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COLOCALIZATION OF GENERALIZED LOCAL

HOMOLOGY MODULES

Marziyeh Hatamkhani

Abstract. Let R be a commutative Noetherian ring and I an ideal of

R. In this paper, we study colocalization of generalized local homol-
ogy modules. We intend to establish a dual case of local-global princi-

ple for the finiteness of generalized local cohomology modules. Let M
be a finitely generated R-module and N a representable R-module. We

introduce the notions of the representation dimension rI(M,N) and ar-

tinianness dimension aI(M,N) of M,N with respect to I by rI(M,N) =
inf{i ∈ N0 : HI

i (M,N) is not representable} and aI(M,N) = inf{i ∈
N0 : HI

i (M,N) is not artinian} and we show that aI(M,N) = rI(M,N)

= inf{rIRp (Mp,p N) : p ∈ Spec(R)} ≥ inf{aIRp (Mp,p N) : p ∈ Spec(R)}.
Also, in the case where R is semi-local and N a semi discrete linearly com-

pact R-module such that N/
⋂

t>0 I
tN is artinian we prove that inf{i :

HI
i (M,N) is not minimax}=inf{rIRp (Mp,p N) : p ∈ Spec(R)\Max(R)}.

1. Introduction

Let I be an ideal of a Noetherian commutative ring R and M,N R-modules.
The notion of i-th generalized local homology module HI

i (M,N) with respect
to I which was first introduced by Nam [11] is defined as follows: For all i ≥ 0,

HI
i (M,N) = lim←−

t

Tori(M/ItM,N).

This definition is in some sense dual to J. Herzog’s definition of generalized
local cohomology modules [5] and in fact a generalization of the usual local
homology modules

HI
i (M) = lim←−

t

Tori(R/It,M).

Let S be a multiplicative set in R. In [9, 2.1], Melkersson and Schenzel
called the module SM = HomR(RS ,M) the co-localization of M with respect
to S and CosR(M) = {p ∈ Spec(R) | pM 6= 0} the co-support of M . In
[14] Rezaei studied colocalization of local homology modules. He investigated
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colocal-global principle for the artinianness and minimaxness of local homology
modules, which is a dual case of local-global principle for the finiteness of local
cohomology modules.

Recall that for a finitely generated R-module M , the finiteness dimension
of M relative to I, fI(M), is defined as the infimum of the integers i such
that Hi

I(M) is not finitely generated. Let r be a positive integer. Faltings
local-global principle theorem [4, Satz 1] asserts that the R-module Hi

I(M) is
finitely generated for all i < r if and only if the Rp-module Hi

IRp
(Mp) is finitely

generated for all i < r and for all p ∈ Spec(R). Thus,

fI(M) = inf{fIRp
(Mp) : p ∈ Spec(R)}.

In this paper we extend some results of [14] to generalized local homology
modules. In fact, we investigate the dual of Faltings’ local-global principle for
generalized local homology modules.

A non-zero R-module M is called secondary if its multiplication endomor-
phism by any element x of R is either surjective or nilpotent. This implies
that the nilradical of M is a prime ideal p and M is said to be p-secondary.
A secondary representation for an R-module M is an expression for M as
a finite sum of secondary modules (see [8]). If such a representation ex-
ists, we will say that M is representable. If M has a reduced secondary
representation M = M1 + M2 + · · · + Mn and Mi is pi-secondary, we write
AttR(M) = {p1, p2, . . . , pn}.

