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¢-COEFFICIENT TABLE OF NEGATIVE EXPONENT
POLYNOMIAL WITH ¢-COMMUTING VARIABLES

Eunmi CHOI

ABSTRACT. Let N(@ be an arithmetic table of a negative exponent polynomial with
g-commuting variables. We study sequential properties of diagonal sums of N,
We first device a g-coefficient table N of N (@), find sequences of diagonal sums over
N , and then retrieve the findings of N to N@. We also explore recurrence rules of
s-slope diagonal sums of N9 with various s and g.

1. Introduction

Assume = and y are g-commuting variables satisfying yr = qzy (¢ € Z). Let
(z+y)=> cl(-f}j)xi_j y’ be a polynomial and C'@ = [cl(-f]j)] be its arithmetic table. By
=0

j
expanding (z + y)*, for instance, we observe cff% =1+q+2¢*+ ¢ + ¢* and write

i) = éaa0(1,4,¢% %, q*) with g-coefficients é45 = (1,1,2,1,1) (often 11211). In this
way, let cg?j) =¢ij0(1,q,¢% ) for all 4,5 > 0, and call C = [¢;.;] the g-coefficient

table of C'@,

Table 1. arithmetic table C(9) = [cz(q])] g-coefficient table C' = [¢; ;]
\j0 1 2 3 012 3 4
111 11
211 144 1 11,91
31 14+q+4¢° 1+q+q° 1 r 1515 1
AN 14+g+ P+ P11+ q+2¢° + @ + " T+ g+ + |l 141921 14 1
5|1 1 15192319192319 15
Here, i, = (i, -+ ,i). The tables C9 and C' satisty recurrence rules

——

k—tuple

(9) _ (9 i+1.0)  _ i—j (@) (@)

Civrji1 = Cig T @ =47 G,

Cit1j+1 = Cij + 05116541 = 0ijCij + Cijy1, (12> 7 2>0) (1)
where 04¢; ; is a k-tuple of 0’s followed by ¢ ; ( [2], [3]). Indeed, és3 = é52 + 03653
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Z?]

1122211 " -
= £0001122211 | = 1,23,21,. Clearly CV) = [¢; /] and C"V = [¢; '] are the Pascal

and Pauli Pascal tables respectively [4], so the diagonal sums of C(") and O give
Fibonacci numbers and interlocked Fibonacci numbers [2].

Now for ¢- commuting variables satisfying yx = qxy, we consider a polynomial
(x+y) " =a" Z n(q 79y’ (i > 0) having negative exponent, and let N(@ = [nfq])]

i20

be its arithmetic table. A purpose of the work is to study diagonal sums over N(@.
When ¢ = £1, the diagonal sums of N@ yield either Padovan or interlocked Padovan
sequence [1]. But with any ¢ € Z, the expansion of (x + y)~* has long expressions,

for instance (z +y)™! = % — 555 + 4 — 561 + -+ with ¢ = 2. So we first device
a coefficient table N of N@ which is independent of ¢, find sequential properties of
diagonal sums over N and then retrieve the findings to N@. In fact, we prove the
table N is a type of skew symmetricity (Theorem 3) and the sequence of diagonal
sums over N is a sort of generalized opposite fibonacci sequence (Theorem 6). After
then, considering various s and ¢’s, we explore general s-slope diagonal sums and their
sequential properties over N@. In this work, r;(M) and ¢;(M) denote the i*"row and

the j®column of a matrix M for 7,5 > 0.

2. Construction of coefficient tables of N@

The table C@ of (z + y)’ for i > 0 can be extended to all integers i € Z following
the recurrence (1). In fact, the 0" row ro(C@) = (1,0,0,0,---) yields

the (—1)tifOW3 (L _%7 qi _1q16a1q%7 _ql%v #7 e )7

the (—=2)"row: (1, —o(1+2), 5(1+ 4+ 2) ),
and so on. So the upper part of the extended table of C(@ corresponds to the negative
arithmetic table N(@ = [nqu)] of (x +y)~" with yo = gy (¢ € Z). If let ; = p then a
recurrence of N@ comes from the rule (1) of C@ that

53—)1,]—&-1 - p]Jrl( ,]—1—1 ng?l-)l,j)' (2)
Indeed the 1%row 7 (N@) = (1, —p,p?, —p5, p'°, —p!°, p?',---), and ngq = p(ngqi

n) = —p(1 + p), n¥y = p*(n{Y — nﬂ)zp%ﬁ+pﬂ+pﬂzp%l+p+p%em

Hence N@ forms as in Table 2.

