Ru-Sibony developed value distribution theory for a
class of holomorphic curves where the source is a disc of radius R instead of C.
In doing so, they introduced the notion of the growth index, denoted by cy¢,,,
for a holomorphic curve.

Definition. Let M be a complex manifold and w be a positive (1,1) form of
finite volume on M. Let 0 < R < 400 and f : A(R) — M be a holomorphic
curve. Recall that the characteristic function of f with respect to w, for 0 <
r < R, as Tf,(r) = ’ ﬂf\z\o« f*w. We define the growth index of f with

0t
respect to w as

R
Cfw =: inf {c >0: / exp(c T (r))dr = oo}.
0

When M is the complex projective space P"(C), the positive (1, 1) form is
the Fubini-Study form, i.e., w = wpg. For a holomorphic curve f : A(R) —
P™(C), denote by ¢y the growth index of f with respect to wrg. For convenient,
we set ¢y = 400, if

R
{c>0:/0 exp(ch(T))dr:—i—oo}:@.
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In the same paper [9], Ru-Sibony obtained the following second main theorem
for the nondegenerate holomorphic curves from the disk.

Theorem A. Let f : A(R) — P"(C) be a linearly nondegenerate holomorphic
curve with ¢y < 400 and 0 < R < +oo. Then for any € > 0, the inequality

q

(q—n—DTp(r) < SN Hy) +

j=1

nin+1)

5 (L+e)ey +e)Ty(r)

nn+1)
2

holds for all r € (0, R) outside a set E C (0, R) with [, exp((cs+€)T¢(r))dr <
0.

+ O(log T (1)) + elogr

Recently, S. D. Quang [6] established some new second main theorems for
holomorphic curves from the disk with infinite growth index into P™(C) and
moving hyperplanes.

Theorem B. Let f: A(R) — P"(C) (0 < R < 400) be a holomorphic curve.
Let {aj}?:1 (g > 2n — k + 2) be holomorphic curves of A(R) into P"(C)* in
general position such that (f,a;) Z0 (1 < j < q). Assume that rankg (4,1 (f) =
k + 1. Let v(r) be a non-negative measurable function defined on (0, R) with
fOR’y(r)dr = 00. Then for every e > 0, we have

n -+ 2 l k]
o 7501 = T2 oMyt + 510
k(k+2)(n+1)

51 9) ((14¢)logy(r) + clogr).

Here and subsequently, the notation ||z P” means the assertion P holds for
all 7 € (0, R) outside a set £ with [, ~(r)dr < oo,

S(r) =0 <log Ty(r) + max T, (r)) .

And rankg(f) is the rank of the set {fo,..., fn} over the field R for a re-
duced representation (fo, ..., f,) of the mapping f, and (f,g) = Y1 gifs
for each holomorphic mapping g : C — P*(C)* with a reduced representation
(907 s 7971)

In 2015, Quang [4] initially introduced the second main theorem with weight-
ed counting functions. Inspired by this idea and the technique shown in [4],
we generalize Theorem B for the mappings and moving hyperplanes of P™(C)
to the case where the counting functions are truncated multiplicity and have
different weights. The uniqueness theory for meromorphic mappings from C™
into P"(C) with shared moving targets is an interesting topic (see [1, 3,5, §]
and the references given there). More recently, some uniqueness results for
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holomorphic curves of finite growth index sharing fixed hyperplanes have pre-
viously been studied in [10,11]. As application of our general form of second
main theorem, the second purpose of this article is to prove a uniqueness theo-
rem for holomorphic curves of finite growth index sharing moving hyperplanes
with different multiple values. For some related notions see Section 2.
Theorem 1.1 (Second Main Theorem). Let f : A(R) — P*(C) (0 < R <
+00) be a holomorphic curve. Let {aj}gzl (g > 2n — k + 2) be holomorphic
curves of A(R) into P™(C)* in general position such that (f,a;) #0 (1 <j <
q). Assume that rankg,,1(f) = k + 1. Let y(r) be a non-negative measurable
function defined on (0, R) with fOR y(r)dr = oo. Let A1,...,\; be q positive
numbers with (2n — k + 2) maxi<i<qg Ai < Z?zl Ai. Then for every e > 0 and
ne [maxlgigq Ais 227:;_:7;_:2] , we have
21— (n—k)n k(n+1)
— T - ——1
|, == {0 - e}

< S N0+ S() + clog(ry(r)).