For a finitely generated R-module M and a representable R-module N ,
we define the representation dimension rI(M,N) and artinianness dimension
aI(M,N) of M,N with respect to I by

rI(M,N) = inf{i ∈ N0 : HI
i (M,N) is not representable}

and

aI(M,N) = inf{i ∈ N0 : HI
i (M,N) is not artinian}

and we prove the following main result:

Theorem 1.1. Let R be a Noetherian ring, I an ideal of R, M be a finitely
generated R-module and N an artinian R-module. Let s be an integer. Then
the following statements are equivalent:

i) HI
i (M,N) is artinian for all i < s;

ii) HI
i (M,N) is representable for all i < s;

iii) p(HI
i (M,N)) is representable for all i < s and all p ∈ Spec(R)

and we obtain that

aI(M,N) = rI(M,N) = inf{rIRp(Mp,p N) : p ∈ Spec(R)}
≥ inf{aIRp(Mp,p N) : p ∈ Spec(R)}.

As the second main result we prove the following theorem:
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Theorem 1.2. Let R be a Noetherian semi-local ring, I be an ideal of R, M a
finitely generated R-module and N a semi discrete linearly compact R-module
such that N/

⋂
t>0 I

tN is artinian. Let s be an integer. Then the following
conditions are equivalent:

i) HI
i (M,N) is a minimax R-module for all i < s;

ii) p(HI
i (M,N)) is a representable Rp-module for all i < s and all p ∈

Spec(R) \Max(R)

which follows that

inf{i : HI
i (M,N) is not minimax}

= inf{rIRp(Mp,p N) : p ∈ Spec(R) \Max(R)}.

2. Preliminaries

We first recall some definitions that we will use. A Hausdorff linearly topol-
ogized R-module M is said to be linearly compact if F is a family of closed
cosets (i.e., cosets of closed submodules) in M which has the finite intersec-
tion property, then the cosets in F have a non-empty intersection (see [7]). A
Hausdorff linearly topologized R-module M is called semi-discrete if every sub-
module of M is closed. Thus, a discrete R-module is semi-discrete. It is clear
that artinian R-modules are linearly compact with the discrete topology. So
the class of semi-discrete linearly compact modules contains all artinian mod-
ules. Moreover, if (R,m) is a complete ring, then finitely generated R-modules
are also linearly compact and discrete (see [7, 7.3]).

Let I be an ideal of the ring R and M,N R-modules. In [11], the i-th
generalized local homology module HI

i (M,N) with respect to I is defined by

HI
i (M,N) = lim←−

t

Tori(M/ItM,N).

In the special case M = R, HI
i (R,N) = HI

i (N) is the i-th local homology
module HI

i (N) of N with respect to I.
We have the following basic properties of the generalized local homology

modules HI
i (M,N) which are crucial in our proofs.

Lemma 2.1 ([17, 2.3(i)]). If M is a finitely generated R-module and N is a
linearly compact R-module, then for all i ≥ 0, HI

i (M,N) is a linearly compact
R-module.

Lemma 2.2 ([3, 2.6]). Let M be a finitely generated R-module and N a linearly
compact R-module. If N is complete in the I-adic topology (i.e., ΛI(N) ∼= N),
then for all i ≥ 0, there is an isomorphism

TorRi (M,N) ∼= HI
i (M,N).

The cosupport of an R-module M , written CosuppR(M), is the set of primes
p such that there exists a cocyclic homomorphic image L of M with AnnR(L) ⊆
p ([16, 2.1]). Note that a module is cocyclic if it is a submodule of E(R/m) for
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some maximal ideal m ∈ R. A prime ideal p is called coassociated to a non-zero
R-module M if there is a cocyclic homomorphic image L of M with p = AnnR L
[16]. The set of coassociated primes of M is denoted by CoassR(M). It follows
that CoassR(M) ⊆ CosuppR(M).

Lemma 2.3 ([12, 3.13] and [10, 3.8]). Let M be a finitely generated R-module
and N a linearly compact R-module. Then

CosuppR(HI
i (M,N)) ⊆ SuppR(M) ∩ CosuppR(N) ∩V(I)

for all i ≥ 0.

