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LAZHAR TYPE INEQUALITIES FOR p-CONVEX
FUNCTIONS

TEKIN TOPLU, IMDAT ISCAN*, AND SELAHATTIN MADEN

Abstract. The aim of this study is to establish some new Jensen and
Lazhar type inequalities for p-convex function that is a generalization of
convex and harmonic convex functions. The results obtained here are
reduced to the results obtained earlier in the literature for convex and
harmonic convex functions in special cases.

1. Introduction

Definition 1.1. The function f:I C R — R, is said to be convex, if the
following inequality holds

flz+(1-t)y) <tf(@)+ 1 —-1)f(y)

for all x,y € I and t € [0,1]. We say f is concave if (—f) is convex.
Our next theorem is Discrete Jensen’s inequality for convex functions [6].

Theorem 1.2. Let f be a convex function defined on a interval I. If
T1,To - , Ty €1 and Ay, Ag--- A, > 0 with ELI A; = 1,then

(1) / Z)\ixi SZ)\if(xi)
i=1 i=1

In [7], Popoviciu gave the following theorem.

Theorem 1.3. Let f be a real-valued continuous function on an interval
I. Then f is convex if and only if

fla) + f(w2) + [ (23) T ATt
: 3 +f< : 3)

2 xr1 + o To + T3 T3+ 21
=5l (m) o () e (55
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In [2], Lazhar Bougoffa gave a generalization of a variant the Popoviciu’s
inequality as follows.

Theorem 1.4. If f is a convex function and x1, s, - , T, lie in its domain,
then
- 21+ g+ -+ g
Do f@)—f ( - )
i=1

In [2] Bougoffa also gave a variant of generalized Popoviciu inequality as
follows.

Theorem 1.5. If f is a convex function and x1, s, - , T, lie in its domain,
then
(2n =) [f (b)) + f (ba) - -+ f (D)l <0 [f (a1) + -+ f(an) = [ (a)],
where a = % and b; = 24=% j=1 ... n.

In [4], Iscan gave definition of harmonically convexity as follows.

Definition 1.6. Let I C R\{0} be a real interval. A function f:I — R is
said to be harmonically convex, if

zy
s ) st w+0-05@

for all z,y € I and t € [0, 1].

Dragomir [3] proved the following Jensen type inequality (discrete version)
for harmonically convex functions:

Theorem 1.7. If f : [a,b] C (0,4+00) — R is harmonically convex function,
then

(3) f <21> < étim

i=1 xz;
for all xy,- -+ @y € [a,b) )ty -+ ,tn >0 withty + - +t, =1

In [1], Azbcar et al gave Lazhar type inequalities for harmonic convex func-
tion.

Theorem 1.8. f: [a,b] C (0,4+00) — R is a harmonically convex function
and x1, 9 - T, € [a,b],then

;ﬂxi)—f(ml;)]

2x1x 2050 -1Tp 20,
f 142 + -+ f _“tn—1vn + f 1
T+ T2 Tp_1+ T Ty + 1

n

n—1
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In [1], Azbcar et al proved inequality for harmonically convex functions as
following theorem.

Theorem 1.9. If f : [a,b] C (0,00) — R is a harmonically convex function
and ay,- - ,a, € [a,b],then

;f(bi) S [;f(ai)f <an>] ;

i=1 a;

n—1

where b’L = m,

i=1,,2,....nand o = —4/——F——.
39 Ly ey a; 1+a2 T 4a;t

In [8], Zhang and Wan gave definition of p-convex function as follows.
Definition 1.10. Let I be a p-convex set. A function f : I — R is said to
be a p-convex function or belongs to class PC (I), if

£ (It + (1= t?)F ) <tf (@) + (1= f ()
for all z,y € I and t € [0,1].

Remark 1.11. [8] An interval I is said to be a p-convex set if [tzP + (1 — t)y”]% €
I for all for allz,y € I andt € [0,1] ,wherep =2k+1 orp=n/m,n=2r+1,
m=2s+1 and k,r,s € N.