Table 2. N@ = [n{] (i >1,j>0) withp =1

g 23 ’ 6 410

LI —p p —p

21 —p(1+p) , Pl -HD-l—pQ)2 \ —pS(1+p+p2+p3)p0(1+ - +ph)
3L —p(L+p+p*)p*(1+p+2p* +p° +p*)

We observe n(q) = —p(l —i— p+p?) = N3 © (1,p,p*,p*) with p-coefficient N3y =

—(0, 1, 1, ].) = —013, and n272 = 712’2 o (1,p, s 7p5) Wlth 'ﬁ/2’2 = (O, 0, 07 ]., ]., 1) = 03].3.
Thus for all 2 > 1, j > 0, by letting

n?) =0 (Lp,p? ) withp=1, (3)

we have the p-coefficient table N = [f; ;] of N as in Table 3.
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Table 3. p-coefficient table N = [f; ;] (i > 1,5 > 0)

i\j[0 2 3 4 5

1]1-01 031 —061 0101 —0151

2 11 -0150313 —0614 01015 —0151¢

3 |1 —0130319219 —0g122319 010122932919 —0151929332919

411 —-01403192319 —0g192342150191223425453215 —01519234564543215
03 —06 010 —015

510151223 1523405 152355728 1,235689(11)5(12)
%21y 453215 72593215 (11)298653215

Here i means the k-tuple of i’s, as in Table 1. Clearly the recurrence (2) of N(@ can
be transformed over N to

ﬁz‘+1,j+1 = Oj+1(ﬁi7j+1 - flz‘+1,j)- (4>
LEMMA 1. [2| Let the length len(¢; ;) be the number of digits in the g-coefficient
é@j of C. Then len(ém) =1+ (Z - j)j if 1 Z j Otherwise, é@j = 0.

For instance, len(é73) = 13 s0 éz30 (1,¢,---,¢'%) = c%. Similar to this, the next

theorem finds the length len(n; ;) of the p-coeflicient n; ; in N.

THEOREM 2. Let len(n; ;) be the number of digits in n; j for i > 1, j > 0. Then

ﬁ@j = (—1)j0)\jéi+j_17j Wlth )‘j = j(jT+1), and len(ﬁi,j) = )\j + 1 + (Z — 1)]

PTOOf Tables 1 and 3 show ﬁ2’2 = 03111 = 0363’1 = 0363’2, ﬁg,g = _0614 = —0664’3
and 724 = 01915 = 010¢54. And the recurrence (4) implies, for instance,

ﬁ4,7 = 07(_028]-22 e 12 - 021122 e ]-2) = _028(12234 e 12) = _028610,77

ﬁ5,6 = 06(021]—2 e ]-2 + 01512 e ]-2) = 021(12235 e 12) = 021610,6-

Now for some i, j, we assume n; ; = (—1)j0,\jéi+j_1,j with \; = i k. Then
k=1

Rty = 0j(Rij — Nit1,5-1)

= 0;((=1)05Cinj—1,5 — (=17 7105 1 Givjmr 1)

= (=1)70;05,_,(05€i+j-1,5 + Cirj—1-1) = (=1)70x,Ci15,

because \; = ;1 + j. Similarly

g1 = 0541 (=108, Copgor1 — (=1)705,Ep5-15)

= (=1)770,5105, (05418551541 + Cigjorg) = (=170, Civjjin
Moreover due to Lemma 1, the length of 7, ; is
len(ﬁi,j) = len((—l)jOAjéiﬂ_Lj) = >‘j + len(éiﬂ«_Lj) = )\j +1+ (Z - 1)] [