We now recall the concept of Noetherian dimension of an R-module M
denoted by NdimM . The Noetherian dimension of M is defined inductively
as follows: When M = 0, put NdimM = −1. Then by induction, for an
integer d ≥ 0, we put NdimM = d if NdimM < d is false and for every
ascending sequence M0 ⊆ M1 ⊆ · · · of submodules of M , there exists n0 such
that NdimMn+1/Mn < d for all n > n0 (see [15]).

Let pd(M) be the projective dimension of M . Then we have a vanishing
theorem for generalized local homology modules.

Theorem 2.4 ([17, 2.11]). Let M be a finitely generated R-module with pd(M)
<∞ and N a linearly compact R-module with Ndim(N) <∞. Then HI

i (M,N)
= 0 for all i > pd(M) + NdimN .

Recall that an R-module M is called minimax if there is a finitely generated
submodule N of M such that M/N is Artinian ([19]). Thus the class of minimax
modules includes all finitely generated and all artinian modules. Moreover, it
also includes all semi-discrete linearly compact modules.

Let N be a representable R-module. Rezaei introduced the concepts of
representation dimension rI(N) and artinianness dimension aI(N) of N relative
to I ([14]). As a generalisation of rI(N) and aI(N) we have the following
definitions:

Definition 2.5. Let M be a finitely generated R-module and N a representable
R-module. We define

i) The representation dimension rI(M,N) of M,N with respect to I by

rI(M,N) = inf{i ∈ N0 : HI
i (M,N) is not representable}.

ii) The artinianness dimension aI(M,N) of M,N with respect to I by

aI(M,N) = inf{i ∈ N0 : HI
i (M,N) is not artinian}.

Note that, if N is artinian, then by [13, Theorem 2.7]

inf{i ∈ N0 : HI
i (M,N) is not representable}

= inf{i ∈ N0 : HI
i (M,N) is not artinian}

which implies that rI(M,N) = aI(M,N).
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Let S be a multiplicative set of R. Following [9] the co-localization of an
R-module M with respect to S is the module SM = Hom(RS ,M). In case M
is an Artinian R-module, SM may not Artinian ([9]), however, SM is a linearly
compact R-module ([2, 2.5]). Let p be a prime of R and S = R − p. Then
instead of SM we write pM . For an R-module M , co-support of M to be the
set CosR(M) = {p ∈ Spec(R) | pM 6= 0}. It is well known that in case M is a
linearly compact R-module the equality CosR(M) = CosuppR(M) is true.

We have the following lemmas which are needed in the sequel.

Lemma 2.6 ([7, 3.14 and 3.5] and [14, 2.2]). Let R be a Noetherian ring, I an
ideal of R and M a linearly compact R-module. Then

i) IM and M/IM are linearly compact R-modules,
ii) p(IM) ∼= Ip(pM) for any prime ideal p ∈ Spec(R),

iii) CoassR(IM) ⊆ CoassR(M).

Lemma 2.7 ([12, 3.13]). Let S be a multiplicative set and I an ideal of R. Let
M be a finitely R-module and N a linearly compact R-module. Then

S(HI
i (M,N)) ∼= HIRS

i (MS ,S N)

for all i ≥ 0.

3. The results

In this section, we investigate the dual of Faltings’ local-global principle
for generalized local homology modules. As the first main result we have the
following theorem.

Theorem 3.1. Let M be a finitely generated R-module and N an artinian
R-module. Let s be an integer. Then the following statements are equivalent:

i) HI
i (M,N) is artinian for all i < s;

ii) HI
i (M,N) is representable for all i < s;

iii) p(HI
i (M,N)) is representable for all i < s and all p ∈ Spec(R).