Remark 1.12. [5] If I C (0,00) be a real interval and p € R\{0}, then
1
[tz? + (1 — t)yP]? €1 for all for all z,y € I and t € [0,1].

According to Remark 1.12, we can give different version of the definition of
p-convex function as below.

Definition 1.13. [5] Let I C (0,00) be a real interval and p € R\{0}. A
function f : I — R is said to be p-convex function, if

(4) 7 (Ita? + (L= 0y7)7) < tf (@) + (1= 1) f ()

for all z,y € I and t € [0,1]. If the inequality is reserved, then f is said to
be p-concave.

According to definition above, it can easily be seen that p-convexity reduces
to ordinary convexity and harmonically convexity of functions defined on I C
(0,00) for p =1 and p = —1, respectively. In [5] Iscan gave the relation between
convex function and p-convex function as follows

Proposition 1.14. Let f: I C (0,00) — R and h(z) = aP for p € R\ {0}.
If we consider g : J = h(I) — R defined as g(t) = (foh™') then, if f is
p-convex on 1, if and only if g is convex on J.

The aim of this study is to establish some new Jensen and Lazhar type
inequalities for p-convex functions that are generalizations of results obtained
inTheorem 1.2, Theorem 1.4 and Theorem 1.5 for convex functions and ob-
tained in Theorem 1.7, Theorem 1.8 and Theorem 1.9 for harmonic convex
functions.
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2. Main Results

In this section, we present some new lazhar type inequalities for p-convex
functions. For these, firstly we prove the following Jensen inequality for p-
convex functions.

Theorem 2.1. Let p € R\{0}, n € Nand f : I C (0,00) — R be a
p-convex function. If x1,x9--- ,x, € I, then

1

(5) f [Z tixf] < Ztif(xi)
i=1 i=1
where t1,to,t3...,t, >0,t1 +to+t3+---+1t, =1.

Proof. Tt can easily be seen by induction. For;
i) n =1, it is obvious that ¢ = 1 also and inequality holds;

(6) 7 (ta?)7) < tf ()

ii) For n we assume inequality holds

(7) f [Z mi’]

iii) Now we show for i =n + 1.
Let 21:11 t; =1 for t; > 0. Now we take a = Y " t; Firstly we will prove for
a#0

1
P

< Z tif(x:)
i=1

1
n+1 % n " % p P
thixfl = f| |« [ ;xf] + tnprah )
i—1 i=1
1
n tl v P
< af | Yt + tn1 f (Tny1)
i=1
n+1

IN

(XZ f Zq +tn+1f xn-l—l Zf xz

i=1
Secondly for a = 0 the proof is obvious.

n+1
(8) J (Tng1) Zt f(x5)
Thus we have desired inequality. Th1s completes the proof. O

Remark 2.2. We can give alternative proof for (5) inequality by using
Proposition 1.14. Let f : I C (0,00) — R and z1,22, - ,2, € I. Then
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h(z1), h(z2) -+, h(zy) € J where h(z;) = & fori >1,2,--- ,n. Since (f o h™!)
is convex function on J, with respect to Theorem 1.2, then we have

9) (fohr™) (Z /\ih(xi)> < Z/\i (foh™") (h(x))

where A\, Aa, -+, A, > 0 with > | \; = 1. Since h(x) = 2P, from the inequal-
ity (9), we obtain,

f(ZM@ <Y Nif(w)
=1 i=1

Remark 2.3. In (5) inequality, if we choose specially p = 1, it is obvious
that inequality reduces to (1) inequality.

Remark 2.4. In (5) inequality, if we choose specially p = —1, in this case
inequality reduces to (3) inequality.

Now we will give Lazhard type inequalities for p-convex functions.