The Pascal table C") provide binomial expansions (z + )7, Say r4(CW) yields
(z +y)* = a* +42°y + 62°y* + 4wy® + y*. As a generalization, C@ as well as C' in
Table 1 give expanswns (x + y) with g- Commutmg variables, for instance

(x+y) =1 +(1+q+q +¢*)2? y+(1+q+2q +@3+qh)r?y +(1+q+q +q )a:y3+y4

=zt + 1,0 (1,- ,q):cy+122120(1 g+ 10 (1,0 @)y + ot
Slmllarly, the N @ and N in Table 3 provide expansions (2 + 1) ~*. For example with

=1/q, r4(N ) ylelds

($ + y) = =2 " —0I40 (1ap> e ,p4)$75y + 03122312 © (17 e 7p9)x76y2

—0612234215 0 (1, -+, p)x™Ty® + 0191923495453215 0 (1, - -+ , p*H)z Byt + -+ -
where len(n,2) = 10, len(ny3) = 16 and len(ny4) = 23 by Theorem 2. So if ¢ = 1
then (z+y)™* = 2% — 427 %y + 1027 5% — 202~ "y* + 352 8y* + - - - . Theorem 2 shows
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)‘j+1’ e 7plcn(niaj)_1)7 SO the

table N in Table 3 can be represented in terms of ¢;j as in Table 4.
Table 4. N = [f; ]
j0 1 2 3 4 5 6 7

1 0,0 —0¢1,1 03¢22 —06C3,3 —010C4,4 —015C5,5 02166 —028C7,7
2 |C1,0 —002 1 0363 2 —0664 3 —01005, 4 —01506 5 02107 6 —02808 7
3
4

ngf]j) in N@ equals (—1)7¢;,;_; inner product with (p*, p

C2,0 —0¢3.1 03642 —06¢5 3 —010C6.4 —015¢75 021686 —0280 7
3,0 —004 1 03659 —06¢6 3 —01007 4 —015¢8,5 02169 6 —028010 7
5 |C4,0 —065 1 0366 2 _OGC7 3 —010C8,4 —01569 5 021610 6 —028C11,7
Table 4 gives more relations between N and C that if we place Aj zeros in front of
nonzero entries in ¢;(C) then we get (—1)7¢;(N), in fact,

. Cij BIGE o
02,¢5(C) = 0y, |Gitba | = (=1)7 | 124 = (=1 e5(N).

Moreover 7;(N) is obtained from ¢;_ 1(C’) for example, r4(N) = {1, =014, 03152515,
_06122342127 } in Table 3 and Cg( ) = {1 14,122312, 2234212, } in Table 1.
Theorem 3 shows N satisfies a type of skew symmetricity (See Table 5).

y J
THEOREM 3. ﬁz‘,j = (_1)J71710u]-ﬁj+1,i—1 with i = Z k fOI’j > > 1.

k=1
P’I“OOf. Note TAL373 = —03ﬁ472, 7¢L374 = 077%572 and ﬁ375 = _012ﬁ6,2 from Table 4. The
symmetricity én,k = én,nfk of C provides ﬁ2’5 = —01566’5 = 014(_066,1) = 014'&6,17
N3s = —015¢75 = —012(03¢72) = —O12Mg2, and fys = —01565 = —015Cg3 =

09(—06Cs,3) = Og7ig 3, etc. Hence Theorem 2 shows
nw = ( ) 0>\ CH—J 15 — ( 1) 0>\j01+3—111—1
= (1)~ ZH( 1)710,,05,_, €inj1,i—1
(=170, (= 1)"710xy Cipjmri1) = (1) 710,411,
J

because ), Z = \i—1 + p; for j > . O

Table 5. N == [ﬁi,j]
o 1 2 3 1 5 6
1 [n10—0n20 037130—0674,0 010750 —01576,0 021770
g n2,0 N21—02n31 0574, —09i51  O1a726,1 —O2077.1
4
5!

n3o n31 032 037”64 2 07”5 2 —0127”66 2 O187i72
n4o N4 N42  Tg3— 04”5 5 0Ogfg3—015773
N0 751 52 Ni53 N4 _O5n6 4 0117”&7 4