Proof. i) ⇔ ii) By [13, Theorem 2.7].
i) ⇒ iii) By [9, Theorem 3.2], colocalization of any artinian R-module is

representable.
iii)⇒ i) We proceed by induction on s. When s = 1, there is a positive inte-

ger m such that ItN = ImN for all t ≥ m. Then HI
0 (M,N) ∼= M ⊗R N/ImN

is an artinian R-module. Let s > 1. It follows from the inductive hypothe-
sis that HI

i (M,N) is artinian for all i < s − 1. Thus it is sufficient to show

that HI
s−1(M,N) is artinian. By Lemma 2.7 p(HI

s−1(M,N)) ∼= H
IRp

s−1 (Mp,p N)

and so by assumption, H
IRp

s−1 (Mp,p N) is a representable Rp-module for all p ∈
Spec(R). By [13, Corollary 2.5] for each p ∈ Spec(R), there exists an integer np

such that (IRp)np(H
IRp

s−1 (Mp,p N)) = 0. On the other hand, by [3, Theorem 3.3]

CoassR(HI
s−1(M,N)) is finite. Let t := max{np : p ∈ CoassR(HI

s−1(M,N))}.
Then (IRp)t(H

IRp

s−1 (Mp,p N)) = 0 for all p ∈ CoassR(HI
s−1(M,N)). Since by
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Lemma 2.1 HI
s−1(M,N) is a linearly compact R-module, by Lemma 2.6(ii), (iii)

we get that p(ItHI
s−1(M,N)) = 0 for all p ∈ CoassR(It(HI

s−1(M,N))). Also,

ItHI
s−1(M,N) is linearly compact, by Lemma 2.6. Thus ItHI

s−1(M,N) = 0.

Now, [13, Theorem 2.2] implies that HI
s−1(M,N) is an artinian R-module. It

completes the proof. �

Corollary 3.2. Let M be a finitely generated R-module and N an artinian
R-module. Then

rI(M,N) = inf{rIRp(Mp,p N) : p ∈ Spec(R)}.

Proof. The result deduces from Theorem 3.1 and Lemma 2.7. �

Corollary 3.3. Let M be a finitely generated R-module and N an artinian
R-module. Let s be an integer. Then, if p(HI

i (M,N)) is artinian Rp-module
for all i < s and all p ∈ Spec(R), then HI

i (M,N) is artinian R-module for all
i < s. Thus

aI(M,N) ≥ inf{aIRp(Mp,p N) : p ∈ Spec(R)}.

Proof. Since any artinian Rp-module is a representable Rp-module, the asser-
tion follows by Theorem 3.1. �

In [18], Zöschinger defined and investigated coatomic modules over commu-
tative Noetherian rings. A R-module M is called coatomic if every proper
submodule of M is contained in a maximal submodule of M . Over Noether-
ian rings, the class of coatomic modules is a Serre subcategory of the category
of R-modules. Moreover, it is clear that every finitely generated R-module is
coatomic and that every coatomic, artinian module has finite length. Also, it
is well known that M is coatomic if and only if CoassR(M) consists only of
maximal ideals.

Theorem 3.4. Let (R,m) be a Noetherian local ring, M be a finitely gener-
ated R-module and N an artinian R-module. Let s be an integer. Then, the
following are equivalent:

i) HI
i (M,N) is finite length for all i < s;

ii) p(HI
i (M,N)) is a coatomic and representable Rp-module for all i < s

and all p ∈ Spec(R).

Proof. i) ⇒ ii) Since by assumption, HI
i (M,N) is artinian for all i < s, Theo-

rem 3.1 follows that p(HI
i (M,N)) is a representable Rp-module for all i < s and

all p ∈ Spec(R). We show that p(HI
i (M,N)) is coatomic Rp-module for all i < s

and all p ∈ Spec(R). By [9, Proposition 7.4] we have CosR(HI
i (M,N)) ⊆ {m}

for all i < s. Thus p(HI
i (M,N)) = 0 for all p ∈ Spec(R) \ {m} and all i < s.

