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EVALUATIONS OF THE ROGERS-RAMANUJAN CONTINUED
FRACTION BY THETA-FUNCTION IDENTITIES REVISITED

JINHEE Y12 AND DAE HYUN PAEK P *

ABSTRACT. In this paper, we use some theta-function identities involving certain pa-
rameters to show how to evaluate Rogers-Ramanujan continued fraction R(eﬂ”ﬁ)
and S (ef”ﬁ) for n = ﬁ and 4%,” where m is any positive integer. We give some
explicit evaluations of them.

1. INTRODUCTION

The Rogers-Ramanujan continued fraction R(q), for |¢| < 1, is defined by

1/5 2
_1 19 T
RO= 14T +7+ .
and also S(q) is defined by
S(q) = —R(=q).

Ramanujan gave the first nonelementary evaluations of R(q), that is,

R(e2) = 1/2 +2*/5 - ‘/5; Loand sy =2 _2\/5 = \/52_ L

See [3, 4] for details of these evaluations.

In the 1980s, Ramanathan [9, 10, 11, 12] evaluated R(e=2™V") for n = 1, 2, 4, 5,
1 2 3 17 1 - _ 137 233 1 1 1 _1 1
5v 57 57 5 107 and S(@ ﬂ-\/ﬁ) fOI’ n= 17 57 5v 57 57 5° 5 157 25° 357 115° 195°

In the mid of 1990s, Berndt and Chan [3] established values of R(e~2"™V") for

n=4,9,16, 64 and S(e"™V") for n = %, %, %, % by using an eta-function identity.
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Chan [5] determined the value of S (e_”‘/?:) by using a modular equation. Berndt,
Chan, and Zhang [4] derived formulas for the explicit evaluations of R(e27V7)
and S(e~™V") for positive rational numbers n in terms of Ramanujan-Weber class
invariants. In addition, they determined the values of R(e~57) and S(e~™V") for
n=3,09, 5, 5, g, %, %, %, 25—9, %, %, %, %. In 1999, Chan and Tan [6] also
evaluated S(e” ™VI1) and S(e™V19),

In the beginning of 2000s, Vasuki and Mahadeva Naika [15] evaluated the values
of R(e=2™V") for n = 13,8 2, &, %, = and S(e —™Vn) for p = 1,2, L. Yi[16]
employed eta-function identities to compute the values of R(e*%‘f) for n=1,2

112347891 1 1 1 1 1 1 1 1 NG
3 4 9 16’2’3’4’5’5’5 »57 5757 9 10 15° 16’20725’35740745 andS( )
forn=1,3,9,27 13 79 11 1 L In 2004, Baruah and Saikia

’ 3’ 5 5 5y 57 97 157 257 27° 35’ 45

2 6 14 18 3 7 9 2 1 2 2 1
[1] found the values of R(e ”\F) forn =%, %, %, 15> 100 100 15> 300 35> 150 70

o by employing the same argument as in [16]. In 2007, Baruah and Saikia [2] also
determined the values of R(e_%/\/g) and S(e‘”/*/g).

In 2013, Pack and Yi [8] evaluated R(e~2"V") and S(e~"™V7") for n = 2, 18

by using modular equations of degree 5. Saikia [13] evaluated explicit values of

R(e=?™V") for n = 2, 1 3. =, = and both R(e =271 and S(e~™V") for n = 3, 1 3, =

4 11 13 17 29 41 53 8 101l 1 1 3 1 1 1 1 1 1 1 1 b
5 5° 5’ 5% 57 5> 57 5° 5 10° 20° 25’ 55’ 65 75’ 85° 145’ 205> 265’ 445° 505 y

using parametrization of Ramanujan s theta-functions. Saikia [14] also evaluated the

values of R(e2™V") for n = 2, 3, 1 5 3, 225, %, 510, 7 and S(e V) forn =3, § 3 25’

. Recently, Paek [7] used some theta-function identities to evaluate R(e~27V") for

— _3 9 1 —m\/n _ 3 9 1 1
N = 51m; 5d4m> 15.4m> 15 4m and S( f) for n = B.4m—13 F.gm—13 15.4m—17 45.4m—1>

where m is any positive integer.