THEOREM 4. ’fli+1’j+1 = Oj—l—l(ﬁi,j—‘rl — TAZH_L]') and TALi’j — ﬁi—i—l,j = 0i+jﬁi+1,j—1-
Proof. Theorem 2 together with the identity (2) shows
A A _ y 1 A y A
Riger — Nirry = (—1)7706 G — (1105, Cipg
_ +1 : A _ TP
= (=105 (0j1Cipjjn + Giggg) = (17708, Cipj15m
where \; = 1+ H) Thus

0j1 (M1 — nz+1,g) = (=1)*10,4105,Cipjr1 g1 = Niv1 e,
because j 4+ 1 + A; = Aj;1. Moreover we also have
fig = Risy = (177105, (Cirjg — Cijmrg) = (=1)7710x, (03 j-1,5-1)
= 0345 (—1)70x,_, Cigj1,j-1 = Oip iy j1. []
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3. Diagonal sums of N and N@

A s/t-slope diagonal over a table means a diagonal that moves ¢ steps along = axis
direction and s steps along y axis direction for s > 0, t > 1. We simply call it s-slope
if £ = 1. Over the table C’ let d (s/ty,; denote the set of entries on s/t-slope diagonal

starting from ¢;9 (¢ > 0) toward northeast direction, and D (s/tyi be the s/t-slope

ithdiagonal sum, i.e., the sum of all entries in d (s/t),i- Similarly, over N » 9(s/1),j denotes
the set of entries on s/t-slope diagonal starting from ni; (5 > 0) toward southwest

direction, and G (s/1),j 15 the s/t slope j*diagonal sum. We simply write D< )i and
é y,; if £ = 1. Analogous to D<s/t> . over [resp. G (s/t),j OVer N] let D 5%) [resp.
Ggs}t ] be the corresponding notion over C@ [resp. N@]. Theorem 5 shows some

recurrence rules of G (1/8),i

THEOREM 5. For anyi > 1 é Vil = G (1, — 02+1G<1 )i where Oi+1é<1>7i is the
(i + ) tuple of 0’s followed by G i, and moreover G(q Vi1 = Gg‘fgﬂ.(l — p™1) with
p = +. In particular GE‘{ =1+ G<1>71)(1 —p?).

Pmof. By means of the next table, we observe the followings.

i| g0y Gy

1701} —01

21051, ~01,, 1} 1(~1)s1

3{—061, 0313, —013,1} 1(~1)5015(—1)

40101, —0gLa, 0319215, —014, 1} 1(—1)505205(—1)21

5{=0151, 01015, 06122312, 03152315, =015, 1}  1(—1)20215(—1)30212(-1)

G<1> o = 1001 + 0(—=1)(—1) = 1(—1)21,

Tys = (0315 + 1) — (01 4 013) = (10515) — (015051) = 1(—1)3015(—1),

14 = (0101 + 0315215 4+ 1) — (0614 + 014) = 1(—1)209205(—1)-1, etc. So we have
7(1)2 ~ 03(:;<1>,2 = 1(=1)21 = 051(=1)21 = 1(=1)2015(-1) = Gz

(1),3 — 04G<1>,3 = 1(=1)2012(—1) — 041(—=1)2015(-1) = G<1> 4
Therefore for any ¢ > 1, by Theorem 4 we have

)

>

~

é(l),i - 0i+1é<1>
ﬁl,i flu j0i+1ﬁ1,i R 7:11,“_1
L I 7}171- — 0i+1n275_1 7}2,i
Vi1 1,1 nz 1— 0it1M4410 nz—f—l 1
+1441,0 +Ni+1,0 +nz+1 0 —I—nH_Q 0
= G1yit1-
Now over N, since Gy o (1,p,p?, ) = Gggi and 041Gy, © (1,p,p? ) =
’+1GE‘{> .» we have
Gl iy = (Guyi = 0:1Gya) o (Lp, 02 ++) = G, = p1GY)
In particular, G%Q =1l-p—p*+p*=(1+ GE%I)(l —p?). O

Clearly all diagonal sums GEBZ (i > 1) over N are zeros. A sequence {a;}
satisfying a recurrence a; 11 = a;+a;_x (k > 0) is called a k-fibonacci sequence( [5], [6]),
so it is fibonacci if £ = 1. And {a;} is called an opposite k-fibonacci sequence if
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a; = @itk + iy -1y (k> 1), so it is opposite fibonacci if k£ = 2. Consider a certain
Oig1 Mg
0; mn24-2

modified 1/2-slope diagonal sum (’A5<1/2>7i = , in which (i —k+1)

0i— k427 i—2(k—1)

zeros are placed in front of each diagonal entries ny ;o in V.

