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FACTORIZATION IN THE RING h(Z,Q) OF COMPOSITE

HURWITZ POLYNOMIALS

Dong Yeol Oh† and Ill Mok Oh

Abstract. Let Z and Q be the ring of integers and the field of rational numbers,
respectively. Let h(Z,Q) be the ring of composite Hurwitz polynomials. In this
paper, we study the factorization of composite Hurwitz polynomials in h(Z,Q). We
show that every nonzero nonunit element of h(Z,Q) is a finite ∗-product of quasi-
primary elements and irreducible elements of h(Z,Q). By using a relation between
usual polynomials in Q[x] and composite Hurwitz polynomials in h(Z,Q), we also
give a necessary and sufficient condition for composite Hurwitz polynomials of degree
≤ 3 in h(Z,Q) to be irreducible.

1. Introduction

Let R be a commutative ring with identity and H(R) be the set of formal ex-
pressions of the form

∑∞
n=0 anx

n, where an ∈ R. Addition on H(R) is defined
termwise. A multiplication, called ∗-product, on H(R) is defined as follows: For
f =

∑∞
n=0 anx

n, g =
∑∞

n=0 bnx
n ∈ H(R),

f ∗ g =
∞∑
n=0

cnx
n, cn =

n∑
k=0

(
n

k

)
akbn−k,

where
(
n
k

)
= n!

(n−k)!k! for nonnegative integers n ≥ k. Keigher [4] showed that H(R)

is a commutative ring with identity under these two operations and then in [5] called
H(R) the ring of Hurwitz series over R. The ring h(R) of Hurwitz polynomials over
R is the subring of H(R) consisting of formal expressions of the form

∑n
k=0 akx

k, i.e.,
h(R) = (R[x],+, ∗). After Keigher, many works on the rings of Hurwitz series and
Hurwitz polynomials have been done ([1, 2, 6–9]).

For an extension R ⊆ D of commutative rings with identity, let H(R,D) = {f ∈
H(D) | the constant term of f belongs to R} (resp., h(R,D) = {f ∈ h(D) | the
constant term of f belongs to R}). Then H(R,D) (resp., h(R,D)) is a commutative
ring with identity. We call H(R,D) (resp., h(R,D)) a ring of composite Hurwitz
series (resp., a ring of composite Hurwitz polynomial). More precisely, H(R,D) (resp.,
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h(R,D)) is a subring of H(D) (resp., h(D)) containing H(R) (resp., h(R)), i.e.,
H(R) ⊆ H(R,D) ⊆ H(D) (resp., h(R) ⊆ h(R,D) ⊆ h(D)).

Let R be a commutative ring with identity. An ideal Q of R is called quasi-primary
if its radical

√
Q is a prime ideal. Quasi-primary ideals in a commutative ring has

been introduced by Fuchs [3]. We say that an element a of R is quasi-primary if the
principal ideal (a) is quasi-primary.

Let Z be the ring of integers and Q be the field of rational numbers. Then h(Z) ⊂
h(Z,Q) ⊂ h(Q). It follows from [5, Proposition 2.4] that h(Q) ∼= Q[x], hence h(Q)
is a UFD. Note that h(Z) is not a UFD by [9, Remark 2.5], hence h(Z) � Z[x].
By [6, Theorem 2.4], h(Z) satisfies the ascending chain condition on principal ideals
(ACCP). Hence h(Z) is atomic, that is, every nonzero nonunit element of h(Z) is a
finite ∗-product of irreducible elements.

In this paper, we investigate factorizations of the elements of h(Z,Q). In Section
2, we show that every nonzero nonunit element of h(Z,Q) is a finite ∗-product of
quasi-primary elements and irreducible elements. In Section 3, we give a necessary
and sufficient condition for composite Hurwitz polynomials f ∈ h(Z,Q) of degree ≤ 3
to be irreducible by using a relation between usual polynomials in Q[x] and composite
Hurwitz polynomials in h(Z,Q). We also determine a condition for f ∈ h(Z,Q) of
degree 4 to be factored into f = g ∗h, where g and h are elements of h(Z,Q) of degree
1 and 3, respectively.

