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BOUNDEDNESS OF Cb,c OPERATORS ON BLOCH SPACES

Pankaj Kumar Nath and Sunanda Naik∗

Abstract. In this article, we consider the integral operator Cb,c, which is defined
as follows:

Cb,c(f)(z) =

∫ z

0

f(w) ∗ F (1, 1; c;w)

w(1− w)b+1−c
dw,

where ∗ denotes the Hadamard/ convolution product of power series, F (a, b; c; z) is
the classical hypergeometric function with b, c > 0, b + 1 > c and f(0) = 0. We
investigate the boundedness of the Cb,c operators on Bloch spaces.

1. Introduction and preliminary results

Let D denote the unit disc in the complex plane C, H(D) the set of all analytic
functions on D and H0 be the class of all functions f ∈ H(D) with f(0) = 0.

For any complex number a, b, c 6= −n, n = 0, 1, 2, . . ., the Gaussian/classical hy-
pergeometric function 2F1(a, b; c; z) is defined by power series expansion

2F1(a, b; c; z) = F (a, b; c; z) =
∞∑
n=0

(a, n)(b, n)

(c, n)

zn

n!
(|z| < 1),

where (a, n) is the shifted factorial defined by Appel’s symbol

(a, n) = a(a+ 1) . . . (a+ n− 1) =
Γ(a+ n)

Γ(a)
, n ∈ N = {1, 2, . . .}

and (a, 0) = 1 for a 6= 0, (see [1]). Obviously, F (a, b; c; z) is an analytic function in
D. We refer the reader to [1] for a background on Gaussian hypergeometric functions.
For the asymptotic behavior of F (a, b; c; z) for z near 1, we refer to [11] which has
been used for a number of investigations.

We consider the integral operator, called Cb,c operator for b, c ∈ R, b, c > 0 with
b+ 1 > c, on the space H0 defined by

(1) Cb,c(f)(z) =

∫ z

0

f(w) ∗ F (1, 1; c;w)

w(1− w)b+1−c dw,

where ∗ denotes the Hadamard/ convolution product of power series. That is, if
f(z) =

∑∞
n=0 anz

nand g(z) =
∑∞

n=0 bnz
n are two analytic functions in |z| < R then

Received January 3, 2022. Revised July 18, 2022. Accepted August 20, 2022.
2010 Mathematics Subject Classification: 30D05, 30H05, 33C05, 47B38, 44A35.
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f ∗ g is defined by f ∗ g(z) =
∑∞

n=0 anbnz
n and this series converges for |z| < R2.

Moreover,

(f ∗ g)(z) =
1

2πi

∫
|w|=r

f(w)g(z/w)
dw

w
, |z| < rR < R2.

In particular, if f, g are in H(D), we have

(f ∗ g)(rz) =
1

2π

∫ 2π

0

f(reit)g(ze−it) dt, 0 < r < 1.(2)

In particular, if b = β, c = 1 then

Cβ,1(f)(z) =

∫ z

0

f(w) ∗ F (1, 1; 1;w)

w(1− w)β
dw

= Cβ(f)(z)

which is the generalized β-Cesáro operator as defined in [7]. The boundedness, com-
pactness, essential norm and spectrum of the β-Cesáro operators are studied by au-
thors in [7]. Moreover, boundedness of the Cesáro and related operators in various
function spaces are studied in the literature; see [5, 9, 13, 15]. In this paper, we study
these operators as linear operators on a-Bloch space, denoted by Ba, and is defined
for each a > 0 as follows:

Ba = {f ∈ H(D) : ‖f‖Ba = sup
z∈D

(1− |z|2)a|f ′(z)| <∞}.

In particular, the spaces Ba becomes the classical Lipschitz and Bloch spaces whenever
a ∈ (0, 1) and a = 1 respectively.
The space Ba is a complex Banach space with the norm

‖f‖ = |f(0)|+ ‖f‖Ba ,

whereas ‖f‖Ba = supz∈D(1 − |z|2)a|f ′(z)| represents a semi-norm. By restricting this
space with the condition f(0) = 0, for f ∈ Ba, we get a space, which is a subspace
of Ba, denoted by B0

a. The semi-norm ‖.‖Ba on Ba becomes norm on B0
a.The spaces

Ba and B0
a together with its harmonic analog have been investigated recently by a

number of authors. See for instance, see [4, 8, 10] and the references therein. Unless
it is specified we consider a > 0 throughout this paper. More on the Bloch space can
be found in [16,17].

