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ESTIMATES FOR THE RIESZ TRANSFORMS ASSOCIATED

WITH SCHRÖDINGER TYPE OPERATORS ON THE

HEISENBERG GROUP

Yanhui Wang

Abstract. We consider the Schrödinger type operator L = (−∆Hn )2 +
V 2 on the Heisenberg group Hn, where ∆Hn is the sub-Laplacian and

the non-negative potential V belongs to the reverse Hölder class RHs for

s ≥ Q/2 and Q ≥ 6. We shall establish the (Lp, Lq) estimates for the

Riesz transforms Tα,β,j = V 2α∇jHnL
−β , j = 0, 1, 2, 3, where ∇Hn is the

gradient operator on Hn, 0 < α ≤ 1−j/4, j/4 < β ≤ 1, and β−α ≥ j/4.

1. Introduction

In this paper, we consider the Schrödinger type operator L = (−∆Hn)2 +V 2

on the Heisenberg group Hn, where ∆Hn is the sub-Laplacian and the non-
negative potential V belongs to the reverse Hölder class RHs for s ≥ Q/2,
Q ≥ 6, and Q = 2n+ 2 is the homogeneous dimension of Hn.

Let us recall some basic facts about the Heisenberg group Hn. By [7], the
Heisenberg group Hn is a Lie group with the underlying manifold Rn×Rn×R
and the multiplication

(x, y, t)(x′, y′, t′) = (x+ x′, y + y′, t+ t′ + 2x′y − 2xy′).

A basis for the Lie algebra of left-invariant vector fields on Hn is given by

Xj =
∂

∂xj
+ 2yj

∂

∂t
, Yj =

∂

∂yj
− 2xj

∂

∂t
, j = 1, 2, . . . , n, T =

∂

∂t
.

All non-trivial commutation relations are given by [Xj , Yj ]=−4T , j=1, 2, . . . , n.
Then the sub-Laplacian ∆Hn and the gradient operator ∇Hn are defined by

∆Hn =

n∑
j=1

(Xj + Yj), ∇Hn = (X1, . . . , Xn, Y1, . . . , Yn),

respectively.
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The dilations on Hn have the form

δλ(x, y, t) = (λx, λy, λ2t), λ > 0.

The Haar measure on Hn coincides with the Lebesgue measure on Rn×Rn×R.
We denote the measure of any measurable set E by |E|. Then |δλE| = λQ|E|.

We define a homogeneous norm on Hn by

|g| = ((|x|2 + |y|2)2 + |t|2)
1
4 , g = (x, y, t) ∈ Hn.

This norm satisfies the triangle inequality and leads to a left-invariant distant
d(g, h) = |g−1h|. The ball of radius r centered at g is denoted by

B(g, r) = {h ∈ Hn : |g−1h| < r},

whose volume is given by |B(g, r)| = cnr
Q, where cn is a constant that only

depends on n.
For 1 < s < ∞, a non-negative locally Ls-integrable function V on Hn is

said to belong to the reverse Hölder class RHs if there exists a constant C > 0
such that the reverse Hölder inequality(

1

|B|

∫
B

V (g)sdg

)1/s

≤ C

|B|

∫
B

V (g)dg

holds for every ball B ⊂ Hn.
It is well known that if V ∈ RHs for some s > 1, then V (g)dg is a doubling

measure.
The remarkable feature about the class RHs is its self-improvement [6]; that

is, if V ∈ RHs for some s > 1, then there exists ε > 0 such that V ∈ RHs+ε.
Assume that V ∈ RHs for some s ≥ Q/2. For g ∈ Hn, the definition of the

auxiliary function ρ(g) is as follows:

ρ(g)
.
=

1

m(g, V )
= sup

r>0

{
r :

1

rQ−2

∫
B(g,r)

V (h)dh ≤ 1
}
.

Recently, the boundedness of some transforms related to Schrödinger op-
erators and Schrödinger type operators with non-negative potentials on the
abstract settings have been received a great deal of attention. See for example
[2–4,10,14]. In particular, Liu, Huang and Xie in [4] showed that the operator
V 2L−1 is bounded on Lp(Hn), Liu in [15] established the Lp(Hn) estimates
for Riesz transform ∇4

HnL−1, Liu and Xie in [5] obtained the boundedness of

Lp(Hn) and weak L1(Hn) for Riesz transform ∇2
HnL−1/2.