Theorem 2.5. Let p € R\{0}, n € Nand f : I C (0,00) — R be a

p-convex function. If x1,xs,--+ ,x, € I then
n n xp %
(10) > fla) = (D5
i=1 i=1

1 1 1
71 D + p D D + p D ¥4 + D D
> n f ] + x5 y Ty + 4 et f P + xf .
n 2 2 2
Proof. Since f is p-convex, we have

ek zoP + xaP | ? za” +2P|?
f<[2}>+f<[2})‘““+f([z}>

< f@)+ fz2) + o+ f(2n)

hence, by Jensen inequality for p-convex functions we get

Fn)+f @)+t f ) =Y Fa) = 3 fw) -5 ) f (@)

n—14 nfllzl
- nflpjf@»—Ej;ﬂwﬂ

n

f12WWf{fﬂ

i=1

IN

Thus we have desired inequality. This completes the proof.
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Remark 2.6. An alternative proof for Theorem 10 can be given by us-
ing Proposition 1.14. Let f : I C (0,00) — R and z1,z9, - ,z, € I.
Then h(z1),h(xs)--- ,h(zy,) € J where h(z;) = 2 fori > 1,2,--- n. Since
( fo h_l) is convex function on J,with respect to Theorem 1.4, then we have,

(foh™) (@) = (Foh™) (i ihm)

o o (MO EREY o (M) £he)

NIE

.
Il

3

Since h(z) = xP

> fe) - [Zn])
s

f
i=1
> n—1 l}t({m’f—&-xﬂ;)_i_
n 2

Remark 2.7. In (10) inequality, if we choose specially p = 1, inequality
reduces to (1.4) inequality.

Remark 2.8. In (10) inequality, if we choose specially p = —1, inequality
reduces to (1.8) inequality.

Theorem 2.9. Let p € R\{0}, n € N\ {1} and f : I C (0,00) = R be a

p-convex function. If ay,as,--- ,a, € I, then
(11) (n=1)[f (1) + f (b2) + oo + [ (bn)]
"GP 5
< nlf(a)+ flag)+ ...+ flan) — f [Zn] 7
i=1
1 1
where a = M " and b; = {%}p

Proof. By using Jensen inequality for p-convex functions and p-convexity of

[
F o)+ £ (b2) +--- + f (bn)

< fla) + fla2) +--+ fan)
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and
S flan) = = If(@)+ f(a2) + .t £ (an)
=1
L [ )+ F (02) ot (an)]
= (@) + f(a2) + ot £ (@n)]
)+ L)+ et 2 ()]
< g [f )+ f (@) bt f (an) ~ f [ n]
Thus we have desired inequality. This completes the proof. O

Remark 2.10. We can also give an alternative proof for Theorem 11, by
using Proposition 1.14. Let f : I C (0,00) — R and x1,z2, - ,z, € I.
Then h(z1),h(xs)--- ,h(z,) € J where h(z;) = 2 for i > 1,2,--- n. Since
(f o h_l) is convex function on J, with respect to Theorem 1.5, then we have,
(n=1)[foh ™ (b)+ foh™ (ba+---+ foh™' (by))]
<n[foh ™ (h(a))+ foh ™t (h(az)) + -+ foh " (h(an) — foh " h(a)]
where b = w and h(a) = h(a1)+h(a27)1+m+h(a"), since foh~! is convex
on J, then

(n =D [f (b2) + f (b2) + .. + f (bn)]

1

< n f(a1)+f(a2)+...-|—f(an)_f [Zag‘|p
=1

Remark 2.11. In (11) inequality, if we choose specially p = 1, inequality
reduces to (1.5) inequality.

Remark 2.12. In (11) inequality, if we choose specially p = —1, inequality
reduces to (1.9) inequality.

3. Some applications for special means

Let n € Nand a = (a1, a2, ..., ), > 0, >, a; = 1. Let us recall the
following special means of numbers a = (ay, ag,...,a,), a; > 0,i=1,2,...,n:

1. The weighted arithmetic mean

A(aja) = i Q;a;.
i=1
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2. The weighted harmonic mean

n —1
H(aja):= (Z aia;1> , a; > 0.
i=1

3. The weighted mean power of order p

n 1/p
M, (a; ) == (Zamf) , a; >0, pe R\ {0}.
i=1

It should be emphasized that
H(a;a) =M1 (a;a) < M; (a;) = A(a; )
and M, (a;a) < M, (a; ) for p < gq.