We prove that m(HI
i (M,N)) is coatomic Rm-module for all i < s. [9, Theorem

3.2] deduces that

AttRm
(m(HI

i (M,N))) = {qRm; q ∈ AttR(HI
i (M,N)) and q ⊆ m}.
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But by assumption (i) and [9, Proposition 7.4] we have AttR(HI
i (M,N)) ⊆

{m}. Hence it follows that AttRm
(m(HI

i (M,N)))⊆{mRm}. Since m(HI
i (M,N))

is representable, by [16, Theorem 1.14]

AttRm
(m(HI

i (M,N))) = CoassRm
(m(HI

i (M,N))).

Therefore, CoassRm
(m(HI

i (M,N))) ⊆ {mRm} and so m(HI
i (M,N)) is coatomic

Rm-module for all i < s, as required.
ii) ⇒ i) By Theorem 3.1 HI

i (M,N) is artinian for all i < s. We show
that CosR(HI

i (M,N)) ⊆ {m} for all i < s. This concludes the result, by
[9, Proposition 7.4]. Let i < s be an integer and p ∈ CosR(HI

i (M,N)). Then

p(HI
i (M,N)) 6= 0 and so

∅ 6= AttRp
(p(HI

i (M,N)))

= {qRp : q ∈ AttR(HI
i (M,N)) and q ⊆ p}.

Thus there exists q ∈ AttR(HI
i (M,N)) such that q ⊆ p. It follows that qRm ∈

AttRm
(m(HI

i (M,N))). But m(HI
i (M,N)) is a coatomic and representable Rm-

module, by assumption. Hence

AttRm
(m(HI

i (M,N))) = CoassRm
(m(HI

i (M,N))) ⊆ {mRm}.
Thus q = m and so p = m. This follows CosR(HI

i (M,N)) ⊆ {m}, as required.
�

Rezaei in [14], proved the following lemma over local rings. By the same
method as in the proof of [14, Proposition 2.8], it is easy to check that this
assertion holds over arbitrary Noetherian rings.

Lemma 3.5. Let R be a Noetherian ring and L a minimax linearly compact
R-module. Then pL is a representable Rp-module for all p ∈ Spec(R)\Max(R).

Theorem 3.6. Let M be a finitely generated R-module and N a linearly com-
pact R-module. Let i be an integer. If HI

i (M,N) is a minimax R-module, then

p(HI
i (M,N)) is a representable Rp-module for all p ∈ Spec(R) \Max(R).

Proof. By Lemma 2.1 HI
i (M,N) is a linearly compact R-module. Thus, the

result follows by Lemma 3.5. �

We are now ready to state and prove the second main theorem of this section,
which proves the dual of Faltings’ local-global principle for minimax generalized
local homology modules.

Theorem 3.7. Let R be a Noetherian semi-local ring, I be an ideal of R, M a
finitely generated R-module and N a semi discrete linearly compact R-module
such that N/

⋂
t>0 I

tN is artinian. Let s be an integer. Then the following
conditions are equivalent:

i) HI
i (M,N) is a minimax R-module for all i < s;

ii) p(HI
i (M,N)) is a representable Rp-module for all i < s and all p ∈

Spec(R) \Max(R).
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Proof. i) ⇒ ii) It follows from Theorem 3.6.
ii) ⇒ i) We argue by induction on s. Let s = 1. By [6, 7.1] the short exact

sequence of inverse systems of linearly compact modules

0 −→ {ItN}t −→ {N}t −→ {N/ItN}t −→ 0

induces a short exact sequence

0 −→
⋂
t>0

ItN −→ N −→ ΛI(N) −→ 0.

Set K :=
⋂

t>0 I
tN , then ΛI(N) ∼= N/K which is an artinian R-module. Now,

from [2, Lemma 2.7] we have

HI
0 (M,N) = lim←−

t

(R/It ⊗R M ⊗R N) ∼= lim←−
t

(M ⊗R N/ItN) ∼= M ⊗R ΛI(N).