Let us consider the Riesz transforms

Tα,β,j = V 2α∇jHnL
−β , j = 0, 1, 2, 3,

where 0 < α ≤ 1 − j/4, j/4 < β ≤ 1, and β − α ≥ j/4. In the setting of
Euclidean, Sugano in [9] established estimates of the fundamental solution for
L and showed some Lp(Rn) estimates for Schrödinger type operators, Wang in
[11] obtained the (Lp(Rn), Lq(Rn)) boundedness of operator Tα,β,0 = V 2αL−β
for 0 < α ≤ β ≤ 1, the author of this article in [12] proved that the operator
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Tα,β,2 = V 2α∇2L−β is bounded from Lp(Rn) into Lq(Rn) for 0 < α ≤ 1/2 <
β ≤ 1, β − α ≥ 1/2, and in [13] the author obtained the Lp(Rn) and weak
L1(Rn) estimate for T0, 14 ,1. More boundedness results of these operators can

be found in [1], [6] and [8].
In this paper, we concentrate on the boundedness estimates for the Riesz

transforms Tα,β,j . The following (Lp(Hn), Lq(Hn)) estimates are established.

Theorem 1.1. For j = 0, 1, 2, 3, let 0 < α ≤ 1−j/4, j/4 < β ≤ 1, β−α ≥ j/4.
Suppose V ∈ RHs for s ≥ 2Q/(4 − j). If 1 ≤ p ≤

(
2α
s + 4(β−α)−j

Q

)−1
and

1
q = 1

p −
4(β−α)−j

Q , then there exists a constant C such that

‖Tα,β,j(f)‖Lq(Hn) ≤ C‖f‖Lp(Hn).

Theorem 1.2. For j = 1, 2, 3, let 0 < α ≤ 1− j/4, j/4 < β ≤ 1, β − α ≥ j/4.
Suppose V ∈ RHs with Q/2 ≤ s < 2Q/(4− j). If 1 < p ≤

(
1
pα

+ 4(β−α)−j
Q

)−1
and 1

q = 1
p −

4(β−α)−j
Q , then there exists a constant C such that

‖Tα,β,j(f)‖Lq(Hn) ≤ C‖f‖Lp(Hn),

where 1
pα

= 2α+2
s − 4−j

Q .

2. Some preliminaries

In this section we shall recall some results of the auxiliary function ρ(g) and
some estimates of fundamental solutions for L+ λ on the Heisenberg group.

Assume that the potential V is non-negative and belongs to RHs, s ≥ Q/2.
Auxiliary function ρ(g) has the following properties, whose proofs are given in
[2, 3].

Lemma 2.1. If r = ρ(g), then

1

rQ−2

∫
B(g,r)

V (h)dh = 1.

Moreover, 1
rQ−2

∫
B(g,r)

V (h)dh ∼ 1 if and only if r ∼ ρ(g).

Lemma 2.2. There exists a constant l0 > 0 such that

1

rQ−2

∫
B(g,r)

V (h)dh ≤ C
(

1 +
r

ρ(g)

)l0
.

Lemma 2.3. There exist constants C > 0 and k0 ≥ 1 such that, for any
g, h ∈ Hn

1

C

(
1 +m(h, V )|g−1h|

)1/(1+k0) ≤ 1 +m(g, V )|g−1h|

≤ C
(
1 +m(h, V )|g−1h|

)1+k0
.
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Lemma 2.4. For 0 < r < R <∞,

1

rQ−2

∫
B(g,r)

V (h)dh ≤ C
(
R

r

)Q/s−2
1

RQ−2

∫
B(g,R)

V (h)dh.

Let ΓL(g, h, λ) be the fundamental solution of L + λ for λ ∈ [0,∞). From
the results in [15], we have:

Lemma 2.5. Assume V ∈ RHQ/2. For any positive integer N there exists a
constant CN such that

|ΓL(g, h, λ)| ≤ CN

(1 +
√
λ|g−1h|2)N (1 +m(g, V )|g−1h|)N

1

|g−1h|Q−4
.