=1
Letting Ay =--- = A; =1 and n = 1 from Theorem 1.1, we get Theorem B
q .
in some sense. Letting n = %jéié, we have the following corollary.

Corollary 1.2. Let f : A(R) — P"(C) (0 < R < +00) be a holomorphic
curve. Let {aj}gzl (g > 2n — k + 2) be holomorphic curves of A(R) into
P (C)* in general position such that (f,a;) # 0 (1 < j < q). Assume that
rankg (o1 (f) = k + 1. Let y(r) be a non-negative measurable function de-
fined on (0, R) with fOR v(r)dr = co. Let Ai,...,Aq be g positive numbers with
(2n — k +2) maxi<i<q A < Yty Ni. Then for every e > 0, we have

HE m {Tf('r) _ w 1ogv(r)}

q
< S AN ) + S() + elog(ry(r)).
j=1

In addition, if we take A\; = --- = Ay = 1 in Corollary 1.2, we get the
following result.

Corollary 1.3. Let f : A(R) — P™*(C) (0 < R < +00) be a holomorphic
curve. Let {aj}?:1 (¢ > 2n — k + 2) be holomorphic curves of A(R) into
P™(C)* in general position such that (f,a;) # 0 (1 < j < q). Assume that
rankpg q,1(f) = k + 1. Let y(r) be a non-negative measurable function defined
on (0, R) with foR ~(r)dr = co. Then for every & > 0, we have

HE ﬁ {Tf(r) _ w 1ogv(r)}
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< DN () 4 S() + <log(ry(r)).

Before stating our uniqueness theorem, we introduce a definition. Assume
that @ is a holomorphic curve of A(R) into P™(C)*, and f is a meromorphic
mapping of C™ into P"(C). If the mapping a is a small function with respect
to f, that is ||g T,(r) = o(Tf(r)), then a is said to be a slowly (with respect
to f) moving hyperplane in P"(C).

Theorem 1.4 (Uniqueness Theorem). Let f,g: A(R) — P"(C) be holomor-
phic curves of finite growth index cy,cqy < +oo. Let {a;}i_, be slowly (with
respect to f and g) moving hyperplanes in P™(C) in general position such that
() (fa5)~ WNWﬂ%)IW}=®ﬂ§i<j§®,
(ii) V(f as),<mi = V(g as),<mi (1<i<yq),
(iii) f(z) =g(z) for all z € U!_; {z € A(R) : 0 < v(f,4,)(2) < m;}.
Assume that rankg (f) = rankg (9) =k+1, ¢ > 2k(2n—k+ 1) + 2,

i k <q(q—2k(2n—k+1)—2)
mi+1—k ~ (¢+2k—-2)2n—k+1)’

i=1
k q
< -1
i+l -k S 2m—k+1
and
1 - 2)2n—k+2
min {cs, ¢y} < alg =2)(2n —k + )1 —2n+k—-1]/.
kn+1) \ (g +2k —2) 3L, i
Then f=g.

In the case where R = 400, we have ¢y = ¢, = 0, see [9]. Thus our results
also include the following unicity theorem for holomorphic curves on the whole
complex plane.

Corollary 1.5. Let f,g : C — P"(C) be holomorphic curves. Let {a;}]_,
be slowly (with respect to f and g) moving hyperplanes in P™(C) in general
position such that

O(ﬁm) Wﬁﬂﬁ%)lm}=®ﬂﬁi<j§®7
(f,aL) <m; (g a;),<m; (1 S q)
(111) f(2) =g(2) forall z € U, {z € C: 0 < ypa(2) < my}.
Assume that rankg (f) = rankR( Yy=k+1, ¢>2k2n—k+1)+2,

Z q(qg—2k(2n—k+1)—2)
Zzlmz—l—l— (q+2k—2)(2n—k—|—1)
and
k q

< ~1
e Al -k 2n—k+1
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Then f =g.
In particular, if we take m; = +o0 (1 < i < g), we have:

Corollary 1.6. Let f,g : C — P"(C) be holomorphic curves. Let {a;}}_,
be slowly (with respect to f and g) moving hyperplanes in P™(C) in general
position such that

(i) (f,a)" {0} (fra)) " {0} =0 (1<i<j<q),
(a1 <0< ),
(iii) f(z) = g(2) for all z € U, (f,a:)” " {0}.
If rankg (f) =rankg (9) =k+1, ¢ >2k(2n—k+ 1)+ 2, then f = g.

.o 1 _
() 7.0 =

2. Preliminaries

In this section, we state some basic notions in value distribution for holo-
morphic curves. For more details we refer the reader to [2,7].