Thus R(e~2™V") were evaluated for n = 1, 2, 3, 4, 5, 9, 16, 64, 3 % 1, % % %,
é§1§9L11314&H§@£@@liiliilii
5575557 5> 5> 57 57 52 5> 57 57 52 59107 100 10> 107 157 157 167 20"
3 9 1 2 3 1 1 2 1 1 2 1 1 1 1 1 1 3 9 1 1 1
20° 200 257 257 250 30° 35° 35 40’ 15 50 500 550 G0 5 70’ 75 B0’ 807 850 60 Td5
e E g 1 L L L In addition, S(e”™V") were evaluated for
TS50 305> 765 200 3900 145 5057 7307 960

1 1 2 3 4 7 9 11 13 16 17 23 29 39 41 53 89

lel, 759 119 27737575757575757?7?7?75757?757?75757
0001 1 1 13 9 1 3 1 1 1 1 1 1 1 1 1 1 1 1
5 9> 107 157 20° 20° 20° 25° 25° 27° 35> 45> 55’ 60’ 65 75> 115> 1457 1807 195° 205°

2657 445° 505°
In this paper, we use some theta-function identities involving parameters hs j,

and hj,, defined in (1.1) and ( :2) below to show how to evaluate R(e~2"V") and
S(e=™") for n = =

establish some explicit evaluations of them.

and 4m, where m is any positive integer. Furthermore, we
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For |¢| < 1, Ramanujan’s theta-functions ¢ is defined by

s 2
plg)= Y .
Let k and n be any positive real numbers. Define hy , and h;m by
¢(q) —r\/n/k
(1.1) him = ————, where g=e ,
k% (q")
and

r @(_Q) _ _—2my\/n/k
(1.2) P n = W (—gh)’ where q=e .

We use the following formulas in [13, Theorem 3.5] to evaluate R(e~2"V"/®) and

S(e~™V"/5) in terms of hs ,, and hjp,, respectively.

1 5h2, —5
(1.3) ——— — 11 - R(e V") =51, VohEn =5
R5(e~2mV/n/5) TA\VBREZ, -1
and
1 5—+5h2,
(1.4) — 411 =SV =R [ )
S5 (e~mVn/5) "A\VERE, —1

From (1.3) and (1.4), we have
\/ghIQ _
1.5 RP(e=2"V"/5) = \/a2 + 1 —a, where 2a =11+ 5h* 2 5n ©
(1.5) ( ) 5,n \/ghg,n 1

and

5— /5 hi
(1.6)  S%(e ™V™%) = /b2 + 1 b, where 2b=—11+ 5h3 ( 57") .

\/gh‘g,n -1

Consequently, in order to find the values of R(e=2"V™5) and S(e ™V"/%), it
suffices to compute h’52n and hg,n’ respectively. Thus, in this paper, we use theta-
function identities involving hg,n and hs, to find some new explicit values of the

Rogers-Ramanujan continued fraction.

2. EVALUATIONS OF hy,, AND hs,

In this section, we compute the values of h’52n and h‘%,n for some positive real num-
bers n to evaluate the Rogers-Ramanujan continued fraction. We begin by recalling
the known values of hf ; and hf 5 in [17] which will play key roles in evaluating the

Rogers-Ramanujan continued fraction.
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Lemma 2.1 ([17 Theorems 4.16 and 5.6(v)]). We have
() 1y = VOLLZVE
ST
(i) W5 = (54 VE) (V5 — 1)2.

We now need a couple of theta-function identities: one shows a relation between

h,, and hg /4 and the other shows a relation between b, and hs .

