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THE POLYANALYTIC SUB-FOCK REPRODUCING KERNELS
WITH CERTAIN POSITIVE INTEGER POWERS

HyESEON KiMm

Abstract. We consider a closed subspace .Zf;’m (C) of the Fock space
AZ™ (C) of g-analytic functions with the weight ¢(z) = —alog |z|2+|z|?>™
for any positive integer m. We obtain the corresponding reproducing
kernel Kg%m(z7 w) using the weighted Laguerre polynomials and the
Mittag-LefHler functions. Finally, we investigate the necessary and suffi-

cient condition on (a, g, m) such that Kgqym(z,w) is zero-free.

1. Introduction

Let ¢ be a subharmonic function on C. The space Li is the set of all mea-
surable functions f on C such that

12 = /C F()Pe D dA(z) < oo,

where dA is the Lebesgue area measure on C. Then the Fock space qu is defined
by F7 := LZNO(C), where O(C) is the set of all entire functions. If ¢(2) = |2[?,
then qu is the classical Fock space.

Recently one can see many important researches on polyanalytic functions.
A function f is called g-analytic if it satisfies the generalized Cauchy-Riemann
equation

%(z) =0 for all z € C.

If f is g-analytic for some ¢, then f is called polyanalytic. It is easily seen that
l-analytic function is analytic. Many researches on the polyanalytic functions
have been made in [4, 7, 11, 17, 18, 23].
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In 2019, Hachadi and Youssfi [9] studied the Fock space Fj’q which is the set
of all g-analytic functions with ||f||, < oo when ¢(z) = —alog|z|? + |z|* with
a > —1. Moreover, they obtained the formula of the reproducing kernel for Fj’q
when ¢(z) = —alog|z|? + |2|? with a > —1. Using the explicit formula, Park
investigated the zeros and asymptotic behavior of the polyanalytic reproducing
kernel in [16].

Let m be any positive integer. For any measurable function f on C, consider

1120 = /C )P m(2),

Z‘zmdA(z) = came ?PdA(z), a>-1.
Here cq,m is a normalizing constant so that dve ,,,(z) is a probability measure
on C. We now define a generalized Fock space A" (C) by the space of all
g-analytic functions f on C with || f||q,m < co.

In this paper we deal with a closed subspace .Zg"m((C) of AZ™(C), which
is defined as the set of all elements of the form f(z™) for all f € AZ"™(C).

If m = 1, then our closed subspace ./Tg"m(C) of the space A" (C) coincides

with the Fock space F j’q in [9]. Thus our result is a generalization of [9]. If «
tends to 0, then our generalized Fock space Ag"™(C) belongs to the weighted
Fock space studied in [19, 20]. Their weighted Fock space with a more general
condition on m has attracted considerable attention, due to the boundedness
and compactness issues of generalized Hankel operators in operator theory.
We expect that the results in this paper provide further research problems to
various directions on operator theory and complex analysis in higher dimension
of several variables. One can see the recent results in [5, 6, 12, 24].

In Section 2, we review the notations on the generalized Fock spaces and cer-
tain subspaces of them. We also explain the important properties on the orthog-
onal polynomials and the Mittag-Leffler functions. In Section 3, we compute
the polyanalytic reproducing kernel Kqu’m(z,w) for ﬂg“m((C) when ¢(z) =
—alog |z|? + |2|*™ for any o > —1 and positive integer m as our first main
result (see Theorem 3.2). If m > 2, then we need the technical idea to express
the kernel in terms of the weighted Laguerre polynomials and the Mittag-
Leffler functions. In Section 4, we study the existence of zeros of the polyan-
alytic reproducing kernels using the properties of orthogonal polynomials. As
our second main result, we show that K S’q’m(z,w) is zero-free if and only if
(o,q,m) = (0,1,1) (see Theorem 4.3).

AV, m(2) = ca,m|z\2“e_‘

2. Notations and basic materials

In this section, we shall exploit the generalized Fock space and its certain
subspace which will be considered in this paper. We also prepare some notations
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and facts on orthogonal polynomials and the Mittag-Leffler functions. We follow
the notations introduced in [9].

