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THE KAHLER DIFFERENT OF A SET OF POINTS
IN P x P"
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ABSTRACT. Given an ACM set X of points in a multiprojective space
P™xP™ over a field of characteristic zero, we are interested in studying the
Kahler different and the Cayley-Bacharach property for X. In P! x P!, the
Cayley-Bacharach property agrees with the complete intersection prop-
erty and it is characterized by using the Ké&hler different. However, this
result fails to hold in P™ x P™ for n > 1 or m > 1. In this paper we start
an investigation of the Kéahler different and its Hilbert function and then
prove that X is a complete intersection of type (d1,...,dm,d},...,d},) if
and only if it has the Cayley-Bacharach property and the Kéahler differ-
ent is non-zero at a certain degree. We characterize the Cayley-Bacharach
property of X under certain assumptions.

1. Introduction

Let X be a finite set of points in the multiprojective space P x P™ over
a field K of characteristic zero, let Ix C S := K[Xo,...,Xm, Yo,...,Ys] be
the bihomogeneous vanishing ideal of X, and let Rx = S/Ix be the bigraded
coordinate ring of X. The set X is called arithmetically Cohen-Macaulay (ACM)
if Rx is a Cohen-Macaulay ring, and X is called a complete intersection of type
(diy...,dm,dy,...,d,) if Ix is generated by a bihomogeneous regular sequence
{Fi,...,Fn,G1,...,Gn} with deg(F;) = (d;,0) fori =1,...,m and deg(G;) =
(0, d;) for j =1,...,n. The study of special classes of finite sets of points such
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as ACM sets of points, complete intersections, etc. in a multiprojective space
is a very active field of research and has been attracted by many authors. For
instance, the work on finding a classification of ACM set of points includes
[3,7-9,18,23] and the work on complete intersections includes [2,5,6,12].

Obviously, every complete intersection of type (di,...,dnm,d},...,d)) is
ACM. It is a subject of research to understand when X is a complete intersec-
tion of type (di,...,dm,d},...,d.). One of the classical tools for studying the
complete intersection property is the Kahler different (see [12,16,19]). When
X is ACM, we may assume that R, := K[Xy, Y] is a Noetherian normaliza-
tion of Rx and define the Kdhler different ¥x of X or of the bigraded algebra
Rx /R, which is known as the initial Fitting ideal of the Kéhler differential
module of Rx/R,. In the case m = n = 1, [5, Proposition 7.3] shows that an
ACM set X is a complete intersection of type (di,d}) if and only if ¥x con-
tains no separators for X of degree less than (2rx,,2rx,), where X; = m;(X)
and 7x, is the regularity index of the Hilbert function of X; for ¢ = 1,2 and
m PP X P?" — P™ and 7 : P x P® — P™ are the canonical projections,
which in turn is equivalent to the condition that X has the Cayley-Bacharach
property. Here, we say that X has the Cayley-Bacharach property if the Hilbert
function of X\ {p} is independent of the choice of p € X. A nice history about
the study of the Cayley-Bacharach property of a finite set of points in the pro-
jective space can be found in [13]. Notice that the above result of [5] does not
hold true in general, for instance when m > 1 or n > 1 as Example 4.6 shows.
But if X C P™x P" is a complete intersection of type (dy,...,dm,d},...,d,),
then it still has the Cayley-Bacharach property and ¥Jx contains no separators
for X of degree less than (2rx,, 2rx,). It is natural to ask which additional con-
ditions make an ACM set of points X with Cayley-Bacharach property being a
complete intersection of type (dy,...,dm,d},...,d,).

Working on this question, in this paper we prove the following result.

Theorem 1.1 (Theorem 4.7). For a set X of s distinct points in P™x P", the
following are equivalent.

(a) X=CI(dy,...,dm,dy,...,d,) for some positive integers d;, d; > 1.
(b) X =X x Xy has the Cayley-Bacharach property and HFy, (rx,,rx,) #

0.

Also, when X satisfies the (x)-property (see [11, Definition 3.19]), we look
closely at the Cayley-Bacharach property for X. If we write X3 = m(X) =
{q1,---,45, } SP™ and Xy = mo(X) = {q1,...,q;,} € P" and put

W; := ma(m; Hgi) NX) C Xy, Vj = Wl(wgl(q;-) NX) CXy
fori =1,...,s7and j =1,..., s, then we obtain the following characterization
of the Cayley-Bacharach property for X.

