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Abstract

The conventional LESS (LEast-Squares Solution) is calculated under the assumption that there is no errors
in independent variables. However, the coordinates of a point, either from traditional ground surveying such
as slant distances, horizontal and/or vertical angles, or GNSS (Global Navigation Satellite System) positioning,
cannot be determined independently (and the components are correlated each other). Therefore, the TLS (Total
Least Squares) adjustment should be applied for all applications related to the coordinates. Many approaches
were suggested in order to solve this problem, resulting in equivalent solutions except some restrictions. In this
study, we calculated the normal vector of the 3D plane determined by the trace of the VLBI targets based on TLS
within GHM (Gauss-Helmert Model). Another numerical test was conducted for the estimation of the Helmert
transformation parameters. Since the errors in the horizontal components are very small compared to the radius of
the circle, the final estimates are almost identical. However, the estimated variance components are significantly
reduced as well as show a different characteristic depending on the target location. The Helmert transformation
parameters are estimated more precisely compared to the conventional LESS case. Furthermore, the residuals can
be predicted on both reference frames with much smaller magnitude (in absolute sense).

Keywords : GNSS (Global Navigation Satellite System), VLBI (Very Long Baseline Interferometry), IVP
(InVariant Point), TLS (Total Least-Squares), GHM (Gauss-Helmert Model)
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2012).

A oJ5L= VLBI (Very Long Baseline Interferometry) QF
EL}e] 22 (IVP: InVariant Point)2 =4317| $Jgt 719
Q19120 2 4] Qheuto] A1E EPAS] 3719 HEE ol 85t
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where the cofactor matrix Q is symmetric, and the
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remaining, unexplained symbols are commonly used in
general Gauss-Markov Model (Bae, 2022). HOJAF 212} 3
o] v]E-o]8)H(non-singular matrix)o|2}al sHH 713k 8
(P =02 FdsH AEt 75t AE 54 99
Ho| ZAstcar 7FASEA]HLE Snow (2012)+=
Y (singular matrix)o]| = 483 4~ Q122 HYrh E31 O
o1F S 401 5k I A sk o
5, Bolat ARBEIRIe PR B

wloA] 7150k Teje WAL A FaE
AR Sl

o] o] Sol

22 7I1RA-SHE DH(GHM)

EIV 22elo 4] Aﬂif 7152 =9oke] Hejahnl 748
HE rdlg Yeld 4= ¢Jth(Schaffrin, 2007; Schaffrin and
Snow, 2010; Snow, 2012)A Qo 4] st EIV L Elof|A] o}
7152 gefsin

Y:=vec[y,X]
e = ve [e E @
=4,

EIV 281S ofefje} zro] wgat 4= 9lrk,

y-e, }:0

b(Y —e E)=[1, —(E@Ik)’]{vec( X-E.)

e~ (0, O'(f I:X;l) ®
where the symbol ® represents Kronecker-Zehfuss product,
which is definedby G ® H = [gy l}rm for G = [gl./. ]pxq
and H = [h ] e . The operator “vec” converts a matrix into a
vector by stacking columnwise. Lastly, the functional relation
b:=R""
relates (71 + n) unknowns to (m + ') equations. W2bA] Eq. (3)
o HAY h9ARME RS Uehfu R EIV 2Ye 1]
A% GHMO.2 B33t 4= ol B3] nx1 4k e
p=Y—e=E{Y}o} b(u,2)=0 20 o] gax] 24|
Fale ole 4 glek

—> R+ is a multivariate nonlinear function that

e’ Pe=(Y —e)" P(Y —e) =min. “)

3. GHM 7[dt ME|A XS HE

313D TH Xt
VLBI EFALS 32t 90°(HZF 0°)0l4] B FH9120)
11 s ol %%Ml*ﬂ il A 5

%

z=ax+by+c ®)

2 3¥3 4= Qa1 o] W (—a,—b, 1) HHe] HAIUE
(normal vector)S LFEPHTE o]AFA o] AFslof A o] wlE| = %]
o gio] 4 S2aF (0, 0,1)& Lhehol shed, ey ol
5 wlEjo] Ajolzhe helue] 4-uker o] 7| oldl 4