2. Quasi-primary and irreducible composite Hurwitz polynomials

Let R be a commutative ring with identity. We recall that a nonzero nonunit
element u ∈ R is irreducible if u = ab for some a, b ∈ R, then either a or b is
a unit in R. We say that a nonzero nonunit element a ∈ R is quasi-primary if
the radical

√
(a) of principal ideal (a) is a prime ideal of R. In this section, we

classify quasi-primary elements and irreducible elements of h(Z,Q), and then show
that every nonzero nonunit element of h(Z,Q) is a finite ∗-product of quasi-primary
and irreducible elements of h(Z,Q). We start with known results on the ring h(R,D),
where R ⊆ D is an extension of integral domains with characteristic zero.

Proposition 2.1. (cf. [6]) Let R ⊆ D be an extension of integral domains with
characteristic zero. Then we have the following.

1. The ring h(R,D) is an integral domain.
2. An element f =

∑n
i=0 aix

i ∈ h(R,D) is a unit if and only if f = a0 is unit in R.
3. h(R,D) satisfies the ACCP if and only if

⋂
n≥1 a1 · · · anD = (0) for each infinite

sequence (an)n≥1 consisting of nonzero nonunits of R.

By Proposition 2.1 (3), note that h(Z) and h(Q) satisfy the ACCP. So h(Z) and
h(Q) are atomic. However, h(Z,Q) does not satisfy the ACCP. Hence h(Z,Q) need
not be atomic. For a commutative ring R with identity, let U(R) be the set of units
of R. Then it is clear that U(h(Z,Q)) = {f ∈ h(Z,Q)

∣∣ f = ±1}.
For a nonzero element f =

∑n
i=0 anx

n ∈ h(Z,Q), the order (resp., degree) of f ,
denoted by ord(f) (resp., deg(f)), is the smallest (resp., largest) nonnegative integer
m such that am 6= 0.

Lemma 2.2. Let S be the set of element f of h(Z,Q) such that f(0) 6= 0. Then
we have the following.
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1. ord(f ∗g) = ord(f)+ord(g), and deg(f ∗g) = deg(f)+deg(g) for f, g ∈ h(Z,Q).
2. S is a saturated multiplicative subset of h(Z,Q).

Proof. (1) Since Z and Q are integral domains with characteristic zero, it is easily
obtained by direct computations.

(2) Let f, g, h ∈ h(Z,Q) such that f = g ∗ h. By (1), ord(f) = 0 if and only if
ord(g) = ord(h) = 0. Hence S is a saturated multiplicative set.

A subset S of a commutative ring R with identity is said to satisfy the ACCP
if there does not exist a strictly infinite ascending chain of principal ideals of R
generated by elements in S. Recall that for an f ∈ h(Z,Q), the principal ideal
(f) = {f ∗ h

∣∣ h ∈ h(Z,Q)}. For an f ∈ h(Z,Q) and n ≥ 1, we denote the n-

th Hurwitz power of f by f (n), that is, f (n) = f ∗ · · · ∗ f(n times). Also, for an
f ∈ h(Z,Q) and a nonnegative integer n, f(n) stands for the coefficient of xn in f .

Proposition 2.3. Let S be the set of element f of h(Z,Q) such that f(0) 6= 0.
Then we have the following.

1. A constant composite Hurwitz polynomial f = a ∈ h(Z,Q) is irreducible if and
only if a = ±p, where p is prime in Z.

2. The set S satisfies the ACCP. Hence every nonunit element f in S is a ∗-product
of irreducible elements of h(Z,Q).

3. For 0 6= α ∈ Q, αx is quasi-primary.
4. For every positive integer n and 0 6= α ∈ Q, αxn is a ∗-product of quasi-primary

elements of h(Z,Q).

Proof. (1) Clear.
(2) Let f ∈ S. If f = g ∗ h, then g, h ∈ S, and deg(g) ≤ deg(f) by Lemma 2.2.