Let D be a domain in C, f : D — P"(C) be a holomorphic curve and U be an
open set in D. Any holomorphic curve f : U — C"! such that P(f(z)) = f(z)
in U is called a representation of f on U, where P : C"*1\{0} — P"(C) is the
standard projective map.

Definition. For an open subset U of D we call a representation f = (fo, ..., f»)
a reduced representation of f on U if fy,..., f, are holomorphic functions on
U without common zeros.

Remark 2.1. As is easily seen, if both fj U — C"*+1 are reduced representa-
tions of f for j = 1,2 with Uy NUs # (Z)F7~ then there is a holomorphic function
h(#£0) : Uy NUy — C such that fo = hf; on Uy N Us.

Let 0 < R < +00 and f be a holomorphic curve from the disc A(R) into
the complex projective space P"(C) and let

f=(fio-oo far1)  A(R) - C"T1\{0}

be a reduced representation of f, where n is a positive integer. We use the
following notations:

1) = (1) + -+ [ fasr(2))2.

The Cartan’s characteristic function of f is defined as follows:

2 ~ . ~
Ty(r) = 5= [ s llfre") a0 10z | FO)].

where 0 < r < R.

Remark 2.2. The above definition is independent, up to an additive constant,
of the choice of the reduced representation of f.
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The Ahlfors’ characteristic function of f is defined as follows:

" dt .
Tt wps(T) :/ 7/ ffwrs,
0 |z|<t

where f*wpg is the pullback of Fubini-Study metric form wgg under the curve

1.

Remark 2.3. It follows from Green-Jensen’s formula that Ahlfors’ characteristic
function agrees with Cartan’s characteristic function.

For a divisor v on A(R) and for a positive integer M or M = +o00, we define
the counting function of v by

vM(z) = min{v(2), M}, nM(t,v) = 3" vM(z), 0 <t < R.
|z]<t
Define

T p[M]
N[M](r,u): mdh 0<r<R.

Let F': A(R) — C be a holomorphic function. Define

Np(r) = N(r,vp), Nory = NM(r vp), 0 <r < R.

For brevity we will omit the character [M] if M = 4o0.
Let k, M be positive integers or +o0co. For a divisor v on C. Set

y[]\/[] (Z) _ 0, if I/(Z) >k,
sk vIMl(z), if w(z) <k,
and
M M
nli @) = v&).
[z]<t
We define

r M)
(M) Ny (t)
N(r,u§k> —/1 an= dt  (r>1).
Similarly, we define n[ZMk] (t) and N (r,v4}), and denote them by N. [S]\]/C[] (r,v)
and N [ZA,? (r,v), respectively.
Assume that a is a moving hyperplane of A(R) into P"(C) (i.e., a holo-

morphic curve of A(R) into P™(C)*), and f is a holomorphic curve of C
into P"(C) with (f,a) = Y., fia; # 0. Then, using the zero divisor z/?f’a)

we define Nfq)(r) == N (r, l/?ﬁa)). We note that N, (r) measures how

many times f take value in the moving hyperplane a. Similarly, we have

M M M
N([f#i) (T)’ N([f,i),gk(r)a N([f,tlLZk(r)’ etc.

To prove our result, we need the following lemma due to Quang [6, Theorem
1.1, Eq. (2.10)].
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Lemma 2.4. Let f: A(R) = P"(C) (0 < R < +00) be a holomorphic curve.
Let {aj}gzl (¢ > 2n — k + 2) be holomorphic curves of A(R) into P"(C)* in
general position such that (f,a;) Z0 (1 < j < q). Assume that rankg (,1(f) =
k+1. Then there exist a subset J C {1,...,2n—k+2} with |J| = d+2 (< n+2)

and a positive integer ng < % such that

no no(d+1
H ZN([fJ] S(r )—i—o(f)((l—l—s)log'y(r)—i-alogr),
jed

where S(r) = O (log T¢(r) + maxi<i<q T, (1)) .

3. Proofs

Proof of Theorem 1.1. We denote by Z the set of all permutations of g-tuple
(1,...,q). For each element I = (i1,...,i,) € Z, we set

le{r€R+ Ny <. < NI )(r)}.