=2 Upehiicka gheke 4= ik
PO HAAFHE Y HE S X, pHEOAE
AT z 4R HEANE Tejso] YAHEE 27
By,
a
[z]=[x » 1]|b]|+e
o ©
ezz[ ] 0,6;P™")
e} 33190 1holAle] EALE VLBI qhluh :j0] A
At TP Ale] Bao) BeraElolMS A6k, HA7 22t
SRz Wt oh e, S 20 NS S B AT
£ BT AT SALSAE Y Azt A o} AAS
AAS A28l 917F GNSS 1 $1/d7]1=H(SEIN)

Zzfol A47]3E GNSS 541715 o] §a 4 Mgk Aozt
A ARE eliMe A d=r2 2] fis) 71l
sl Fet o) BAgeFo] 71 Zokx| =& PMINOLESS
(Partial MInimum NOrm LESS)E- Z-8-31t}. ufgha] E A
ol ek Ak g Ato] EAEE R o] 5 st 7hp-
AqviE Bl BT 4

o)
)

WA A (U, 1, 5 ) BIZHE vIR]R] AT E

(a, b, €)% AABH= T 83} o] TElT 4 Sk
h(a,bye,py o, p)=p, —ap, =bp, —c=0 (i=1--,n)(7)

of 714 WIX] ZHh WS (M, A, s H)9F
o] B obele} Zeh(Bae, 2022)

A5G (X, Vs 2)

317



Journal of the Korean Society of Surveying, Geodesy, Photogrammetry and Cartography, Vol. 40, No. 4, 315-324, 2022

X, =4, Te, E{ex,} =0
vi=pn, te,, Ele =0 ®)
Zi:ﬂzi+ezi’ E{ezi}zo
exl
&= |~ (0,05.P™) (©)
eZ

uk2bA] Eq. (7)2 A1) & (total derivative) FE] = ESSHH,

0 0 0 0 0 _
h+du, —adu, —bdu, —p da—p,db—dc=0(10)
where the superscript (° ) represents the initial approximation
of the unknowns and the true values. 1|4 BAJgF d y = of2}
of o] & % Qla(du, dp, 94 AT PAlo 2 #

7Fs),
dp, =u, —p, =(x, - 1) —e, (11)

& =I5t Eq. (12)9} o] e = 9lrh.

da e,
|:hi° +Zi —ﬂg ] = [lug lu’g‘ ] db +|: 0 —bo 1:| ey (12)
W, 4 de 5 e,
=y —

web] HFH 79 W E WL ofefer o] £ 4

9\)\1’

w= A§+Be

nx3

e~(0,0,P™) (13)

a4 WElo 2t HAAB, 2 vIA4et B 4

= TR} o] FolAirk

E=[47(BP'B")' 4] 4T (BPB)'w

. (14)
é=P'B"(BP'B") ' (w—A&)
DiE=6;[ 4" (BP"B"Y A]
., _(B&) (BP'B")'(Be) é&'Pé
%= r T (1)

r=rkB-rkA4

p
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Fig. 1. Location of targets on VLBI antenna (NGII, 2019)
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Table 1. The normal vector of each plane comprised of VLBI targets (TLS within GHM)

Target No. Y v, Vs |é| 6, n |

01 -0.000407 0.000726 1.000000 0.001865 0.134513 23 171.644065
02 -0.000294 0.000894 1.000000 0.009907 0.376771 22 194.052169
03 -0.00039%4 0.000689 1.000000 0.001439 0.133438 23 163.618174
04 -0.000349 0.000780 1.000000 0.005220 0.130186 26 176.182405
05 -0.000344 0.000892 1.000000 0.007750 0.250967 24 197.315187
06 -0.000535 0.000827 1.000000 0.001182 0.117846 24 203.095118
07 -0.000489 0.000851 1.000000 0.001843 0.168305 19 202.478511
08 -0.000162 0.000268 1.000000 0.000591 0.046386 9 64.503857
09 -0.000087 0.000269 1.000000 0.003126 0.026754 58.313248
10 -0.000112 0.000248 1.000000 0.001631 0.017624 15 56.076471
11 -0.000018 0.000229 1.000000 0.004661 0.022693 15 47.376351