Moreover, if f = g ∗ h and deg(f) = deg(g), then f = a ∗ g = ag for some 0 6= a ∈ Z.
Suppose that (f1) ⊆ (f2) ⊆ · · · is an infinite ascending chain of principal ideals of
h(Z,Q), where each fi ∈ S. Since deg(fi) ≥ deg(fi+1) for each i, there exists m ≥ 1
such that deg(fi) = deg(fm) for all i ≥ m. By considering such subsequence, we may
assume that deg(fi) = n for all i ≥ 1. Since (fi) ⊆ (fi+1) and deg(fi) = deg(fi+1)
for each i, fi = aifi+1 for 0 6= ai ∈ Z. Hence fi(0) = aifi+1(0) for each i ≥ 1. Since
fi(0) ∈ Z, (f1(0)) ⊆ (f2(0)) ⊆ · · · is an ascending chain of principal ideals of Z.
Therefore there exists i0 ≥ 1 such that ai is unit in Z for all i ≥ i0. Thus (fi) = (fi0)
for all i ≥ i0.

(3) Note that for an element αx ∈ h(Z,Q), where 0 6= α ∈ Q, we have

(αx) = {αx ∗ h
∣∣ h =

n∑
i=0

aix
i ∈ h(Z,Q)}

= {a0αx+ 2a1αx
2 + · · ·+ (n+ 1)anαx

n+1
∣∣ a0 ∈ Z, ai ∈ Q for i ≥ 1}.

Hence if f ∈ h(Z,Q) with ord(f) ≥ 2, then

f = a2x
2 + a3x

3 + · · ·+ anx
n

= αx ∗ (
a2
2α
x+

a3
3α
x2 + · · ·+ an

nα
xn−1) ∈ (αx),

where ai ∈ Q for i = 2, . . . , n.
We claim that for an element f ∈ h(Z,Q) and 0 6= α ∈ Q, f ∈

√
(αx) if and only

if f(0) = 0. If f ∈
√

(αx), then f (n) ∈ (αx) for some n ≥ 1. Thus f (n) = αx ∗ g
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for some g ∈ h(Z,Q). By Lemma 2.2, ord(f (n)) ≥ 1. Hence f (n)(0) = f(0)n = 0.
Since f(0) ∈ Z, f(0) = 0. If f ∈ h(Z,Q) such that f(0) = 0, then f (2) = f ∗ f is

an element of order ≥ 2 by Lemma 2.2. Thus f (2) ∈ (αx), hence f ∈
√

(αx). Now

we show that
√

(αx) is prime. Let f ∗ g ∈
√

(αx) for f, g ∈ h(Z,Q). By the claim
above, (f ∗ g)(0) = f(0)g(0) = 0. Thus, either f(0) = 0 or g(0) = 0. Hence, either

f ∈
√

(αx) or g ∈
√

(αx). Therefore αx is quasi-primary.
(4) We prove it by induction on n. If n = 1, then it is clear by (3). Assume that

αxn is a ∗-product of quasi-primary elements. Since αxn+1 = αxn ∗ 1
n+1

x, αxn+1 is a
∗-product of quasi-primary elements in h(Z,Q).

Remark 2.4. For a nonzero integer k, consider 1
k
x ∈ h(Z,Q). Since 1

k
x = 2 ∗ 1

2k
x

and U(h(Z,Q)) = U(Z) = {±1}, we have ( 1
k
x) ⊂ ( 1

2k
x). Hence ( 1

k
x) ⊂ ( 1

2k
x) ⊂

1
22k
x) ⊂ · · · is a strictly infinite ascending chain of principal ideals of h(Z,Q). Note

that if f
∣∣ 1

k
x for f ∈ h(Z,Q), then either f is constant or f is an element of

ord(f) = deg(f) = 1. Therefore, 1
k
x cannot be written as a (finite) ∗-product of

irreducible elements of h(Z,Q).

Theorem 2.5. Every nonzero nonunit element of h(Z,Q) can be written as a finite
∗-product of quasi-primary elements and irreducible elements of h(Z,Q).

Proof. Let f be a nonzero nonunit element of h(Z,Q). If f(0) 6= 0, then f is a ∗-
product of irreducible elements by Proposition 2.3. So we may assume that ord(f) =
m ≥ 1. Thus, f = αmx

m +αm+1x
m+1 + · · ·+αnx

n, where αi ∈ Q for each m ≤ i ≤ n.
Since 0 6= f(m) = αm ∈ Q, we can write f as follows:

f = αmx
m + αm+1x

m+1 + · · ·+ αnx
n

= (αmx
m) ∗ (1 +

αm+1

αm

(
m+1
1

)x+
αm+2

αm

(
m+2
2

)x2 + · · ·+ αn

αm

(
n
m

)xn−m).