Main motive of this paper is to study the boundedness properties of generalized Cb,c
operators on B0

a which include the β-Cesáro operators as well as the classical Cesáro
operator.

2. Boundedness of Cb,c operators on B0
a

In this section, we discuss the boundedness properties of the Cb,c operators, on B0
a.

At the end of this section, we provide few examples to show that the Cb,c operators
are unbounded linear operators on B0

a, under some conditions on b, c. To obtain our
desired results, we need the following lemmas.
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Lemma 1. Let b, c > 0 with c ≥ b. For f ∈ Ba we have f ∗ F ∈ Ba, where
F (z) = F (1, b; c; z). Further

‖f ∗ F‖Ba ≤
2ab‖f‖Ba

c
.

Proof. For c = b, proof is easy as we have f(z) ∗F (1, b; b; z) = f(z). Now for c > b,
using the Euler integral representation with a simple calculation (see page 336 of [2]),
we have

f(z) ∗ F (1, b; c; z) =
1

B(b, c− b)

∫ 1

0

tb−1(1− t)c−b−1f(tz)dt,(3)

where B(b, c− b) is the usual beta function. Hence we get

(1− |z|2)a|(f(z) ∗ F (1, b; c; z))′| ≤ 1

B(b, c− b)

∫ 1

0

tb(1− t)c−b−1(1− |z|2)a|f ′(tz)|dt

≤ 1

B(b, c− b)

∫ 1

0

tb(1− t)c−b−1(1− t2|z|2)a|f ′(tz)|dt.

Since c > b, by taking supremum in both sides of the above inequality, we find

‖f ∗ F‖Ba ≤
2a‖f‖Ba
B(b, c− b)

∫ 1

0

tb(1− t)c−b−1dt,

which complete the proof.

Remark 2. In [2], integral representation for f ∗F (a, b; c; z) is given under certain
conditions on the parameters a, b, c and was used to derive geometric properties of
the Hadamard product. This representation may be used to generalize Lemma 1.

Lemma 3. Let f ∈ Ba. Suppose c > b > 0 and F (z) = F (1, b; c; z). Then we have
the following properties:
(i) If a < 1, then

|(f ∗ F )(z)| ≤ |f(0)|+ b‖f‖Ba
2c(1− a)

<∞.

(ii) If a = 1, then

|(f ∗ F )(z)| ≤ |f(0)|+ ‖f‖B1
2

log

(
1

1− |z|

)
.

(iii) If a > 1, then

|(f ∗ F )(z)| ≤ |f(0)|+ ‖f‖Ba
a− 1

(
1

(1− |z|)a−1
− 1

)
.

Proof. Suppose f ∈ Ba and z ∈ D. Then

|(f ∗ F )(z)− (f ∗ F )(0)| =
∣∣∣∣z ∫ 1

0

(f ∗ F )′(zu)du

∣∣∣∣ .
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Using (3) and by the definition of a-Bloch space, we have

|(f ∗ F )(z)− (f ∗ F )(0)| =
|z|
B

∫ 1

0

u

(∫ 1

0

tb(1− t)c−b−1|f ′(tzu)|dt
)
du

≤ |z|‖f‖Ba
B

∫ 1

0

u

(∫ 1

0

tb(1− t)c−b−1

(1− |z|2t2u2|)a
dt

)
du

≤ b|z|‖f‖Ba
c

∫ 1

0

u
1

(1− |z|2u2)a
du

=
b‖f‖Ba

2c

∫ 1

1−|z|

1

ua
du.(4)

Since (f ∗ F )(0) = f(0), the above inequality gives

|(f ∗ F )(z)− f(0)| ≤ b‖f‖Ba
2c(1− a)

(
1− 1

(1− |z|)a−1

)
.

Further, by using triangle inequality, we obtain

|(f ∗ F )(z)| ≤ |f(0)|+ b‖f‖Ba
2c(1− a)

(
1− 1

(1− |z|)a−1

)
.(5)

Let a < 1. Since 1− (1− |z|)1−a ≤ 1, from (5) we obtain

|(f ∗ F )(z)| ≤ |f(0)|+ b‖f‖Ba
2c(1− a)

.

When a = 1, from (4), we get

|(f ∗ F )(z)| ≤ |(f ∗ F )(0)|+ b‖f‖B1
2c

log

(
1

1− |z|

)
.(6)

Now for a > 1, it is easily follows that

|(f ∗ F )(z)| ≤ |f(0)|+ ‖f‖Ba
1

a− 1

(
1

(1− |z|)a−1
− 1

)
.(7)

This completes the proof of this lemma.