Lemma 2.2. For any positive real number n, we have

h? /4 h/Q 1
(2.1) i V5 | B, + |-
5,n 5,n/4 5,n
ProofLetP:ﬁandQ—;q) Then— Q2—|—4—Q2+5b
. <,O(— 5) q10) Q2 Q2 y

[2, Theorem 2.17]. Rewrite P and @ in terms of h5’n/4 and h57n to complete the
proof. O

Lemma 2.3 ([8, Corollary 3.4]). For every positive real number n, we have

h% h/2 f 1
2.2 = 4=V5(hZ,+— |-
. i, i,
2
)

Note also that (2.2) follows from a modular equation — ?’2 4=0Q*+ 0
in [8, Theorem 3.3], where P = (( fiqqzo).

We are in position to evaluate h , forn = i 1—16, and é.

Theorem 2.4. We have
(i) h’521/4_2+\/5—2\/2+
3+ 2v5 —2v2+5V5 2\/11+7f 44/22 + 10v/5

—2+\f
(202 —2c+1-2/(c2+1 (62—20)> , where

(i) hl521/16

1

(i) h/521/64 = 5

_5+6vV5E-5vV2+5V5 5\/11+7\f 4 22+1o\/5
5—2v5

Proof. For (i), let n =1 in (2.1) and put h’52,1/4 = r and the value of Ay ; in Lemma
2.1(i) to deduce that
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x2—<3+\/5—2 2+x/5>x+2+\/5—2 2+v5=0.

Solving the last equation for x and using x < 1, we complete the proof.
For (ii), let n = } in (2.1). Putting h’;l/lﬁ =z and h/52,1/4 =2+v5-2V2+5
obtained in (i), we find that

(2+\/5+2\/2+\/5>x2—(6+4\f5)x+2+\/§+2\/2+\/5:0.

Solve the last equation for x with the help of Mathematica and use x < 1 to complete

the proof.
The proof of (iii) is similar to that of (ii). O
By letting n = 135 in (2.1) and using the value hg%1/64 in Theorem 2.4(iii), we

12
can evaluate h5’1/128.

We now evaluate h2 ,, for n =

Thus we can evaluate h'521 Jam for every positive integer m.

1 1

1
1 167 and 4"

Theorem 2.5. We have
L 3+3v2+25+v1I0-4vV1+v5-2V2+5
(i) h5,1/4 = o+ 5 )
(i) h2, 6= V5 (10c2 —lde+5+2y/(c—1)(5¢ — 3)(5¢2 — be + 2)) , where
4-2/25 55— \J11+7V5 - 4221 10v5
B 525 !
(iii) h§71/64 = \}5 (202 +6c+ 5+ 2/(c2 + 2¢)(c? + dc + 5)) , where
c=(d+1)(d+2) — /(d? +1)(d? — 2d) and
i 54+6v5—5 2+5\/5—5\/11+7\/5—4 22 +10v/5
5—2v5 '

Proof. For (i), let n = § in (2.2) and put h? 1/4 =« and hg21/4 =2+V5-2v2+5
in Theorem 2.4(i) to deduce that

2
x2—<32+14\/5—4 118+53\/5>x+(2+\/5—2 2+\/5> =0.

Cc

Solving the last equation for  with the help of Mathematica and using x > 1, we
complete the proof.
The proofs of (ii) and (iii) are similar to that of (ii). O

We now evaluate h2,, for n =
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Theorem 2.6. We have
(i) k25,4 =60 — 40V/5 +27V/5 — 18V/57,
—95+\@+2€/5?+4\/10(76—46/5—15¢5—4€/57)
i) h2. .. = ,
(i) 5516 19 — 685 — 45v/5 + 6v/53

(iii) h’5%5/64 = \25 (502 —de+1—+/(c—1)(5¢ — 1)(5c2 — 2c + 1)) , where

1+2\4/5—19\/5+4\/2 (76—4{%—15\/5—4\4/573)
N 19— 68¢/5 — 45v/5 + 65 '
Proof. For (i), let n = 5 in (2.1). Putting h’52,5/4 = and hy 5 = %(\4/5— DV5+v5
in Lemma 2.1(ii), we find that
2% — (65 — 40vV/5 + 25v/5 — 18V53) 2+ 5(2+ V5 )(3 —2V5) = 0.