Proposition 3.1. Let 0 < p < ¢, n € N with x1,25--- ,2, € (0,00) and
t1,t2,t3...,t, >0, Z?:l t; = 1. Then, we have the following inequality:
n

1 1
P n q
M, (x;t) = [Z tiat | < [Z ti:vg] = M, (x;t),
i=1 i=1

where t = (t1,t2,t3...,tn), X = (T1,Z2,...,Zy) .

Proof. The assertion follows from inequality (5), for f : (0,00) = R, f(x)
4.

o

If we take p = 1 in the above proposition, we get the following result.

Corollary 3.2. Let1 < ¢, n € Nwithxy, 25+ ,x, € (0,00) and t1,ta,t3...,t, >
0, Y>.i, t; = 1. Then, we have the following inequality:
A(x;t) < Mg (x;t),
where t = (t1,t2,t3...,tn), X = (T1,%2,...,%y) .
Proposition 3.3. Let p < 0, n € N with 1,29+ ,2, € (0,00) and
t1,to,t5. .., t, >0, 3"  t; = 1. Then, we have the following inequality:
H(x;t) < M, (x;t),
where t = (t1,ta,t3...,tn), X = (T1,Z2,...,Ty) .
Proof. The assertion follows from inequality (5), for f : (0,00) = R, f(z) =
—z~ L O
Proposition 3.4. Let 0 < p < ¢, n € N with x1,22--- ,z, € (0,00).
Then, we have the following inequality:
nMI(x;t,) — M (x;t,,)

o Do) an (lmmig ) oo (o )]

1 1

nin

>

where t,, = ( .,%),X:(l‘h.’ljg,...,aﬁn).
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Proof. The assertion follows from inequality (10), for f : (0,00) = R, f(z)
4.

0

If we take p = 1 in the above proposition, we get the following result.
Corollary 3.5. Let 1 < ¢, n € N with 1,29+ , 2, € (0,00). Then, we
have the following inequality:
nM(;Z (X§ tn) — A1 (X; tn)

> “;1 {Aq ((xl,xQ);D + A ((xz,xg);;) T ((xn,xl);;)] ,

1 1 1
o m

where t,, = ( ), x=(21,Z2,...,2Tpn).

Proposition 3.6. Let p <0, n € N with xy,z2- - ,x, € (0,00). Then, we
have the following inequality:

nH™ (x;t,) — Mt (x;t,)

P
n—1 _ 1 _ 1 _
S n {Mpl ((ZE1,LE2);2> +Mp1 <($27$3)§2) +"'+Mp1 <($n71'1)
where t,, = (%,%,...,%), x = (x1,%2,...,Ty) .
Proof. The assertion follows from inequality (10), for f : (0,00) = R, f(z) =
—z~ L O
Proposition 3.7. Let 0 < p < g, n € N\ {1} with a1,a2, -+ ,a, € (0,00)
then
(n—1) My (b;ty,) < nMJ (ajt,) — M} (a;t,),
1
where a = (a1,a2,...,a,),t, = (%,%,...,%),a:Mp(a;tn), b; = [%]p

andb:(bl,bg,...,bn).

Proof. The assertion follows from inequality (11), for f : (0,00) = R, f(z) =
z9. O

If we take p = 1 in the above proposition, we get the following result.

Corollary 3.8. Let 1 < ¢, n € N\ {1} with a1, a2, - ,a, € (0,00) then
(n—1) My (b;t,) < nMI (ajt,) — A% (a;t,),
where a = (1,02,..,an) 6 = (3,1, 3),0 = Aaita), by = [22= |7
and b = (by,ba,...,b,).
Proposition 3.9. Let p < 0, n € N\ {1} with a1,as,--+ ,a, € (0,00) then
(n—1)H (b;t,) > M]D_1 (ajt,) —nH ' (ast,),

1
where a = (ay,az,...,a,),t, = (£, L ...,%),a:Mp(a;tn), ;= [M]p

n—1
and b = (by,ba,...,b,).

1
"2

)|
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Proof. The assertion follows from inequality (11), for f : (0,00) = R, f(z)

—z~ 1
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