It follows that HI
0 (M,N) is artinian and so HI

0 (M,N) is a minimax R-module.
Let s > 1. It follows from inductive hypothesis that HI

i (M,N) is mini-
max for all i < s − 1. Hence it is sufficient to prove that HI

s−1(M,N) is

a minimax R-module. Let a :=
⋂

CoassR(HI
s−1(M,N)). Then by [20, Satz

1.2, Bemerkung 1] there exists an integer e ≥ 1 such that aeHI
s−1(M,N) is

finitely generated. Now by Lemma 2.3 CoassR(HI
s−1(M,N)) ⊆ V (I) and so

IeHI
s−1(M,N) is finitely generated. On the other hand, by [3, Theorem 3.3]

HI
s−1(M,N))/IeHI

s−1(M,N) is artinian. It follows that HI
s−1(M,N) is mini-

max and the proof is complete. �

Corollary 3.8. Let R be a Noetherian semi-local ring, I be an ideal of R.
If M is a finitely generated R-module and N a semi discrete linearly compact
R-module such that N/

⋂
t>0 I

tN is an artinian R-module. Then

inf{i ∈ N0 : HI
i (M,N) is not minimax}

= inf{rIRp(Mp,p N) : p ∈ Spec(R) \Max(R)}.

Proof. It follows immediately by Theorem 3.7. �

Two following theorems give some equivalent conditions when colocalization
of generalized local homology modules p(HI

i (M,N)) are representable for all
i > pd(M) + s.

Theorem 3.9. Let M be a finitely generated R-module with pd(M) <∞ and
N a semi discrete linearly compact R-module with Ndim(N) < ∞. Let s be a
non-negative integer. Then for any p ∈ Spec(R) the following conditions are
equivalent:

i) p(HI
i (M,N)) is a representable Rp-module for all i > pd(M) + s;

ii) IRp ⊆ Rad(AnnRp
(p(HI

i (M,N))) for all i > pd(M) + s;

iii) p(HI
i (M,N)) = 0 for all i > pd(M) + s.
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Proof. i) ⇒ ii) Since p(HI
i (M,N)) ∼= H

IRp

i (Mp,p N), it follows by [13, Corol-
lary 2.5].

ii) ⇒ iii) We proceed by induction on n := Ndim(M). When n = 0,
HI

i (M,N) = 0 for all i > pd(M) by Theorem 2.4 and we have the result
in this case.

Let n > 0 and K :=
⋂

t>0 I
tN . The short exact sequence of linearly compact

modules

0 −→ K −→ N −→ ΛI(N) −→ 0,

induces the following long exact sequence

· · · → HI
i+1(M,ΛI(N))→ HI

i (M,K)→ HI
i (M,N)→ HI

i (M,ΛI(N))→ · · · .

Now, since ΛI(N) is complete in I-adic topology, by Lemma 2.2 there is an

isomorphism HI
i (M,ΛI(N)) ∼= TorRi (M,ΛI(N)) and so HI

i (M,ΛI(N)) = 0 for
all i > pd(M). Then HI

i (M,K) ∼= HI
i (M,N) for all i > pd(M). Hence, it is

sufficient to show that p(HI
i (M,K)) = 0 for all i > pd(M) + s. By [2, Lemmas

3.10, 4.1] there exists an element x ∈ I such that xK = K. Now, for all
i > pd(M) + s the short exact sequence

0 −→ (0 :K x) −→ K −→ K −→ 0

gives rise to a long exact sequence of linearly compact R-modules

HI
i+1(M,K) −→ HI

i (M, 0 :K x) −→ HI
i (M,K)

.x−→ HI
i (M,K).

By [10, Lemma 3.2] we have the following long exact sequence

p(HI
i+1(M,K)) −→ p(HI

i (M, 0 :K x)) −→ p(HI
i (M,K))

.x/1−→ p(HI
i (M,K)).