(f.ai,) (f.aiq
Fi tation T = (i i) € I. Si < Zimdi o iy,
1X a permutation I = (21,...,1(1) € L. dlnce n < m—kt2 < = =E y as-

sumption, 25:1 Aj — (n—k)n > 0. Applying Lemma 2.4, there exists a subset
Jo C{1,...,2n — k + 2} with |Jo| = n + 2 such that

kE(n+1)

(1) e Ty (r) — ———log~(r)
e log(rvy(r))

Put J1 ={1,...,2n — k+2}\Jp and

7= {2n—k+3,...,q}, ifg>2n—Fk+2,
7o, ifg=2n—k+2

then |J1| = (2n — k +2) — |Jo| = n — k. Hence, we observe from (1) that

E(zpj o | {7700 - 2 voga |

j=1
q

< {DoN- 0| NG, )+ S0+ elog(r(r)

j=1 LEJy
< . —
< ( U DIRENGES DORVEICEIOTE DI NG

j€JoU J2 1eJo jEJ1 1eJo

+ S(r) + elog(rvy(r)).
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Note that > c; Ai; — (0 —

(2)

(]
> N,

( Z )\17)
Jj€Jo U J2

L. YANG

k)n > 0 since n > maxi<i<q{Ai}. We then have

I (Z A~ (n— k)n) {Tfm el logw)}
j=1

)+ S(r) + elog(rvy(r)).

ey
It is easily seen that
ONN D SRS DR/ ANG
jedo U J = L
= [l SN ) +Zjeanz%Z W= AN )
0 i 1 Jo] (f.ai,) “ f a;,
1€ = =
i
- (k] M Y (K]
— (n+9) {Z WYRCEDS ( A”> N(f,ail)(r)}.
= 1€ o

Next we estimate Y, ;- (ZJEJ;;iEQJ?)\L’ - Aiz) N([’;]ml)(r) for r € Ny. By the

definition of Ny, we get

Z'GJ U J: Aij k
4 Zieh UL ) NE
W & < nez ) Ve
€Jo
Z'GJ UJ. Ai;
< JE€Jo 2 7y, N[k]
a IZ ( n+ 2 A (f’aiZn—k+2)(r)
eJo
= X MmN NL 0
jedoU Jz ledo =k

(k]

q
NN
j=2n—k+3

q

D

j=2n—k+3

[k]
NN

IN

(f7ai2n7k:+2 )

)(7")

(r)

Therefore, combining (1), (2), (3) and (4), for all » € Ny, we have

q
le [ D A —(n—Fk
j=1

{Tf(T) i

kn+1) 10g7(7‘)}
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q
< (n+2) Z)\”NU;% )+ Z Y N[k] )(7’)

1€Jo j=2n—k+3 (Ftiznps2
+ S(r) + elog(ry(r))

< (n+2) Z)\ Nfa (1) 4+ S(r) + log(ry(r)).

Hence, for » € Ny, we have

q-_l)\j*’nfk n
®) =2 gy D g )

< ZA NI @) + 8(r) + elog(ry(r)).

We see that U rez Nr = (0, R) and then the inequality (5) holds for every
r € (0,R) outside a subset E with [, ~(r)dr = 400. Hence, the theorem is
proved. ([

Proof of Theorem 1.4. We assume, to the contrary, that f # g. By changing
indices, if necessary, we may assume that

(f’al) — (faaQ) - = (f’a/ﬂ) (f’akl“l‘l) - = (f?ak‘z)
(970’1) B (970’2) B B (gvakl) (gvak1+1) B B (guakz)
group 1 group 2
(f>ak2+1) - = (fvakz) (f7ak571+1) — = (f?aks>
P ann) - ") T T e ) - ()
group 3 group s

where ks = g. The hypothesis of “in general position” implies that the number
of each group does not exceed n.
We define the map o : {1,...,q} = {1,...,q} by

N o Jatn if j+n<gq,
olj) = {j+n—q, if j+n>q.

It is easy to see that o is bijective and |o(j) — j| > n for each 1 < j < ¢ (note

q > 2n). Hence 82;; and E; Z"(”g belong to distinct groups for each 1 < j < q.
Set
Py = (f,a;)(9, a0()) = (9:05)(f, a0(y) (1 <5 < q).
Since f # g, we get that P; # 0. And hence P := H?Zl P;#0.
Fix an index ¢ with 1 < i < q. It is easy to see for every z € A(R),

VPi(Z) 2 min {V(faai),imi(z)7V(g,az'),imi(z)}

+ min {V(fvaa(i))vgma(i) (2), V(g»aa(i))éma(i) <Z)}
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+ Z V[}]#lu , Sy )

v=1
v£i, (i)