Lemma 2.6. Let V ∈ RH 2Q
4−j

, j = 1, 2, 3. Then for any positive integer N

there exists a constant CN such that,

|∇jHn,gΓL(g, h, λ)| ≤ CN

(1 +
√
λ|g−1h|2)N (1 +m(g, V )|g−1h|)N

1

|g−1h|Q−4+j
.

Proof. Fix g0, h0 ∈ Hn, and put R = |g−10 h0|. Assume that (−4Hn)2u+ V u+
λu = 0 in B(g0, R). It follows from the proof of Lemma 13 in [15] we have

|∇jHn,gu(g0)| ≤ C

∫
B(g0,R)

V (h)2|u(h)|dh
|g−10 h|Q−4+j

+
1

RQ+j

∫
B(g0,R)

|u(h)|dh

≤ C sup
B(g0,R)

|u(g)|

(∫
B(g0,R)

V (h)2dh

|g−10 h|Q−4+j
+

1

Rj

)
.

Since V ∈ RH 2Q
4−j

, it follows that V ∈ RHq for some q > 2Q/(4−j). We choose

t such that 2/q + 1/t = 1. By the Hölder inequality and Lemma 2.2, it follows
that ∫

B(g0,R)

V (h)2dh

|g−10 h|Q−4+j

≤ CRQ

(
1

RQ

∫
B(g0,R)

V (h)qdh

)2/q (
1

RQ

∫
B(g0,R)

dh

|g−10 h|(Q−4+j)t

)1/t

≤ CRQ−4

(
1

RQ−2

∫
B(g0,R)

V (h)dh

)2

R−Q+4−j

≤ CR−j(1 +Rm(g, V ))2l0 .

Then, using Lemma 2.5 we arrive at the desired estimate. �

Remark 2.7. It can be seen from Lemma 2.3 that Lemma 2.5 and Lemma 2.6
still hold if m(g, V ) is replaced by m(h, V ).
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3. The proof of Theorem 1.1

We first give the estimates for the kernel of the operator L−β .

Lemma 3.1. Assume V ∈ RHs for s ≥ Q/2, and 0 < β ≤ 1. The kernel of
the operator L−β is denoted as Kβ,0. Then, for any positive integer N there
exists a constant CN such that

|Kβ,0(g, h)| ≤ CN
(1 +m(g, V )|g−1h|)N

1

|g−1h|Q−4β
.

Moreover, the inequality above also holds with m(g, V ) replaced by m(h, V ).

Proof. When β = 1, it follows from Lemma 2.5 that

|Kβ,0(g, h)| = |ΓL(g, h, 0)| ≤ CN
(1 +m(g, V )|g−1h|)N

1

|g−1h|Q−4
.

For 0 < β < 1, by the functional calculus, we may write

L−β =
sinπβ

π

∫ ∞
0

λ−β(L+ λ)−1dλ.

Let f ∈ C∞0 (Hn). Then

L−β(f)(g) =

∫
Hn
Kβ,0(g, h)f(h)dh,

where

Kβ,0(g, h) =
sinπβ

π

∫ ∞
0

λ−βΓL(g, h, λ)dλ.

Note that ∫ ∞
0

dh

λβ(1 +
√
λ|g−1h|2)N

≤ C|g−1h|4β−4

holds for 0 < β < 1, then by Lemma 2.5 we get

|Kβ,0(g, h)| ≤ CN
(1 +m(g, V )|g−1h|)N

1

|g−1h|Q−4β
.

�

Let us estimate the kernel function of the operators ∇jHnL−β , j = 1, 2, 3. We

denote the kernel functions of the operators ∇jHnL−β as Kβ,j .

Lemma 3.2. Assume that V ∈ RHs for s ≥ 2Q/(4 − j), j = 1, 2, 3, and
j/4 < β ≤ 1. Then, for any positive integer N there exists a constant CN such
that

|Kβ,j(g, h)| ≤ CN
(1 +m(g, V )|g−1h|)N

1

|g−1h|Q−(4β−j)
.

Moreover, the inequality above also holds with m(g, V ) replaced by m(h, V ).



1260 Y. WANG

Proof. When β = 1, it follows from Lemma 2.6 that

|Kβ,j(g, h)| = |∇jHn,gΓL(g, h, 0)| ≤ CN
(1 +m(g, V )|g−1h|)N

1

|g−1h|Q−(4−j)
.