Now, [2, Theorem 4.7] follows that Ndim(0 :K x) ≤ Ndim(0 :N x) ≤ n− 1 and
so the inductive hypothesis gives p(HI

i (M, 0 :K x)) = 0 for all i > pd(M) +

s. It follows the injection 0 −→ p(HI
i (M,K))

.x/1−→ p(HI
i (M,K)) for all i >

pd(M) + s. Assume that p(HI
j (M,K)) 6= 0 for some j > pd(M) + s. Since

x/1 ∈ IRp, the assumption ii) follows that there is a positive integer t such
that (x/1)tp(HI

i (M,K)) = 0. This is a contradiction, according to the above

injection. Thus p(HI
i (M,K)) = 0 for all i > pd(M) + s and the proof is

complete.
iii) ⇒ i) It is clear. �

Theorem 3.10. Let M and N be as in Theorem 3.9. Let s be a non-negative
integer. Then the following conditions are equivalent:

i) HI
i (M,N) is an artinian R-module for all i > pd(M) + s;

ii) p(HI
i (M,N)) is a representable Rp-module for all i > pd(M) + s and

all p ∈ Spec(R);
iii) p(HI

i (M,N)) = 0 for all i > pd(M) + s and all p ∈ Spec(R);
iv) HI

i (M,N) = 0 for all i > pd(M) + s.
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Proof. i) ⇒ ii) It follows from [9, Theorem 3.2].
ii) ⇒ iii) It follows from Theorem 3.9 i) ⇒ iii).
iii)⇒ iv) By assumption CosR(HI

i (M,N)) = ∅ for all i > pd(M)+s. Hence
HI

i (M,N) = 0 for all i > pd(M) + s by [1, Corollary 4.3].
iv) ⇒ i) It is clear. �

Theorem 3.11. Let M and N be as in Theorem 3.9. Let s be a non-negative
integer. Then the following conditions are equivalent:

i) HI
i (M,N) is a finitely generated R-module for all i > pd(M) + s;

ii) HI
i (M,N) is a minimax R-module for all i > pd(M) + s;

iii) p(HI
i (M,N)) is a representable Rp-module for all i > pd(M) + s and

all p ∈ Spec(R) \Max(R).

Proof. i) ⇒ ii) Since any finitely generated R-module is minimax, it follows.
ii) ⇒ iii) It follows from Theorem 3.6.
iii) ⇒ i) We proceed by induction on n := NdimN . If n = 0, then

HI
i (M,N) = 0 for all i > pd(M) by Theorem 2.4 and the result follows in

this case.
Now suppose, inductively that n > 0 and the result is true for n − 1. Set

K :=
⋂

t>0 I
tN . By an argument analogue to that used in the proof of Theorem

3.9, we have the isomorphism HI
i (M,N) ∼= HI

i (M,K) for all i > pd(M).
Hence, it is sufficient to prove that HI

i (M,K) is a finitely generated R-module
for all i > pd(M) + s. Fix i > pd(M) + s and let a :=

⋂
CoassR(HI

i (M,K)).
Then by [20, Satz 1.2, Bemerkung 1] there exists an integer e ≥ 1 such that
aeHI

i (M,K) is finitely generated and so Lemma 2.3 follows that IeHI
i (M,K)

is finitely generated. On the other hand, by [2, Lemmas 3.10, 4.1] there exists
an element x ∈ I such that xK = K and so xeK = K. Thus the exact sequence

0 −→ (0 :K xe) −→ K
xe

−→ K −→ 0

implies that a long exact sequence of linearly compact R-modules

HI
i (M, (0 :K xe))

f−→ HI
i (M,K)

.xe

−→ HI
i (M,K) −→ · · · .

Since Ndim(0 :K xe) ≤ Ndim(0 :N xe) ≤ n− 1 by [2, Theorem 4.7], induction
hypothesis implies that HI

i (M, (0 :K xe)) is finitely generated. Consider the
exact sequence

0 −→ im f −→ HI
i (M,K) −→ xeHI

i (M,K) −→ 0.

Since im f and xeHI
i (M,K) are finitely generated, we conclude that HI

i (M,K)
is finitely generated and the proof is complete. �
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