Z Z (mln{k’ V(fvav)7§m1r} +min{k71/(fvav)v§mv}

v=i,0(1)

—kmin {1, vy .<m, 1) () F Y VP, (2)-
o (i)

Integrating both sides of the above inequality, we have

k k
Ne) 2 30 (Va2 )+ Mgl <, () = NGy 0, (1)
v=1,0(1)
o
+ Z N(f,au),ému(r)
ot (i)
_ [k] N
= > (N(ﬁav),gnu(’")Jr (gau)<mv(7“))
v=1,0(1)
~ 1] ]
Y NGayem )= D (R+DNG, ) o (1)
v=1 v=1i,0(1)

for all 1 <4 < ¢. Thus, by summing them up, we obtain

(6) ) > ZZ(NP;LJ )N )

q—2k =2~ (o) ]
T > (N(f,ai),ém () + Nig.a.),<m, (7”))

i=1

Z (N([I;}al <My (r) + N([];}ai)émi (T))

I \/

q—2k—-2 [k] [k]
T Z (M )+ N ()

‘We check at once that
k

[k] [k]
Nt <m (1) 2 Niga (1) = =g Niga >mi (1)
[k] k (k)
2 Nifan(r) = it 1 (N(f,an( ) = Nifra), <ms (7")),
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which, together with First Main Theorem, implies

k k k k
(7) <1 - > N([f!ai)vfmi (r) = N([f!ai)(r) B m; + 1N(f’ai)(r)

m; + 1
(£.a1) m; + 1 N

Let \; = mmﬂfk Then ﬁ =)\, — 1, 1 <4 <q. Hence, we have
q q
k k
(8) > N e ) 2 37 (AN ) = = )Ty ()
=1 =1
and
o - (4]
(9) SN e = 0 (L ) = = DT, (0)
=1 i=1
by (7).

By combining (6), (8) and (9), we have

10) Mol = T2 S (AL 0 - = )7y 0)

q+2k—2 1 k
L D (N, ) = (i = DTy()

q+2k %] q+2k (k]
> = Z)\N(fa r)+— Z)\N (r)

q+2k—2
e e )T
2k ;(Al ) (T)7
where T'(r) = T¢(r) + T4(r).
Further notice that maxi<i<q fl < 5 qu — 1 implies (2n — k +
2)maxi<i<q A < 22:1 Ai- By (10) and Theorem 1.1 with n = 227:::,;_?; and
")/(’r) = e(min{cf’cg}‘i'g)(Tf (T)+T_t7( )) we have

q+2k—2 ]1>\.7 (n—k)n
2k n+2

(11) Np(r) = ) {T'(r) = k(n+ 1) log~(r)}

— 5(r) — 22loglr(r)) — TEEE2 S (- )T(r)

g 2%—2 X B

- % > (i = DT(r) = S(r) = 2¢log(ry(r)).

i=1
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On the other hand, by the Jensen formula, we have
(12)  Np(r)

= / log |P(re¥=1%)|d6 + O(1)
jol=r

Z/l_ 1og\a(reﬁ9)]d9+0(1)

IN

Z/l = - O(ﬂ “) (’"emwz * ‘(f, o (i) (Te\/jle)’2> N 9

i/"_TlogO g’ai)(reﬁe)rﬂ(gv ())(re\ﬁe)‘z)l/zde

+0(1)

< q(Ty(r) + Ty(r) + o (T (r) + Ty(r)) = ¢T(r) + o(T(r)).

Now we derived from (11) and (12) that
2kq ?:1 Aj

T(r)+o(T(r)) < {T(r) — k(n+1)log~y(r)}

PR T S kt2
—S() = 3\ = DT () — 2 log(ry(r)).

Letting 7 — R~ (r ¢ E) and letting € — 0", we get

2kq = Z?:l)‘j
q+2k—2 " 2n—k+2

q
(1 —k(n+1)min{cs,cq}) Z A —1).
=1

2k(2n—k+1
Note that ¢ > 2k(2n —k+1) +2 and >.7 m1+1 7 < q((qq+2k (2)(2n+k)+1)), we
get W —2n+k —1 > 0, and therefore
) 1 q(¢g—2)(2n — k+2)
min{cs,cq} > - 2n+k—-1]1.
tereo} 2 3y ((q+2kj—2) N
This is a contradiction. Then f = g. Hence, the theorem is proved. [l

Acknowledgement. The author would like to thank the referee for several
useful comments and suggestions.
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