For f∈B0
a, Lemma 1 gives f ∗ F ∈ B0

a, Cb,c(f) is an analytic function in D and
Cb,c(f)(0) = 0. Now, we have our main result, which describes the boundedness of
Cb,c operators from B0

a to B0
a for three different restrictions on b and c. Now onward

we denote F (z) = F (1, 1; c; z).

Theorem 4. Suppose b, c are positive real numbers with c > 1. The Cb,c operator
is bounded linear operator from B0

a to B0
a, for

(i) b+ 1− c ≤ a < 1
(ii) b+ 1− c ≤ 1 < a

(iii) b+ 1− c < a = 1.

Furthermore, for a > 1 or a < 1, we obtain

‖Cb,c(f)‖Ba ≤
b‖f‖Ba

21−ac|1− a|
.(8)
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Proof. Case(i): Suppose that f ∈ B0
a, for a < 1. Using (5), we have

|(f ∗ F )(z)|
|z(1− z)b+1−c|

≤ ‖f‖Ba
|z(1− z)b+1−c|

b

2c(1− a)

(
(1− |z|)a−1 − 1

(1− |z|)a−1

)
.

Since b + 1 − c ≤ a < 1 and for a < 1, we have 1 − (1 − |z|)1−a ≤ |z|, proceeding
as in the proof of Theorem 2.3 of [7], we have

(1− |z|2)a
∣∣∣∣ f(z) ∗ F (z)

z(1− z)b+1−c

∣∣∣∣ ≤ b‖f‖Ba
21−ac(1− a)

(1− |z|)a−b+c−1.

Also (1− |z|)a−b+c−1 < 1 and z is arbitrary point here. Therefore (8) follows.
Case (ii): Suppose that f ∈ B0

a, for a > 1. From (7), we have

(1− |z|2)a
∣∣∣∣ f(z) ∗ F (z)

z(1− z)b+1−c

∣∣∣∣ ≤ (1 + |z|)a

|z|
b‖f‖Ba

2c(a− 1)
[(1− |z|)c−b − (1− |z|)a−b−1+c].

For b+ 1− c ≤ 1 < a, this leads to

(1− |z|2)a
∣∣∣∣ f(z) ∗ F (z)

z(1− z)b+1−c

∣∣∣∣ ≤ (1 + |z|)a

|z|
b‖f‖Ba

2c(a− 1)
(1− |z|)c−b[1− (1− |z|)a−1].

Since 1− (1− |z|)a−1 ≤ 1− (1− |z|)dae, where d.e is a Greatest Integer Function, we
have

(1− |z|2)a
∣∣∣∣ f(z) ∗ F (z)

z(1− z)b+1−c

∣∣∣∣ ≤ 2a−1

|z|
b‖f‖Ba
c(a− 1)

(1− |z|)c−b[1− (1− |z|)dae].

Since (1− |z|)−dae = F (dae; 1; 1; |z|), a simple calculation gives

1− (1− |z|)dae = daeF (−dae+ 1; 1; 2; |z|).

Thus, as b < c we obtain

(1− |z|2)a
∣∣∣∣ f(z) ∗ F (z)

z(1− z)b+1−c

∣∣∣∣ ≤ 2a−1daeb‖f‖Ba
c(a− 1)

F (−dae+ 1; 1; 2; |z|).

We use the formula for c > b−m, F (−m; b; c; 1) =
(c− b)m

(c)m
. Since z is arbitrary point

in D, therefore we have

‖Cb,c(f)‖Ba ≤
2a−1dae‖f‖Ba
c(a− 1)

supF (−dae+ 1; 1; 2; |z|) =
b2a−1‖f‖Ba
c(a− 1)

which completes the proof.
Case (iii) Suppose that f ∗ F ∈ B0

a, for a = 1. From (6), we have

|(f ∗ F )(z)|
|z(1− z)b+1−c|

≤ ‖f‖B1
2|z(1− z)b+1−c|

log

(
1

1− |z|

)
.

From this we get

(1− |z|2)a
∣∣∣∣ f(z) ∗ F (z)

z(1− z)b+1−c

∣∣∣∣ ≤ (1− |z|2)c−b

|z|
‖f‖B1

2
log

(
1

1− |z|

)
.
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For b+ 1− c < a = 1, Since z is arbitrary point, we have

‖Cb,c(f)‖B1 ≤ sup

{
(1− |z|)c−b

|z|
log

(
1

1− |z|

)
: z ∈ D

}
‖f‖B1 .