For j/4 < β < 1, by the functional calculus, we have

L−β =
sinπβ

π

∫ ∞
0

λ−β(L+ λ)−1dλ.

Let f ∈ C∞0 (Hn). It follows from (L2 +λ)−1f(x) =
∫
Hn ΓL2

(x, z, λ)f(z)dz that

∇jHnL
−β(f)(g) =

∫
Hn
Kβ,j(g, h)f(h)dh,

where

Kβ,j(g, h) =
sinπβ

π

∫ ∞
0

λ−β∇jHn,gΓL(g, h, λ)dλ.

Then, by Lemma 2.6 and the inequality∫ ∞
0

dh

λβ(1 +
√
λ|g−1h|2)N

≤ C|g−1h|4β−4,

we can arrive at the desired result. �

Next, we give the maximal function estimates for T ∗α,β,j , j = 0, 1, 2, 3.

Let f ∈ L1
loc(Hn). For 0 ≤ γ < Q, the fractional maximal operator is defined

by

Mγ(f)(g) = sup
g∈B

1

|B|1−
γ
Q

∫
B

|f(h)|dh,

where the supremum on the right side is taken over all ball B ⊂ Hn such that
g ∈ B.

Lemma 3.3. Suppose V ∈ RHs for s ≥ Q/2, 0 < α ≤ β ≤ 1. Let T ∗α,β,0 be
the adjoint operator of Tα,β,0. Then

|T ∗α,β,0(f)(g)| ≤ C{Mγq0(|f |q0)(g)}
1
q0

for some 1 < q0 < q1, where
1
q1

= 1− 2α
s and γ = 4(β − α).

Proof. Let r = ρ(g). Then by Lemma 3.1 and Lemma 2.3 we have

|T ∗α,β,0(f)(g)| =
∫
Hn
|Kβ,0(h, g)|V (h)2α|f(h)|dh

≤ C
∫
Hn

V (h)2α

(1 +m(g, V )|g−1h|)N
|f(h)|

|g−1h|Q−4β
dh

≤ C
∞∑

k=−∞

(2kr)4β

(1 + 2k)N
1

(2kr)Q

∫
|g−1h|≤2kr

V (h)2α|f(h)|dh.
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Since 1/q1 + (2α)/s = 1 and V ∈ RHs, s ≥ Q/2, we have

1

(2kr)Q

∫
|g−1h|≤2kr

V (h)2α|f(h)|dh

≤ C

(
1

(2kr)Q

∫
|g−1h|≤2kr

V (h)dh

)2α(
1

(2kr)Q

∫
|g−1h|≤2kr

|f(h)|q1dh

)1/q1

.

For k ≥ 1, by Lemma 2.2,(
1

(2kr)Q

∫
|g−1h|≤2kr

V (h)dh

)2α

≤ C(2kr)−4α(1 + 2k)2l0α

≤ C(2kr)−4α22l0αk.

For k ≤ 0, by Lemma 2.4, we have(
1

(2kr)Q

∫
|g−1h|≤2kr

V (h)dh

)2α

≤ C(2kr)−4α
( r

2kr

)2α(Q/s−2)( 1

rQ−2

∫
|g−1h|≤r

V (h)dh

)2α

≤ C(2kr)−4α22αk(2−Q/s).

Taking N > 2l0α, then

|T ∗α,β,0(h)| ≤ C

(
0∑

k=−∞

22αk(2−Q/s) +

∞∑
k=1

2k(2l0α−N)

)
{Mγq1(|f |q1)(g)}

1
q1

≤ C{Mγq1(|f |q1)(g)}
1
q1 .

By the self-improvement of class RHs we know that there exists some 1 < q0 <
q1 such that

|T ∗α,β,0(f)(h)| ≤ C{Mγq0(|f |q0)(g)}
1
q0 . �

Using the same method, we can obtain the following result.

Lemma 3.4. Assume that V ∈ RHs for s ≥ 2Q/(4− j), j = 1, 2, 3. Then

|T ∗α,β,j(f)(g)| ≤ C{Mγq0(|f |q0)(g)}
1
q0

for some 1 < q0 < q1, where
1
q1

= 1− 2α
s and γ = 4(β − α)− j.