© 2 $H/4A51H-0] 7HeRt qkeute] F2RE 219 914 i ‘

ST} Ul SR A o 4 ek Bl Bl & i o TSwmon ||

0](z) AETF 1123} Conventional LESS (LEast-Sqaures
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Fig. 2. Azimuthal rotation of the targets in 3-dimensional

space
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2 275}5, o2 1GS A TZ 20t BAJo) A7 Helsto]
ITRFo] el 288 o] =2o] FAP} ohfma 4
g2 ekl

zhaA WA At B2 ook AAE o] 9l
U (Andrei, 2006; Watson, 2006; Zavoti and Kalmar, 2016;
Ioannidou and Pantazis, 2020), & SX| &34 Alo]o] W3k
2 QJdhA 6 g A E M3 (Helmert transformation) 0. 2 3
gk 4= Qlth(Altamimi ef al., 2016; Jekeli, 2016; Métivier et
al.,2020).

X,=X,+T+D-X,+R-X, (16)

where
X,, X, : 3 %1 coordinates of fo and from
T : 3 X1 translation vector
D : Scale factor (usually given in ppm or ppb)

R : Rotation matrix

Al && 7120 &8z A& 47 (o, B, )2l T o
SAIFIEA Abo] TAZEE w9 Ao B2 R 7 TALE o]
|5t 3P EE o<} o] Ukl 4= ek

0 - B
R=|y 0 -« 17)
- a 0

SR 2, WE AT ] that o X Thg A0 R

BE 2 9.

€, _
e = ' |~(0,00,P") where ¢ =|¢, |, e =|¢

e e

5 o z  from

wfepa] i colelet o)) BlSHE t RS Ashe
(AR e o 2,
b(T,, \?T D,a,B,y)= Hy, = Hy, _T_D'/u)(, _R':uX/ :0(19)

ol AEAE o) g3 FAIZ o FHH Eq. 20)
3} o] Lhehd 4= 9l
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eIt 78 HALES Uehd: e

& Sht AFT S QoI AU F HEA Ao]o] Mol grort 4 FUEL AR ket ozt Kol7} 9)
WSHAS Ol 2T 21 AR 234 oAfe] AL e ] 7k unE mele] /]I TLS o] otk 43t 2
PAISL A Feolck wehd Eq (7)ol M A 7 o2 wekErk

2 (@, B, 1) B gololok StEh AR AF SR 54T Te Mg 2 FRENT WE A% o) gt
ZAlEjol] AXI3 Peh AR WIS ZA B9z o] S HASH I e Kol & B WAtk Fig 4)
7 QUTHEF-16.5°). mebd B ARl S A 25 AAHE g B 94 RS TR 1 AR vl
SRS AHlo] AABHEOM, BRA AT A A8 4§ the HTigrS ol §dte] F1712 Hlwsh Aol viestck
ShH LA A4 7 ekme] JOFS mIXA SRtk 71 AAAIE W3 SEA(FROM)S] EHE 03

Table 32 = AT Ho| o5l 2% Helmert B13H4|=0}  FLA|8}aL BigE &

Y
P
o¥

TO) @ 3t Tefat s Wgh 4

Table 2. Coordinates and the variance-covariance of two frames. “FROM” represents the local frame (e,n,u) based on

ground surveying, and “TO” is obtained from GNSS data processing. Unit: [m], [10-°mm?