By Proposition 2.3, f is a ∗-product of quasi-primary elements and irreducible ele-
ments in h(Z,Q).

3. Irreducible composite Hurwitz polynomials of degree ≤ 3

In this section, we give a necessary and sufficient condition for composite Hurwitz
polynomials f ∈ h(Z,Q) of degree ≤ 3 to be irreducible by using a relation between
usual polynomials in Q[x] and composite Hurwitz polynomials in h(Z,Q). We also
determine a condition for f ∈ h(Z,Q) of degree 4 to be factored into f = g ∗h, where
g and h are elements of h(Z,Q) of degree 1 and 3, respectively.

Since U(h(Z,Q)) = {±1}, a nonzero constant element f of h(Z,Q) is irreducible
if and only if f = ±p is prime in Z. To determine whether f ∈ h(Z,Q) is irreducible
or not, we consider the case when f is an element of h(Z,Q) of degree ≥ 1. We start
this section with the following simple observation. Recall that for an f ∈ h(Z,Q) and
a nonnegative integer n, f(n) stands for the coefficient of xn in f , hence f(0) stands
for the constant term of f .

Lemma 3.1. Let f be a composite Hurwitz polynomial of degree ≥ 1 in h(Z,Q).
If either f(0) = 0 or f(0) 6= ±1, then f is reducible.
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Proof. Let f =
∑n

i=0 aix
i ∈ h(Z,Q). If a0 = 0, then f = m ∗ (an

m
xn + · · · + a1

m
x)

for any nonzero integer m. If a0 6= ±1, then f = a0 ∗ (an
a0
xn + · · · + a1

a0
x + 1). Since

U(h(Z,Q)) = {±1}, f is reducible.

From Lemma 3.1, to determine whether an element f ∈ h(Z,Q) is irreducible, we
only consider the case when f(0) = 1. For 0 6= a ∈ Q, it is clear that f = ax + 1 ∈
h(Z,Q) is irreducible, hence consider the case when f is an element of h(Z,Q) of
degree ≥ 2.

Theorem 3.2. Let f be an element of h(Z,Q) of degree 2. Then the followings
are equivalent.

1. f = a2x
2 + a1x+ 1 is irreducible in h(Z,Q).

2. f̃ = x2 − a1x+ 1
2
a2 is irreducible in Q[x].

Proof. (1)⇔ (2) Note that for α, β ∈ Q,

(αx+ 1) ∗ (βx+ 1) = 2αβx2 + (α + β)x+ 1.

Hence f = a2x
2 + a1x + 1 = (αx + 1) ∗ (βx + 1) in h(Z,Q) if and only if α + β =

a1, αβ = 1
2
a2 if and only if f̃ = x2 − a1x+ 1

2
a2 = (x− α)(x− β) in Q[x]. Therefore f

is irreducible in h(Z,Q) if and only if f̃ is irreducible in Q[x].

Theorem 3.3. Let f be an element of h(Z,Q) of degree 3. Then the followings
are equivalent.

1. f = a3x
3 + a2x

2 + a1x+ 1 is irreducible in h(Z,Q).

2. f̃ = 6x3 − 6a1x
2 + 3a2x− a3 is irreducible in Q[x].

Proof. (2)⇒ (1) Suppose that f is reducible in h(Z,Q). There exist b1, b2, c1 ∈ Q
such that

f = (b2x
2 + b1x+ 1) ∗ (c1x+ 1)

= 3b2c1x
3 + (2b1c1 + b2)x

2 + (b1 + c1)x+ 1

= a3x
3 + a2x

2 + a1x+ 1.

Hence a3 = 3b2c1, a2 = 2b1c1 + b2, and a1 = b1 + c1. So we have
b1 = a1 − c1,
b2 = a2 − 2b1c1 = a2 − 2a1c1 + 2c21,

a3 = 3b2c1 = 3a2c1 − 6a1c
2
1 + 6c31.