2.1. Generalized polyanalytic Fock spaces

Let us recall that the generalized Fock space A;"’m((C) is defined as the space

of all g-analytic functions f on C with ||f||a,m < co. In this case, we have
m
du(t) = T (el

m

2%t dt

and the moment sequence is given by

oo [eS) d+a+1
_ d _ m d+o ,—t™ _ F( m )
Sd—/o td,u(t)—r(a’#)/o % dt—ir(aﬂ) )

m
For each pair (d,n) of non-negative integers and fixed positive integers m,q

such that nm < ¢ — 1, we denote P, ,,) (1) by the subspace of L?(z%du(x))
consisting of all polynomials of degree km (k = 0,1,...,n) with the inner

product
9= [ f@aetduto)

Denote Qa,n,m(x,y) by the reproducing kernel for P, (1)

Remark 2.1. If m = 1, then we have Qun1(%,y) = Qan(z,y) (See (3.7)
n [9]). What is more, the construction of Q4. in [9] involves the use of the
generalized Laguerre polynomials. Indeed, if we consider the polynomials of
degree at most nm in the definition of P, (i), we should find the associated
orthogonal polynomials instead of the generalized Laguerre polynomials.

Similarly as in [9], we define a function

(2.1) Fogm\z,y): Z)\demey ZA Qa,N—d,m(T,Y),

d=0 d=1

where we use the notation N := Lqm;lj throughout the paper.

We recall that the space ,Za " (C) is defined as the set of all elements of the
form f(2™) for all f € AF™(C ) Let KC . (z,w) be the reproducing kernel for

= a,q,m
the sub-Fock space A" (C). By the similar arguments in the proof of Theorem
4.3 in [9], we have the following.

Proposition 2.2. The reproducing kernel K€ g,m (2, w) Is written by

Kq qm(2,0) = Foqm((z0)™, 2%, [w]?).

a,q,m
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2.2. Orthogonal polynomials

Suppose that w(zx) satisfies w(z) > 0 on (a,b) with f Jz"dx < oo for
all n € N. We define a sequence of orthogonal polynomials pn(x) of degree n
such that

b
[ @ @yw(e)ds = b,

where h,, is a positive constant and , ,  is the Kronecker delta. At first we
introduce an important fact on the existence of zeros of all orthogonal polyno-
mials.

Lemma 2.3 ([21]). If {p,(x)}52, is a sequence of orthogonal polynomials
on the interval (a,b) with respect to the weight w(x), then each polynomial
pn(x) of degree n has exactly n distinct real simple zeros on (a,b).

As in [9], we shall utilize the weighted Laguerre polynomials L (z) which
are orthogonal with respect to w(z) = x®e~* when we study the polyanalytic

sub-Fock space. Precisely, L%a)(x) satisfies

o o r 1
(2.2) / L (@)L (2)ee " dz = wém,
0 n!
for any positive integers n and n’. Note that L (z)’s are polynomials of degree
n and weight a and satisfy the following second order differential equation
zy" + (a+1—x)y +ny=0.
What is more, it is well-known that L%a)(a:) has the explicit form
” (n+a\x"
2.3 L) =S (=1 (" T
23 SCEYC N
Before proceeding further, we now prepare some useful properties of the

weighted Laguerre polynomials.

Lemma 2.4 ([9]). The weighted Laguerre polynomials Lgf‘)(x) satisfy the
following.

+n+1 zn: TL(a+2r)($+y>
riC(a+1r+1)

r=0

(11) ZL L(a+1)( )

y" r
(i) 3 L @) = L —y)
=0

(iv) LEFHD (2 4 y) = LY D (y)
k=0

<
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2.3. The Mittag-Leffler functions
The Mittag-Leffler functions E, g(z) are defined by

Fes ()= 0 ok )

for all z € C. For each fixed «, 8, E, g(z) converges for all z € C and is entire.
The function E, 1(z) is a generalization of the exponential function which was
introduced in [14]. As a generalization of E, 1(z), (two-parameter) function
E, (%) was introduced in [2]. One can see the properties of the Mittag-Leffler
functions in [8] and the references therein. Note that E7 1(z) = e has no zeros.
In fact, this is the very unusual case.

Lemma 2.5 ([8]). Let o, > 0. Then E, g(z) has no zeros if and only if
a = =1. In this case, Eq1(z) = €*.