THEOREM 6. The 1/2-s]ope diagonal sums G (1/2), Satisfy an opposite fibonacci
rule G (1/2)i42 + 6 (1/2)i+1 = G (1/2),; by modified diagonal sum QS (1/2),i-

Proof. Observe the diagonal sets §1/2),; and diagonal sums G 12y (1=1,2,3).

‘g (1/2)i G 1/2) i H ‘9 1/2),i G 1/2),i
1[{-01} —01 41{0101, 0313, 1} 10215041
2|{031,1} 1021 5{—0151, =061y, —013} —0130214051
3{—061, —012} —012031 6/{0211,01015, 0312215, 1} 102122120215041

N N 00000000001
Indeed7 G(1/2>,3 = _(+8?(1)0001> = —012031, G<1/2>74 = <+(1)00111 ) = 10213041,
and so on. So we have the identities

A ~ 031 0 0101 A
Gz — G = <+1 ) + (+030‘i ) L9sls ) =Gy

A N 050191 0151 A
0l 5019 15
r-ouns=(30)- ()~ (31) - o

etc. Therefore for any ¢ > 1, we have

M1 Oi2m1,i41
N92i—2 8i+1n2,i—1
; 7 — N34 Py
Guyayi —Ouyoi = | Mi2 | - Til83
Mi—2(k—1) Oi—k+2Mk41,(i+1)—2k
+- - 4
—0it2m1i41 11,42
N1 — 0i41M2,i-1 n2,i A
— no ;9 — 0i13 3 — N3 -2 _ G<1/2> oo,
Mi—2(k—1) — Oik+2M0k41,(i41)—2k Tt 1,i—2(k—1)

since —0j42M1 541 = Ny, N1 — Oipifgi—1 = Moy, Moo — 0jNz ;3 = N3z, and

Mi—2k—1) — 0ipr2Net1,(i+1)—2k = Nt1,i-2(k—1), €tc, by Theorem 4. O

THEOREM 7. {G(1/s),:} satisfies a type of opposite s-fibonacci rule G /s)ivs +
0i+1M1,

5 A A 01— (s—1) 72,0~ _ .
& 1/s)i+(s-1) = G175 where &1/ = L (em1)Rime is a modified 1/s-

Oi 41— (s— 1) (k—1) Pk yi—s(k—1)
A + e
slope diagonal sum in N.

Proof. 1f s = 2, see Theorem 6. For s = 3,4, we have 1/s-slope diagonal sums

‘g 1/3), G 1/3)i ‘9 (1/4),i G 1/4) i
1{- 01} —01 1I{- 01} —01
2/{031} 031 2|{031} 031
3{—061,1} 105(—1) 3{—061} —0g1
4{0101,—012} 0(— )2071 4/{0101, 1} 1091

5{—=0151,0313} 031309(—1) 5{—0151, =012} —0120121
and observe G (1/3),1 — Q5<1/3>73 =0(-1) — (+8‘21(1)6(_1)) = (_1_8%()_11)2) = G134 and
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. . 050101 - -
Gz — Gayzya = 031 — (4_030%()_1)2) = <+8:ﬁg 1)> = G(1/3),5- Moreover for all
1 > 1, we have

M1 0i43701,i42
N2i—3 0i4172,i—1
8 * _ Mg 5 0;-1M3.4—
Guysyi — Gayzyive = | 113430 — | ViiM8ad
Tk i—3(k—1) 0(i+3)—2kMk+1,(i4+2)—3k
- + ..
—0;437 i+ Alvi""
—~0i 3%1 2 ,i+3
N1g — Yip1n2i—1 N2
= n2,i-3 — 0;—1M3 ;-4 = n3i—3 = G(1/3),i+3,
T i—3(k—1) — O0(i+3)—2kMk+1,(i+2) 3k T t1,i—3(k—1)

because —0;4371,i42 = f1,43 and g ; — 0i41N0,1 = Mo, Noi—3 — 0;_1M3,—4 = N33
and 7oy ;—3(k—1) — 0(i4+3)—2kTk41,(i+2)—3k = Tk+1,i—3(k—1), and so on.
Analogously we also see