Proof of Theorem 1.1. For j = 0, 1, 2, 3, by Lemma 3.3, Lemma 3.4 and the
(Lp(Hn), Lq(Hn)) boundedness of fractional maximal operator we get

‖T ∗α,β,j(f)‖Lq(Hn) ≤ C‖f‖Lp(Hn)

for
(
s
2α

)′
= q1 ≤ q < Q

4(β−α)−j , 1
q = 1

p −
4(β−α)−j

Q .
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By duality, we have

‖Tα,β,j(f)‖Lq(Hn) ≤ C‖f‖Lp(Hn)

for Q
Q−(4(β−α)−j) < q ≤ s

2α , and 1
q = 1

p −
4(β−α)−j

Q . These conditions are

equivalent to

1 < p ≤ 1
2α
s + 4(β−α)−j

Q

and
1

q
=

1

p
− 4(β − α)− j

Q
.

To complete the proof of Theorem 1.1, we also need to prove the inequality

‖Tα,β,j(f)‖Lq(Hn) ≤ C‖f‖L1(Hn),

where q = Q
Q−(4(β−α)−j) .

Suppose f ∈ L1(Hn), and let r = ρ(g). Then

∇jHnL
−β(f)(g) =

∫
|g−1h|<r

Kβ,j(g, h)f(h)dh+

∫
|g−1h|≥r

Kβ,j(g, h)f(h)dh

= u1(g) + u2(g).

By Lemma 3.1 and the Minkowski inequality,(∫
Hn
|V (g)2αu1(g)|qdg

)1/q

=

∫
Hn
V (g)2αq

(∫
|g−1h|<r

|f(h)|
|g−1h|Q−(4β−j)

dh

)q
dg

1/q

≤ C

∫
Hn
|f(h)|

(∫
|g−1h|<r

V (g)2αq

|g−1h|(Q−(4β−j))q
dg

)1/q

dh.

It follows from 0 < α ≤ 1 − j/4, j/4 < β ≤ 1, β − α ≥ j/4, Q ≥ 6 that
2αq < 2Q/(4− j) < s. Let t = s/(2αq), by the Hölder inequality we have(∫

|g−1h|<r

V (g)2αq

|g−1h|(Q−(4β−j))q
dg

)1/q

≤ C

(∫
|g−1h|<r

V (g)sdg

)2αq/s(∫
|g−1h|<r

1

|g−1h|(Q−(4β−j))t′q
dg

)1/t′

.

By V ∈ RHs and Lemma 2.2,(∫
|g−1h|<r

V (g)sdg

)2αq/s

≤ Cr−4αq+2Qαq/s.
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Notice (Q− (4β − j))qt′ < Q, so(∫
|g−1h|<r

1

|g−1h|(Q−(4β−j))t′q
dg

)1/t′

≤ Cr−(Q−(4β−j))q+Q/t
′
.

Due to

2Qαq

s
− 4αq − (Q− (4β − j))q +

Q

t′
= 0,

we get∫
|g−1h|<r

V (g)2αq

|g−1h|(Q−(4β−j))q
dg ≤ Cr

2Qαq
s −4αq−(Q−(4β−j))q+Q

t′ ≤ C.

So (∫
Hn
V (g)2α|u1(g)|qdg

)1/q

≤ C‖f‖L1(Hn).

Note that

|u2(g)| ≤
∫
|g−1h|≥r

|f(h)|dh(
1 + |g−1h|

r

)N |g−1h|Q−(4β−j) .
Then, by the Minkowski inequality we get(∫

Hn
|V (g)2αu2(g)|qdg

)1/q

=

∫
Hn
V (g)2αq

(∫
|g−1h|≥r

|f(h)|(
1 + |g−1h|

r

)N |g−1h|Q−(4β−j) dh

)q
dg

1/q

≤ C

∫
Hn
|f(h)|

(∫
|g−1h|≥r

V (g)2αq(
1 + |g−1h|

r

)Nq|g−1h|(Q−(4β−j))q dg

)1/q

dh.

Since V ∈ RHs, s > 2Q/(4− j) > 2αq, we have

1

(2jr)Q

∫
|g−1h|≤2jr

V (g)2αqdg ≤ C22αl0qj(2jr)−αq.