Denote the generalized Mittag-Leffler function Elga)(z) by

z gk
(@ . ¢ d° g .
E, (2) T daF (2 e °FE ,a(Z))>
where
00 k
z
Fi,(2) = E _—
1a(2) Ik + )

k=0

Note that E,il)(z) = e* for any k and Eéa)(z) = B 4(2) for any «. Indeed, the
generalized Mittag-Leffler function can be written as the infinite sum related
to the weighted Laguerre polynomials. In [9], one can see the following formula

@y~ 2w
(2'4) E}c (z)_gl—\(d_’_a)[’k (Z)

The above formula can be derived by using the explicit form (2.3) of the
weighted Laguerre polynomial.

3. The polyanalytic reproducing kernel

In this section, we compute the reproducing kernel for jg"m((C). At first,
we need to find the subset of all polynomials which are orthogonal with respect
to the weight *e~*" for any positive integer m. Recall that Lgla)(:n)’s are
orthogonal with respect to the weight x“e~*. As a counterpart of this fact, we

have the following lemma.
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Lemma 3.1. Let m be any positive integer. The polynomials Lgf) (x™)’s
are orthogonal with respect to the weight xz%t®e~*" and have degree mn in
the variable x, where

(3.5) g dfatl o

m

Proof. By Lemma 2.4 (i), we know that ') (x) are orthogonal with respect

to the weight x“e~*. If we use the change of variables by y = 2™, then by (2.2),
we have

/ LSLB)(xm)Liﬁ,)(mm)xd+O‘67xmdx = m/ L(ﬂ)( )y 5efydy
0
_1DP(m+1+ ﬁ)
T m n! On.n
Thus the polynomials L%ﬁ )(xm)’s are orthogonal with respect to the weight
=" where f is defined as in (3.5). O

By Lemma 3.1, we have
B Quamley) =m = 1O )
. n,m 4y - F(k+ 1 +B) k )

where 3 is the same as defined in (3.5). By Proposition 2.2, the reproducing

kernel K§ ., (2, w) is written by

K€ (z,w) = Fyo gm((z0)™, |z|2, |w|2),

a,q,m

where Fy, ¢ is as in (2.1).

It is convenient to write
(3.7) Ni=(20)™, x:=z% oy = |w|*
Then we can write
FogmXzy) = S((llwn + S((fq o

where

[e%s) N
—d
S =Y AQanm(x,y), and &) = "N Qun—dm(x,y)-

d=0 d=1

Now we shall express S((yl,t)z,m and S&%?zm in terms of the weighted Laguerre
polynomials and the Mittag-Leffler functions.
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3.1. Computation of S&l’,)bm
By (3.6), we have

|
e - ZAdZ n LB (zmYLB) (ym
«,q,m m = 5+”+1) n (.’E ) n (y )

— LB (2mYLB) (™
mzzmmﬂ D@D ).

n=0d=0

By Lemma 2.4 (i) and (ii), we have

S ML e 1)
o n=0d=0r=0 T'P5+T+1)
> ( )
_ L/3+27" m m
m;%wrﬁwwd)z nor @Y

Ty " (B+2r+1) m m
= = L .
mzzr!r(ﬂ+r+1) Nor @y

Here is the decisive step for this generalized polyanalytic Fock space. For
any non-negative integer d, there exist unique non-negative integers ¢ and e
such that

d=mc+ewith0O<e<m-—1.

Then we have

m—1

DA =YY flme+e)

d=0 e=0 c¢=0

for any function f of single variable. Note that by (3.5) it follows that

1
(3.8) Boeqifotl g
m

Then a straightforward computation shows that

N m-—1

A (x (A™)e (ct2rtetotl)
(1) =-m L m (xm + m)
a,q, et+a+1 N-— Yy
BN
=m P L Ner m (xm+ym)
r=0 e=0 C*TF(C+ +m+)
N m-1 \etr— mr}\r eftadtl

=m> >

r=0 e=0

- ()‘Tn) (C+T+ ™ ) ™
N
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where we assumed zw # 0. If zw = 0, then it is easy to see that

m Lﬂ) m m
(3.9) s&%z,mﬂ(LH)LSw (2™ + y™).