Therefore, f̃ = 6x3 − 6a1x
2 + 3a2x − a3 ∈ Q[x] has a rational root c1. Thus f̃ is

reducible in Q[x].

(1) ⇒ (2) Suppose that f̃ is reducible in Q[x]. Let c1 ∈ Q be a root of f̃ . Then
there exist rational numbers b0 and b1 such that

f̃ = 6x3 − 6a1x
2 + 3a2x− a3

= (x− c1)(6x2 + b1x+ b0).
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Hence −6a1 = b1 − 6c1, 3a2 = b0 − b1c1, and a3 = b0c1. So we have

f = a3x
3 + a2x

2 + a1x+ 1

= b0c1x
3 +

b0 − b1c1
3

x2 +
−b1 + 6c1

6
x+ 1

= (
b0
3
x2 − b1

6
x+ 1) ∗ (c1x+ 1).

Hence f is reducible in h(Z,Q).

For 0 6= a ∈ Q, x3− a ∈ Q[x] has only one real root 3
√
a. So we have the following.

Corollary 3.4. Let f = ax3 + 1 be an element of h(Z,Q) of degree 3. Then the
followings are equivalent.

1. f = ax3 + 1 is reducible in h(Z,Q).

2. f̃ = 6x3 − a is reducible in Q[x].
3. a = 6b3 for some 0 6= b ∈ Q.

Now we give a necessary and sufficient condition for an element f in h(Z,Q) of
degree 4 to be factored into f = g ∗ h, where g and h are elements in h(Z,Q) of
deg(g) = 3 and deg(h) = 1.

Proposition 3.5. Let f = a4x
4 + a3x

3 + a2x
2 + a1x+ 1 be an element of h(Z,Q)

of deg(f) = 4. Then the following are equivalent.

1. f = g∗h, where g and h are elements of h(Z,Q) with degree 3 and 1, respectively.

2. f̃ = 24x4 − 24a1x
3 + 12a2x

2 − 4a3x+ a4 ∈ Q[x] has a rational root.

Proof. (1) ⇒ (2) Suppose that f = g ∗ h, where g, h ∈ h(Z,Q) of deg(g) = 3 and
deg(h) = 1. Since f(0) = 1, there exist rational numbers b1, b2, b3 and c1 such that

f = (b3x
3 + b2x

2 + b1x+ 1) ∗ (c1x+ 1)

= 4b3c1x
4 + (b3 + 3b2c1)x

3 + (b2 + 2b1c1)x
2 + (b1 + c1)x+ 1

= a4x
4 + a3x

3 + a2x
2 + a1x+ 1.

Hence a4 = 4b3c1, a3 = b3 + 3b2c1, a2 = b2 + 2b1c1, and a1 = b1 + c1. So we have
b1 = a1 − c1,
b2 = a2 − 2b1c1 = a2 − 2a1c1 + 2c21,

b3 = a3 − 3b2c1 = a3 − 3a2c1 + 6a1c
2
1 − 6c31,

a4 = 4b3c1 = −24c41 + 24a1c
3
1 − 12a2c

2
1 + 4a3c1.

Therefore, c1 is a rational root of f̃ = 24x4 − 24a1x
3 + 12a2x

2 − 4a3x+ a4 ∈ Q[x].

(2)⇒ (1) Suppose that f̃ ∈ Q[x] has a rational root c1. Then there exist rational
numbers b0, b1, b2, and b3 such that

f̃ = (x− c1)(24x3 + b2x
2 + b1x+ b0)

= 24x4 − 24a1x
3 + 12a2x

2 − 4a3x+ a4.
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Hence −24a1 = b2 − 24c1, 12a2 = b1 − b2c1,−4a3 = b0 − b1c1, and a4 = −b0c1. So we
have

f = a4x
4 + a3x

3 + a2x
2 + a1x+ 1

= −b0c1x4 +
b1c1 − b0

4
x3 +

b1 − b2c1
12

x2 +
−b2 + 24c1

24
x+ 1

= (−b0
4
x3 +

b1
12
x2 − b2

24
x+ 1) ∗ (c1x+ 1).
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