Solving the last equation for x and using z < %, we complete the proof with the

help of Mathematica.

C

For (ii) and (iii), repeat the same argument as in the proof of (i). O

By letting n = 2 in (2.1) and using the value h’5%5/64 in Theorem 2.6(iii), we can

12 2 .. .
evaluate h575 /256" Thus we can evaluate h5y5 Jam for every positive integer m.

We end this section by evaluating h%}n for n = %, 1%, and 6%.
Theorem 2.7. We have
(i) 75574
10+ 80+/5 — 49v/5 — 6V/53 — 2\/5 (363 + 710v/5 4 281v/5 — 614\4/57))
N —161+ 725 ’

(i) h2 6= ‘f <5c2 —de+1+/lc—D)Be—1)(BE -2+ 1)) , where

1+2<‘/5—19¢5+4\/2 (76— 49/5 — 15v/5 — 4957 )
B 19 — 68v/5 — 45v/5 + 6v/53 ’
35/64 = \25 <502 —de+1++/(c—1)(5¢ — 1)(5¢% — 2¢ + 1)), where
c= % (5d2 —4d+1+/[d—1)(5d— 1)(5d2 — 2d + 1)) and
1+2%19\/5+4\/2 (76—4{‘/5—15\/5—43/573>
‘= 19 — 685 — 45v/5 + 65 '

c

(iii) h
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Proof. The results follow directly from (2.2) and Theorem 2.6(ii) and (iv) with the
help of Mathematica. O

3. EVALUATIONS OF R(q) AND S(q)

We first evaluate R(e=2™V™) for n = 5.%, where m is any positive integer. We

show the cases when m = 1, 2, and 3.

Theorem 3.1. We have
(i) R(e~™/V5)

1

:—Z<147+65f—25 58+26\@)+\47573<5_4\/5+ 2+5\/5)

11—5V5 ’
(i) R5(6_”/2*/5) = % (—a — 11 + Va2 + 22a + 225), where
10(11 — v2 — 3v/10)? (30 + 315 — 5142 + 113\/5)
11(2 — v5)2(14 — v2 — 2v/5 — 3V/10) ’
(iii) R5(e~™/4V5) = % (—a — 11 ++a? +22a + 125), where

2
(c—2)(2c+1) (202 —2+1-2/(@F )2 2c)>
a= and
2 —2c—/(c2+1)(c% - 2¢)
5+6f—5\/2+5J5—5\/11+7¢5—4 22 +10v/5
CcC =
5-2V5
Proof. The results follow directly from (1.5) and Theorem 2.4 with the help of Math-

ematica. OJ

a =

See [16, Corollary 4.6(iv)] and [14, Theorem 3.13] for different proofs of Theorem
3.1(i). We next evaluate S(e~™V") for n = #, where m is any positive integer.

We show the cases when m =1, 2 and 3.

Theorem 3.2. We have

_5)? —5)2\°
(i) 55(6—7r/2\/5) — 11 + M + \/1 4 (11 + b(4b5)> , where

2 T 20— 1) 2 " 20— 1)
5 (2—3\&—4\/5—\@+4\/1+\/5+2\/2+5\/5)
b=
4(5 — 2+/5) ’

(ii) S5(e~m/4V5) = (25b 11+ 5v/256% 1+ 226 1 5) , where

N =
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2
5(2¢2 + ¢) (1002 +6c+1+2y/(52 + 2¢)(5¢2 + de + 1))