Similarly as in [9], we divide S&lg m into two parts as

S(l) - S(lql) 5(1 2)

«@,q,m a,q,m?
where
(1,1) ._ mi mzl \etr— mT)\ ()\m)c (c+r+ e+’a”+1)(xm N ym)
a,gm T et+a+1 N-—r )
! r=0 e=0 c=0 r (C + +m+ )
N m-—1 ST r—1
)\e+r mr/\ ()\m)c (c+r+ c+a+1)
5&1722” =m eta+1 N—r " (irm + ym)
By Lemma 2.4 (iii) and (iv), we have
m—1 [eS) N N7
A= (epppetaty
(1 1) _ e m
«,q,m mZ)\ ;F C+ e+a+1) ; 7,! LNfr (xm+ym)
N ey (e+=55) 1-my
_mz)\grc_’_edroﬁ»l)l/ (‘rm—"_ym_)\ m)\)
« e = = (c) m C+a+l 1) m m m 1-m7y
=m Y A ZFHMH D LIOWMLy @y = AT =AY
0 c=0 m k:O
m-1 N e+a+1 > )\m cL(C) ()\m)
e m 1-m
=m /\ZL T (@ g - xm /\Z +6+a+1).
e=0 k=0 c=
From (3.7), one can easily obtain that
2™+ ym L /\1me _ |Z‘2m + |w|2m 7 (Z@)nﬁ - (Zw)m(lfm)(zw)m
By (2.4), we have
e ()\m)cL’(:)()\m) (e+a+1)
LR 2 g omy,
eta+1 k
c=0 F (C+ +m+ )
It follows that
p+(x+1 eta+tl
(3.10) St =m Z A ZLN ; T)E,E B )(A’"),
e=0
where 7 := 22" + |w|?™ — (zw)™ — (2w)™(=™) (zw)™. Note that if m = 1,

then 7 = |z — wl|?.
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On the other hand, we have
m—1 N-1 N

. AT mr)\ )\m C cdrd e+s;+1 m m
SO =m Y Y e
e=0 c=0 r=c+1 (C + m )
m—1 N-1 N T
AT (A (g et
:mz)\ez eta LNfr " (mm+ym)
e=0 d=0 r=d+1 r! r (d + +m+1)
m—1 N r—1
SRR O (e "
=m A ZZ (d—s—“’““) 1(v7r )(x +y™).
e=0 r=1d=0 m

It follows that

r—1m-—1 Amdtetr— mr)\ (d+7‘+6+7?;+1)

N r—
(1,2) _ _
(3.11) Sa ., m =m ;:1 dEZO 2 T d T e+a+1)

(™ +y™).
3.2. Computation of 5&2,2;,771
Now we compute Sff?m By Lemma 2.4 (i), we have

n'

2  _ 3¢ : LB () [B) (ym
qu,m mZA ;F(ﬁ-l—n—l—l) n (.%‘ ) n (y )

d=1
= ril’ B —|— 1+7)
N—

1IN—-1N-n *d+T’L(B+27)( m

B AT ™+ y™m)
-m ZZ riT(B+1+7r) '

Recall that 8 = “-2+H — 1 If we write d’ = d + r and drop the prime, then

N—-1N—-1N—-n+r ~d

ATA (d=rtetl _jq90) m
(27()17 =m Z Z Z T'F d— 7‘+a+1 +T) Ln—T (]“ +y )

r=0 n=r d=1+r

If we exchange the order of the summation and apply Lemma 2.4 (ii), then

A derdotl _g49p), o m
,qm:mz Z Z rIl (d=rtadd | )Lf(l—r )("’3 +y™)

0 d=14+r n=r
N—-1 N ~d
XX (fmestia)
=m Z d—rto+tl Ly_q" (™ +y™).
r=0 d=1+r il ( Tma + T)

If we exchange r and d, then we have

~T

N-1 N

A%\ (r=dkedtl | q)

S3 =m E E Ly ™ (™ +y™).

a,q,m r—d+a+l N—r
d=0 r=1+d diT’ ( + d)
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It follows that
N r—1

r— d+o¢+l d)
3.12 52  — L( +2 momy.
( ) Oz ,q,m ;dzo d'l" r— d+a+1 4 d) N—r ( Yy )

3.3. Forms of the polyanalytic reproducing kernels
From the previous subsections, we have
C _ q(1,1 1, 2 2
(3.13) K ym(zw) =S8 — 802 4+ 8@
Combining (3.9), (3.10), (3.11), (3.12) with (3.13), we get the following

theorem.