Pillar X|e y|n zZ|u O'x2 Uﬁ O'Z2 o, O, Uyz
VP1 -14.3316 23.2012 -3.2860 0.078 0.100 0.086 -0.023 0.000 0.000
VP2 30.2906 36.3985 -0.3612 0.075 0.109 0.091 0.003 0.000 0.000
VP3 43.5645 56.4603 -0.2439 0.067 0.139 0.092 -0.010 | -0.000 | -0.000
VP4 3.5357 96.8418 -0.6114 0.101 0.092 0.090 | -0.006 0.000 | -0.000
FROM VP5 -27.7147 72.1762 4.3960 0.062 0.106 0.086 -0.000 0.000 -0.000
SP1 -42.3220 -111.8810 -7.2246 0.256 0.332 0.282 -0.021 -0.002 0.001
SP2 -30.0276 | -145.1603 -1.7997 0.252 0.274 0.263 -0.027 -0.001 0.000
SP3 -13.4730 | -124.7110 0.1208 0.192 0.306 0.264 -0.017 -0.001 -0.001
GNSS 0 0 0 3.103 5.529 0.716 | -0.060 0.023 -0.069
VPI -14.3255 23.1983 -3.2752 0.233 0.219 0.232 - - -
VP2 30.2907 36.3831 -0.3567 0.207 0.196 0.206 - - -
VP3 43.5558 56.4328 -0.2665 0.233 0.219 0.232 - - -
VP4 3.5337 96.8078 -0.6367 0.373 0.336 0.372 - - -
TO VP5 -27.7065 72.1744 4.3817 0.216 0.217 0.221 - - -
SP1 -42.3055 | -111.8878 -7.2319 0.174 0.162 0.169 - - -
SP2 -30.0160 | -145.1528 -1.7856 0.168 0.148 0.157 - - -
SP3 -13.4836 | -124.7294 0.1202 0.180 0.168 0.174 - - -
GNSS 0 0 0 0.160 0.140 0.149 - - -

Table 3. Estimated Helmert transformation parameters: TLS within GHM vs. Conventional LESS

Parameter TLS (GHM) Conventional LESS
Value Sigma Value Sigma

. Tx 1.971 +3.839 2.235 +4.003
Tra[‘;fllfﬁlon Ty -12.092 +4.021 -10.781 +3.862
Tz -4.886 +3.905 -4.560 +4.008
ﬁ)%ar}ne] D -87.81814 +43.370 T3ATNTS +41.099
. Rx -18.04032 +10.995 17.33080 +11.356
IE"TE‘;;‘;? Ry -1.32066 +33.005 8.84352 +36.994
Rz -1.95467 +8.781 -0.06191 +8.793
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Fig. 4. Estimated residuals (in absolute sense) for both reference frames
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TLS (Total Least-Squares) within Gauss-Helmert Model: 3D Planar Fitting and Helmert Transformation of Geodetic Reference Frames

B MIASE 2o} B0, DB 7o
E welg A8 4 ek HiA HIARE g 1)E
AT 5 glon], 53 WE AF
AR 1 27\ (Eegh7H 5] AP

Ao X]%é%‘:% %’45}1/\1: BHIE Akl 5

7 YA Flet 2Lt GNSSe 7]
Hke A A= EP% loﬂ TN WS 7o r 0}‘3
2 A HIFA| AR A HZ(deflection of the vertical) S
2ol Q1% A L= Qth(Zhang et al., 2021). Lt} gzﬂ
QA A} Sk sfefeke A

A ol B2 Z A3k WEAel of Ggol W RO

ful

ek 54 14l

v =

2 AREARL o] Fgof tefAls 714 HET e
20 & gheisict
AL 2
HEno

SHFAHE AR 2 H7FAANEAG Q] “X]
3715t AlEjulE & 3H°§ A9 PNT 7]&7Hab o] o]4)] Z=a)x]
915 UTH1525012253). E3F E A TLo) A2-5 go|g L&
A2 HANGIT)of| 4] ﬂ%ﬁmﬂﬂi olof ZAL=HY T

References

Altamimi, Z., Rebischung, P., Métivier, L., and Collilieux,
X. (2016), ITRF2014: A new release of the International
Terrestrial Reference Frame modeling nonlinear station
motions, Journal of Geophysical Research: Solid Earth,
Vol. 121, pp. 6109—6131.
https://doi.org/10.1002/2016JB013098

Andrei, C.-0. (2006), 3D Affine Coordinate Transformations,
Master’s thesis, School of Architecture and the Built
Environment, Royal Institute of Technilogy (KTH),
Stockholm, Sweden.