Note that Q− (Q− (4β − j))q − 4αq = 0, taking N > 2αl0, we get∫
|g−1h|≥r

V (g)2αq(
1 + |g−1h|

r

)Nq|g−1h|(Q−(4β−j))q dg

≤ C

∞∑
j=1

2jNq(2jr)Q−(Q−(4β−j))q
1

(2jr)Q

∫
|g−1h|≤2jr

V (g)2αqdg

≤ C

∞∑
j=1

2j(N−2αl0)q(2jr)Q−(Q−(4β−j))q−4αq ≤ C.
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Then (∫
Hn
|V (g)2αu2(g)|qdg

)1/q

≤ C‖f‖L1(Hn).

This finishes the proof of Theorem 1.1. �

4. The proof of Theorem 1.2

For j = 1, 2, 3, let Kβ,j be the kernel of the operators Wβ,j = ∇jHnL−β . We
first give the kernel estimates.

Lemma 4.1. For j = 1, 2, 3, let j/4 < β ≤ 1. Suppose V ∈ RHs, Q/2 ≤ s <
2Q/(4 − j). Then, for any positive integer N there exists a constant CN such
that

|Kβ,j(g, h)|

≤ CN(
1+|g−1h|m(g, V )

)N 1

|g−1h|n−4β

(∫
B(h,|g−1h|/4)

V (ξ)2dξ

|h−1ξ|Q−(4−j)
+

1

|g−1h|j

)
.

Moreover, the inequality above also holds with m(g, V ) replaced by m(h, V ).

Proof. Let ΓL(g, h, λ) be the fundamental solution of L + λ, where λ ≥ 0. By
the functional calculus, for any j/4 < β < 1,

L−β =
sinπβ

π

∫ ∞
0

λ−β(L+ λ)−1dλ.

Let f ∈ C∞0 (Hn). It follows from (L+ λ)−1f(g) =
∫
Hn ΓL(g, h, λ)f(h)dh that

Wβ,j(f)(g) = ∇jHnL
−β(f)(g) =

∫
Hn
Kβ,j(g, h)f(h)dh.

Then

W∗β,j(f)(g) =

∫
Hn
K∗β,j(g, h)f(h)dh,

where

K∗β,j(g, h) =
sinπβ

π

∫ ∞
0

λ−β∇jHn,hΓL(h, g, λ)dλ

for j/4 < β < 1, and

K∗β,j(g, h) = ∇jHn,hΓL(h, g, 0)

for β = 1.

Fix g0, h0 ∈ Hn. Let u(h) = ΓL(h, g0, λ) and R =
|g−1

0 h0|
4 . It follows from

the proof of Lemma 13 in [15] and Lemma 2.5 that

|∇jHnu(h0)|

≤ C
1

(1 + λ
1
2R2)N

(
1 +Rm(g0, V )

)N { 1

Rn−4

∫
B(h0,R)

V (ξ)2dξ

|h−10 ξ|n−4+j
+

1

Rn−4+j

}
.
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Then, for β = 1 we have

|K∗β,j(g0, h0)| = |∇jHn,hΓL(h0, g0, 0)|

≤ C 1(
1 +Rm(g0, V )

)N 1

Rn−4

{∫
B(h0,R)

V (ξ)2dξ

|h−10 ξ|n−4+j
+

1

Rj

}
.

Note that ∫ ∞
0

λ−β(
1 + λ

1
2R2

)N dλ ≤ CR4β−4.

So, for j/4 < β < 1, we get

|K∗β,j(g0, h0)| ≤ C CN(
1 +Rm(g0, V )

)N 1

Rn−4β

{∫
B(h0,R)

V (ξ)2dξ

|h−10 ξ|n−4+j
+

1

Rj

}
.

�

Next, we give the maximal function estimates for T ∗α,β,j , j = 1, 2, 3.

Lemma 4.2. Suppose V ∈ RHs with s ≥ Q/2. Let 0 < α ≤ 1 − j/4, j/4 <
β ≤ 1, β − α ≥ j/4. Then for any f ∈ C∞0 (Hn),

|T ∗α,β,j(f)(g)| ≤ C{Mγq(|f |q)(g)}
1
q

holds for some 1 < q < q1, where
1
q1

= 1 − 1
pα

, 1
pα

= 2α+2
s − 4−j

Q , and γ =

4(β − α)− j.