Theorem 3.2. Let o > —1 and q,m € N. If zw # 0, then the reproducing
kernel is given by

m—1 N F+a+17 etatl
KS , (zw) =m Y (zm) WZL( D ET ) (o))
e=0 k=0

(Zw)md(zw)mr (7'—d+u+1 +2d) 5 9
OB b = eawrwry 2 S C R T

m—1 (Z@)m d+me+mr7m2r(zw)mr

il (d + <tetl)

d eta+1l
Ly (P 4 )]

e=0

where 7 := |2|2™ + |w[2™ — (zw)™ — (zw)™ =™ (zw)™. Moreover, if zw = 0,

then »

C m (55)m m

Z,’U}) = TLNM (J? +y )
I‘(i)

m

a,q,m(

Remark 3.3. If m = 1, then by (2.4),

a+1
A

KE 1 (zw) =Y LY (12— w) BTV (2w)

S (zw)" (zw)" (r+a+1+d) /|2 9
AT (r +a+1) a1 (2% + [w]?)

COUEW) (@rrat
crrrmye e G Lk

This was already proved in [9]. Since S, (1’2) S((J 3 1, it was already known that

1,1 % z
(3.14) K§,q(zw) =851 =e wZLq (= wl?) = e LY (|2 — w]?)
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However, if m > 2, then S(gl’z) #* S For example, if N =1, then

,g,m 0,9,m

m=1yet1—m Y
(L2) _ oy g A (2) mA
0,qm — M iy and Sggm = 3
! = T (%) T ()
Thus one can see that Sélqan = S(()’Qq)’m only when m = 1.

4. Zeros of the polyanalytic reproducing kernels

In this final section, we discuss the zeros of Kgﬁq’m(z,w). The problem of

determining the existence of zeros of the reproducing kernel is called the Lu
Qi-Keng problem suggested in [13]. There are so many results on the Bergman
kernel for bounded domains. We refer to the reader to [1, 3, 10, 15, 16, 22] and
the references therein. As an application of Theorem 3.2, we shall characterize
the condition of (a, g, m) such that the kernel has zeros.

Example 4.1. From (3.14), we have K§, (z,w) = ezwLél_)l(|z —wl|?). By
the explicit form (2.3), we have
L(()l)(x) =1
Lgl)(x) =—x+2,
Lgl)(x) = %1’2 — 3z + 3,
Lgl)(x) = f%xg + 222 — 62 + 4.

Thus K¢, 1 (2, w) = e*™ has no zeros. But, K§,,(z,w) = (2 — [z — w|?) has
zeros when |z — w| = V2. And also K§,,(z,w) and K§3,(z,w) have zeros,

since Lgl)(x) =0 and Lgl)(x) = 0 also have positive real roots.
Example 4.2. Consider (¢,m) = (2,2). Then K§,,(z,w) = S 1’1)2 -
S0 + 52, and N = 0. By (3.10), (3.11), (3.12), we have

a+1 a+2

sy = 2B T (my) + 2wy By ()
1,2 2
52,27)2 = 51(347%,2 =0.
Since E(()a)(x) = E1 ,o(z), we have
Shsy = 2B, asr ((20)") + 2(2W)° By age ((20)")
If we use the duplication formula E, ,(2) = Eaq5(2?) + 2F24.p+4(2?), then

KS o o(z,w) = 8U5% = 2B, aui ((20)?),

v 2

3
which has zeros for any o > —1 by Lemma 2.3
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Indeed, one can characterize this phenomena by using Lemma 2.3.

Theorem 4.3. KT, (z,w) has no zeros if and only if (a, ¢, m) = (0,1, 1).

a,q,m

Proof. If N = 0, then S&lﬁn = Sa “a,m = 0 for any «, ¢, m. By Theorem 3.2,
it follows that

C (1,1) = me c+7c:1+1) —\m?
Ky om(z,w) =55 qm =m Z (zw)™°E, ((zw)™).
e=0
Since Eéa)(x) = E1,o(z) for any «, we have
K (oow) =m S (s P G .
a,q,m — — 1—\(0+ e+(x+1)
e=0 c=0 m
m—1 oo
((zw)™)™*
=m ((z@)™)° ta
2, 27 ey )

=mE1 a1 ((zW0)™).

m’ m

It follows that Kgqm(z,w) has no zeros if and only if &« = 0 and m = 1 by
Lemma 2.5.

Let N > 1. By Theorem 3.2, we have

m (55 (), 2m
K¢ 0) =L .
aqm(zv ) F(%H) N (|Z‘ )
Thus we conclude that Kgq m(%,0) has zeros for any o > —1 and m € N
by Lemma 2.3. O
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