Bae, T.-S. (2022), Adjustment Computations, Haum (in
Korean).

Dach, R., Lutz, S., Walser, P., and Fridez, P. (2015), Bernese
GNSS Software Version 5.2, Vol.
Institute, University of Bern.

Ghilani, C.D. and Wolf, PR. (20006),
Computations: Spatial data analysis (4"™), John Wiley &

1, Austronomical

Adjustment

Sons, Inc.

loannidou, S. and Pantazis, G. (2020), Helmert transformation
problem. From Euler angles method to quaternion algebra,
International Journal of Geo-Information, Vol. 9, No. 494,
pp. 1-14.

ITRF (2020), ITRF homepage, https://itrf.ign.fr/en/solutions/
ITRF2020 (last date accessed: 28 July 2022).

Jekeli, C. (2016), Geometric Reference Systems in Geodesy,
Division of Geodetic Science, School of Earth Sciences,
Ohio State University.

Métivier, L., Altamimi, Z., and Rouby, H. (2020), Past and
present ITRF solutions from geophysical perspectives,
Advances in Space Research, Vol. 65, No. 12, pp. 2711-
2722.
https://doi.org/10.1016/j.asr.2020.03.031

Neitzel, F. and Schaffrin, B. (2016), On the Gauss—Helmert
model with a singular dispersion matrix where BQ is
of smaller rank than B, Journal of Computational and
Applied Mathematics, Vol. 291, pp. 458-467.
https://doi.org/10.1016/j.cam.2015.03.006

NGII (2019), Enhancement of National Geodetic Network,
National Geographic Information Institute, Suwon, Korea,
229p. (in Korean)

Schaffrin, B. (2007), Connecting the dots: The straight-line
case revisited, zfv, Vol. 132, No. 1, pp. 385-394.

Schaffrin, B. and Snow, K. (2010), Total Least-Squares
regularization of Tykhonov type and an ancient racetrack
in Corinth, Linear Algebra and its Applications, Vol. 432,
pp. 2061-2076.

Schaffrin, B. and Wieser, A. (2008), On weighted total
least-squares adjustment for linear regression, Journal of
Geodesy, Vol. 82, pp. 415-421.
https://doi.org/10.1007/s00190-007-0190-9

Snow, K. (2002), Applications of Parameter Estimation
and Hypothesis Testing to GPS Network Adjustments,
OSU Report No. 465, Geodetic Science, The Ohio State
University, Columbus, Ohio.

Snow, K. (2012), Topics in Total Least-Squares Adjustment
within the Errors-In-Variables Model: Singular Cofactor
Matrices and Prior Information, OSU Report No. 502,
Geodetic Science, The Ohio State University, Columbus,
Ohio.

323



Journal of the Korean Society of Surveying, Geodesy, Photogrammetry and Cartography, Vol. 40, No. 4, 315-324, 2022

Watson, G.A. (2006), Computing Helmert transformations,
Journal of Computational and Applied Mathematics, Vol.
197, No. 2, pp. 387-394.
https://doi.org/10.1016/j.cam.2005.06.047

Zavoti, J. and Kalmar, J. (2016), A comparison of different
solutions of the Bursa-Wolf model and of the 3D,
7-parameter datum transformation, Acta Geod Geophys,
Vol. 51, pp. 245-256.
https://doi.org/10.1007/s40328-015-0124-6

Zhang, Z., Ma, X., Sun, Z., Zhang, A., Yuan, Y., and Sun, Z.
(2021), Measuring the Deflection of the Vertical via Local
Reference Point Surveying and Pointing Calibration of
a VLBI Telescope: A Case Study at the Urumgqi Station,
Earth and Space Science, Vol. 8, No. 10, pp. 1-13.
https://doi.org/10.1029/2021EA001781

324