b= and
5¢2 + 2¢ + +/(5c¢% + 2¢)(5c2 + 4c + 1)
—1+2f—\/2+5f—\/11+7\/5—4 22 4+ 105
C = )
. 5-2V56
(ii)) $°(e~/8V) = 2 (b +11+ VB2 + 220+ 125) , where
(2¢ + 1) (—c2 + 2+ /(@12 - 2c>)
b=
2
¢ (2c2 2+ 1-2/(@+ 1) (2 2c))
c=d?—d—/(d+1)(d?—2d), and
5+6\f—5\/2+5 —5\/11+7\f 4 22+10\/5
— 25
Proof. The results are immediate consequences of (1.6) and Theorem 2.5 with the
help of Mathematica. U

See [14, Theorem 3.13] for an alternative proof for Theorem 3.2(i). We now
evaluate R(e=2"V") for n = 4m, where m is any positive integer. We show the cases

when m =1, 2, and 3.

Theorem 3.3. We have

(i) R¥(e™™) = ( 25a—11+5m),where
5( 7[—2 40+21\/5>

a =

123 — 55v/5 ’

11 125a2(a—1) 11 125a%(a — 1)\
ss RE) —m/2\ — - e AR ) 1 - Seo \Bw 4 h
@) B ™) = —5 ~ 5Ga -1 +\/+(2+ 2Ga—1) ) """

142v5— 19\/5+4\/2(7674\4/57 15v/5 — 4v/53)
19 — 685 — 45v/5 + 6v/5 ’
(—25a — 22 + 5v/25a2 + 44a + 20 ), where

a =

(iii) RO(e~™/4) = %
(c—1)<502—4c—|—1—\/(c—l)(5c—1)(502—20+1)>2
5¢2 —6c+1—+/(c—1)(5c — 1)(5c2 — 2c + 1)
1+2\/5—19\f+4\/276 44/5 — 15v/5 — 4f)
19 — 68v/5 — 451/5 + 6V/53

Proof. The results follow directly from (1.5) and Theorem 2.6. We used Mathematica
to verify (i)—(iii). O

and

a =

c =
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See [16, Corollary 3.8(ii)] and [15, Theorem 2.1] for different proofs for Theorem
3.3(1). See also [16, Corollary 3.10(ii)] for a different proof for Theorem 3.3(ii).
We end this section by evaluating S(e~™V") for n = =, where m is any positive

ams
integer. We show the cases when m = 1, 2, and 3.

Theorem 3.4. We have
2°n 2(p _ 2
(i) S°(e~™/2) = 1 + bb-5) + \/1 - (11 + rb-3) 5)> , where

2 " 20— 1) 2 20— 1)
5 (49 4 6/5 — 25 — 16V/53 4+ 21/363 + 7105 + 2815 — 614\4/57”)
b= ,
161 — 72v/5

|
(i) $%(e™™/1) = 5 (250 + 11+ 5v2507 + 335+ 5 ), where

5(c? —¢) (562 —de+1++/(c—1)(5¢ — 1)(5¢2 — 2¢ + 1))2

b= , and
2<5c2—6c+1+ V=D —1)(5e2 — 2¢ + 1))
B 1+2€/5—19\/5+4\/2(76—4\4/5—15\/5—4\4/57)

, 19 — 685 — 455 + 6v/53 ’
5 (250 + 11 + 5v/25b% + 22b + 5 ), where

5(c2 — ) (5c2 —de+1+/c—DBe—1)(6c2 — 2 + 1))2
2(562—60+1+\/(c—l)(5c—1)(502—2c+ 1))
c:% (5d2—4d+1— V@—1)(d —1)(5d% — 2d + 1)) , and
. 1+2€/5—19\/5+4\/2(76—4<‘/5—15\/5—4\4/57)
19 — 68v/5 — 45v/5 + 6v/53 '

Proof. The results follow from (1.6) and Theorem 2.7. We used Mathematica to
verify (1)—(iii). O

(iii) S°(e~™/8) =

b=

)
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