: ; 050101 0551 _ ¢
Gayaa = OGa/aa =0(-1) — ( 051 ) = —(+(ﬁ5 ) = Ga/as:

Gz = Gpms = 0sl + (+8§8ﬁl> = ( 024, ) Gaja)6:

and the identity G141y, — & 1/4y,i+3 = G(1/4),i+4 can be proved analogously. Therefore
for any s > 1, it follows that

n1,i OisT1igs—1
) R N2i—s Oi+57(371)n2,(i+371)75
Giysyi — Bysyit(s—1) = | M8i-s(2) — | Oits—(s—1)2703,(i+5-1) 25
Ti—s(k—1) Oigs—(s— DMkt 1,(i+5—1)—ks
+ ce . + P
—0igsM1i45-1 Mits
N1, = 0144021 12,
= | N2,i—s — O24i—sN3,i—s—1 — | n3,i-2s
Ti—s(k—1) — Okpi—s(k—1)Th41,i—s(k—1)—1 Mt 1,i—(k—1)s
_|_ P -
= G(l/s),i+s- O

Similar to the lengthes of ¢; ; and 7; ; in Theorem 2, let the length of diagonal sums
of D (s/t),i and G (s/t),; be the numbers of digits in each diagonal sum.

THEOREM 8. For all s,i > 1, the lengthes len(D(Sm) and len(é<1/5>,i) satisty
len(D<5>’l-) =1+ ( _ (S + 1) L;—(:S-:_ll)J> ;—:8_:_11 = len( ¢ (S+1)|_;+S++11)J) and
len(Gisg ) = 1+ 21 = len(ny,).

Proof. Refer to [2] for len(Dy,) in C. Now over the table N, consider the 1/s-
slope i"diagonal set G(1/syi = {006 Noimsy = Tohyi (o 1)s) " - }. Since the subscripts
of i (k—1)s must satisfy ¢ — (k —1)s > 0 and k < ¢ + 1, the set g/ contains
[£]+1 elements in which M ij41,i-(| 1)) Is the last element. By Theorem 2, the length
of ﬁk,if(kfl)s in Q(l/s),i satisfies

len (i ge1)5) — 1+ 50 — (k = 1)) — (k — s+ 1) + (k= 1)(i — (k — 1)3)
for 1 <k < [%]. In order to compare the lengthes of two consecutive elements in
G1/s),is let A = len(fy;—k—1)s) — len(fg41,i—ks) be the difference. Then

A=1+3G—(k—1)s )(z—(k—l)s+1)+(k (i — (k—1)s))
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— (143 —ks)(i — ks + 1) + k(i — ks))
= 1(—2k+1)s* + 5(2i + 4k — 1)s — 4.
But since i > ks and s > 1, we have A > %3(3 + 2k — 1) > 0, which shows
len(7u,;—(k—1)s) > len(fg11,-ks) for all k.
So in the set g(1/s),i, the first element 7, ; has the longest length, hence

len(Gi/s) i) = len(ig ;) = len(0y,1) = 1+ X;, with ), = L. O

For instance, len(é<1>,4) len(f1,4) = len(0191) = 11 and len(Gyy5) = len(5) =
len(—0451) = 16, etc, SoG =Guso(Lp,-,p).

4. Interrelationship of GE?)M , With various ¢’s

In this section, we study interrelationships of 1/s-slope diagonal sums { G } over
101 1
L g
N@ with t > 0. Let Vi = | 11 (@tD)? """ (@+DF | be a (k+ 1) square Vandermonde
1-1L 1 ... 1
atk (g+k)?  (g+k)F

matrix and P, be the (k + 1) Pascal matrix. Let 7;(P; ') and ¢;(Y;) be the it'row of
P! and j*column of Y}, for 0 <i,j < k.