Proof. Let r = ρ(g), Ck = {h : 2k−1r < |g−1h| ≤ 2kr}. We choose t such that
1/t = 2/s− (4− j)/Q. Then 1/t+ 1/q1 + (2α)/s = 1. By the Hölder inequality,

|T ∗α,β,j(f)(g)|

≤
+∞∑

k=−∞

∫
Ck

|K∗β,j(g, h)|V (h)2α|f(h)|dh

≤ C

+∞∑
k=−∞

(2kr)Q
(

1

(2kr)Q

∫
Ck

|K∗β,j(g, h)|tdh
)1/t

×

(
1

(2kr)Q

∫
B(g,2kr)

V (h)sdh

)2α/s(
1

(2kr)Q

∫
B(g,2kr)

|f(h)|q1dh

)1/q1

.

Due to V ∈ RHs, we have(
1

(2kr)Q

∫
B(g,2kr)

V (h)sdh

)2α/s

≤ C(2kr)−4α

(
(2kr)2

(2kr)Q

∫
B(g,2kr)

V (h)dh

)2α

.

Let I4−j(f)(g) =
∫
Hn

f(h)dh
|g−1h|n−(4−j) . By Lemma 4.1, the Minkowski inequality

and theorem of the fractional integral on Heisenberg group, we obtain

(2kr)Q
(

1

(2kr)Q

∫
Ck

|K∗β,j(g, h)|tdh
)1/t
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≤ C
1

(1 + 2k)N
1

(2kr)
Q
t −4β

((∫
Ck

(
I4−j(V 2χB(g,2k+1r))(h)

)t
dh

)1/t

+ (2kr)
Q
t −j

)

≤ C
1

(1 + 2k)N
1

(2kr)
Q
t −4β

(
(2kr)

2Q
s

(
1

(2kr)Q

∫
B(g,2k+1r)

V (h)sdh

)2/s

+ (2kr)
Q
t −j

)

≤ C
1

(1 + 2k)N
1

(2kr)
Q
t −4β

(
(2kr)

2Q
s −4

(
(2kr)2

(2kr)Q

∫
B(g,2kr)

V (h)dh

)2

+ (2kr)
Q
t −j

)

≤ C
1

(1 + 2k)N
1

(2kr)j−4β

((
(2kr)2

(2kr)Q

∫
B(g,2kr)

V (h)dh

)2

+ 1

)
.

For k ≥ 1, by Lemma 2.2 we have

(2kr)2

(2jr)Q

∫
B(g,2kr)

V (h)dh ≤ C2kl0 .

For the case k ≤ 0, by Lemma 2.4 we get

(2kr)2

(2kr)Q

∫
B(g,2kr)

V (h)dh ≤ C2k(2−Q/s)
1

rQ−2

∫
B(g,r)

V (h)dh ≤ C2k(2−Q/s).

Then, taking N ≥ 2l0(α+ 1) we get

|T ∗α,β,j(f)(g)| ≤ C

( ∞∑
k=1

1

(2k)N−2l0(α+1)
+

0∑
k=−∞

(2k)2α(2−
Q
s )

)

× 1

(2kr)j−4(β−α)

(
1

(2kr)Q

∫
B(g,2kr)

|f(h)|q1dz

)1/q1

≤ C

(
1

(2kr)Q−(4(β−α)−j)q1)

∫
B(g,2kr)

|f(h)|q1dh

)1/q1

≤ C{Mγq1(|f |q1)(g)}1/q1 ,

where γ = 4(β − α) − j. By the self-improvement of class RHs we know that
there exists some 1 < q < q1 such that

|T ∗α,β,j(f)(g)| ≤ C{Mγq(|f |q)(g)}1/q. �

Proof of Theorem 1.2. By Lemma 4.2 we know

‖T ∗α,β,j(f)‖Lq(Hn) ≤ C‖f‖Lp(Hn)

holds for q1 ≤ q < Q
4(β−α)−j and 1

q = 1
p −

4(β−α)−j
Q . By duality, we get

‖Tα,β,j(f)‖Lq(Hn) ≤ C‖f‖Lp(Hn)
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for Q
Q−(4(β−α)−j) < q ≤ pα and 1

q = 1
p −

4(β−α)−j
Q . These conditions are equiv-

alent to

1 < p ≤ 1
1
pα

+ 4(β−α)−j
Q

and
1

q
=

1

p
− 4(β − α)− j

Q
.

�
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