This completes the proof.

Counterexamples. We just proved that either of the cases b + 1− c ≤ a < 1 or
b + 1 − c ≤ 1 < a or b + 1 − c < a = 1, the Cb,c operators are bounded from B0

a to
B0
a. We now show that for the remaining cases: b + 1 − c > a or b + 1 − c = a ≥ 1

and 1 < b + 1 − c < a, the Cb,c operators need not be bounded as the following
counterexamples show.

Example 5. Let f(z) = zk, k ≥ 1. Then f ∗ F ∈ B0
a, for b+ 1− c > a since

(1− |z|2)a
∣∣∣∣ Kzk

z(1− z)b+1−c

∣∣∣∣ = K(1 + |z|2)a |z|
k−1(1− |z|)a

|(1− z)|b+1−c ,

where K =
(b, k)

(1, k)
> 0. For z = t ∈ (0, 1), we obtain

(1− |z|2)a
∣∣∣∣ Kzk

z(1− z)b+1−c

∣∣∣∣ = K(1 + t)a
tk−1(1− t)a

(1− t)b+1−c = K
tk−1(1 + t)a

(1− t)b+1−c−a .

As t tends to 1, the right hand side term tends to ∞. Therefore, the Cb,c operator is
an unbounded linear operator from B0

a to B0
a, for b+ 1− c > a.

Example 6. Let f(z) = log(1 − z), where the principal value of the branch of
logarithm is chosen. Using (3), when c > 1, f∗F ∈ B0

a, for a ≥ 1 and for z = u ∈ (0, 1),
we have

(1− |z|2)a
∣∣∣∣ log(1− z) ∗ F (1, 1; c; z)

z(1− z)b+1−c

∣∣∣∣ = (1− u2)a
∣∣∣∣∣
∫ 1

0
tb−1(1− t)c−1−1 log(1− tu)dt

B(b, c− b)u(1− u)b+1−c

∣∣∣∣∣
=

(1 + u)a

(1− u)b+1−c−a

∣∣∣∣∣
∫ 1

0
tb−1(1− t)c−1−1 log(1− tu)dt

B(b, c− b)u

∣∣∣∣∣
Since the integral on the right hand side is finite so, for b+ 1− c ≥ a, as u tends to 1,
the right hand side term diverges to∞. Therefore, the Cb,c operator is an unbounded
linear operator from B0

a to B0
a, for b+ 1− c ≥ a ≥ 1.

Example 7. Let f(z) =
z

(1− z)a
, for a > 0. Then f ∗ F ∈ B0

a+1. Using (3), when

c > 1, and for z = u ∈ (0, 1), we have

(1− |z|2)a+1

∣∣∣∣f(z) ∗ F (1, 1; c; z)

z(1− z)b+1−c+a

∣∣∣∣ = (1− u2)a

∣∣∣∣∣∣∣∣
∫ 1

0
tb−1(1− t)c−1−1 tu

(1− tu)a
dt

B(b, c− b)u(1− u)b+1−c

∣∣∣∣∣∣∣∣
=

(1− u2)a+1

(1− u)b+1−c

∫ 1

0

tb(1− t)c−1−1(1− tu)−adt

>
(1− u2)a+1

(1− u)b+1−c

∫ 1

0

tb(1− t)c−1−1dt.
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For z = t ∈ (0, 1), then it yields

(1− |z|2)a+1

∣∣∣∣ z

z(1− z)b+1−c+a

∣∣∣∣ = (1 + t)a+1 (1− t)a+1

(1− t)b+1−c+a =
(1 + t)a+1

(1− t)b−c
.

Then for b+1− c > 1, and c > a+1 as t tends to 1, the right hand side term diverges
to ∞. Therefore, the Cb,c operator is an unbounded linear operator from B0

a to B0
a,

for b+ 1− c > 1.
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[9] J. Miao, The Cesáro operator is bounded on Hp for 0 < p < 1,Proc. Amer. Math. Soc. 116 (4)
(1992), 1077–1079.

[10] M. Huang, S. Ponnusamy, and J. Qiao, Extreme points and support points of harmonic alpha-
Bloch Mappings, Rocky Mountain J. Math. 50 (4) (2020), 1323–1354.

[11] S. Ponnusamy and M. Vuorinen, Asymptotic expansions and inequalities for hypergeometric
functions, Mathematika 44 (1997), 278–301.

[12] A. Siskakis, Semigroups of composition operators in Bergman spaces, Bull. Austral.Math. Soc.
35 (1987), 397–406.
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