THEOREM 9. The 1/2-slope diagonal sums sat1sfyG a1 =G 3721 +71 (P Y)er (Y7)
and Gg/zm = 3G<§721>) G((i;r; o+ G ({723) — r3(Py )es(Ys).

Proof. Write P.'Y;, = [r 1(P_ )e;j(Yi)] for 4,5 > 0. Clearly r;(P; ')eo(Yy) = 0 for
all 7 and Tl(P )Yk = (0, 7"@<P )Cl<Yk> . (P )Ck(Yk))

) = 2 by Theorem 8. Then with (P !) = (=1, 1), we have
) = Gl (1) + G, (1)
1]
= G1/2),1© Tl(Pfl)Yl =—(0,1) o (0, Tl(Pfl)Cl(Yl))

= —r (P e (V)

/2),1
)(1 aq>+G1/27 (1)(17q+1>
A A 1
for G<1/2>,1 = —(0,1). So we have ng)ﬂ) =G ?721 + 71 (P7 e (V7).

On the other hand since len(é<1/2> ») =4 and r3(P; ') = (—1,3,-3,1), we have

- (@) (@+1)  ~(a+2)  ~(g+3)
7’3({[)3 o (G<‘{/g> 2 G(?/Q) 27 G 3/2 27 G(Z/z 2)
= G<1/2>,2 o (—1)(1, é 2P ) + G (1/2),2 © (3)(1, qj_la {q +1 )2, (q+11)3)

a 1 1 A 1 1
+Gaez o (=3 g3, Grap grep) T Gume© (L g e wap)

We note len(G<1/2 )
(P o (G, Gt
=G0 (=

q
1
1

‘»—m\»—\

+

q

a! (q+11)2 (q+11)3 = é(1/2>,2 © 7“3(133_1)1/3
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= 13(P; " )ea(Y),
for G(1/9)2 = 031 +1 = 1001. So we immediately have

Ggl)/2 =3G ?721 —3G ?722 + G 1/2 —73(Py )es(Ys). [

Theorem 9 can be more sharpened by using r3(P; *)c;(Ys) = (—1,1) o (q qil) =

and r3(Py ')es(Ys) = (—1,3,-3,1) o (& P 1 L ;). A generalization

q+1)37 (g+2)%° (q+3)

-1

q(g+1)
of Theorem 9 to 1/s-slope diagonal is as follows.

THEOREM 10. Let t = len(G'1/s) — 1 for 5,4 > 0. Then 1/s-slope diagonal sums

t ) . .
satisfy G\l = S (=1 ()G + (—=1)'G g o me(PTYY.

= (1/s)i
Proof. Clearly t = len(G1/s.)—1 = i(i;rl) : :
9 with ¢ = 1,2. Now with the ¢"row r(F ") = ((=1), (=1)""'(}),---, (=1)" (%),

- (=1) (tfl), 1), we have

- 1
n(P) @ (@l Cillae = -Gt
5 A —1t
- Gu/s)’i ( 1) (1’ ;’ o ’q%) +Gaysyo <_1)t 1(1)(1’ q—lﬂj ) (Q-&l) )
+ot G<1/8>71 © (L #7 R (qit)t)
111 1
g 4 qF
- ' 1t 14— L. 1
=G0 (=1)% (=)' (1), -, D | e T @02 G
1-L 1 1
atk (q¢+k)* (g-+k)
= Guysyior(P )Y,
thus » ( ( ) )
+1) +t 1 +t
= Gys)io Tt(Pt )Yt-
Hence it follows immediately that
1) 2) A _
G gs = (VG + (FVQ G, + -+ (1) Grpmi oY
t
= YOG+ () G B .
J:

Theorem 10 can be compared to s-slope diagonal sums Dg‘g ; of C9 with various

A t ) .
¢, q+1,--- ,q+k ([1]). Infact,if t = len(D,,;)—1 then DEZ;J = ]szl(—l)J_1 (j)DgZ;j)—l—

(—1)'ws;(t!), where ws; =2 if i = s+ 1 (mod 2(i + 1)), otherwise wy,; = 1.
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