Theorem 1.2 (Theorem 5.2). Suppose that X C P™xP" has the (x)-property.
Then X has the Cayley-Bacharach property if and only if the following condi-
tions are satisfied:
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(a) Vi,...,Vs, are Cayley-Bacharach schemes in P™ and ry, = -+ = V.,
(b) Wh,...,Ws, are Cayley-Bacharach schemes in P"™ and rw, = -+ =
TWSI .

Using Theorem 1.2, in P! x P" we can drop the condition X = X; x X5 in
part (b) of Theorem 1.1 and get the following consequence.

Theorem 1.3 (Corollary 5.6). Suppose that X C P! x P" has the (x)-property.
Then X = CI(dy,d,...,d,) for some positive integers dy,d},...,d,, > 1 if and
only if X has the Cayley-Bacharach property and HFy, (dy — 1,rx,) # 0.

The paper is organized as follows. In Section 2 we fix the notation and
recall the definitions of the border of the Hilbert function of X and the Kahler
differential modules Q}%x K and Q}%x /R, In particular, we use a presentation
of Q}%X /K (see Theorem 2.5) and its relation with Q}%x /R, O give a formula
for the Hilbert function of Q}%x/Ro when X is ACM (see Proposition 2.7). In
Section 3 we take a closed look at the Kéhler different ¥x of an ACM set of
points X in P™x P™. We provide several basic properties of the Hilbert function
of ¥x and its border. Section 4 contains the first main result (Theorem 4.7)
which characterize X = CI(dy,...,dm,d},...,d,) using the Kéhler different
and the Cayley-Bacharach property. In this special case we describe explicitly
the Hilbert function of ¥x and its border (see Proposition 4.3 and Corollary 4.4).
In the final section, we restrict our attention to the finite sets of points in
P™x P™ having the (x)-property. In this setting, we relate the degree of a point
q; X q;- € X to degrees of points in W; and V; (see Proposition 5.1). This enables
us to prove a characterization of the Cayley-Bacharach property of X (see
Theorem 5.2) and derive some consequences in P! x P" (see Proposition 5.5 and
Corollary 5.6). All examples in this paper were calculated using the computer
algebra system ApCoCoA [21].

2. The Kahler differential modules

Let K be a field of characteristic zero, let m,n > 1 be positive integers.
For (i1,j1), (iz,72) € Z2, we write (i1,51) = (i, jo) if 41 < dp and j; <
j2. The bigraded coordinate ring of P x P™ is the polynomial ring S =
K[Xo,...,Xm, Yo, ..., Yy,] equipped with the Z2-grading defined by deg(Xy) =
oo =deg(X,n) = (1,0) and deg(Yp) = - - = deg(Y,,) = (0,1). For (i,5) € Z?,
we let S;; be the bihomogeneous component of degree (i,j) of S, ie., the
K-vector space with basis

{X50 - X 'YoﬁO Y ST o =4, S _oBk = J, i, B € N

Given an ideal I C S, we set I; ; := I NS;; for all (i,j) € Z% The ideal
I'is called bihomogeneous if I = €D ; jyez2 1i,j- If I is a bihomogeneous ideal

of S, then the quotient ring S/I also inherits the structure of a bigraded ring
via (S/I)L] = Sivj/Iiyj for all (Z,]) S Zz.
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A finitely generated S-module M is a bigraded S-module if it has a direct
sum decomposition

with the property that S, ;. )M, jo) © Mi,yiy,ji+4. for all (ir,j1), (42, 52) €
72,

Definition. Let M be a finitely generated bigraded S-module. The Hilbert
function of M is the numerical function HF 5; : Z2 — N defined by

HF (i, §) := dimg M, ; for all (i,j) € Z2.

In particular, for a bihomogeneous ideal I of S, the Hilbert function of S/I
satisfies

HFs/I(Z,]) = dlmk(S/I)w = dln’lk Si,j - dlmk Ii,j for all (Z,]) € Z2.

If M is a finitely generated bigraded S-module such that HF (7, 5) = 0 for
(4,7) % (0,0), we write the Hilbert function of M as an infinite matrix, where
the initial row and column are indexed by 0.

A point in the space P™ x P™ has the form

p=lap:ay: - :am]xX[bo:by:-:b,] €EP"x P

where [ag : a1 : -+ ay] €P™and [by : by : -+ : by] € P". Its vanishing ideal is
the bihomogeneous prime ideal of the form

L= (01, . 0y, ... ) C S,

v n

where deg(¢;) = (1,0) and deg(¢}) = (0,1) for 1 <i <m,1 <j <n.

Definition. Let s > 1 and let X = {py,...,ps} be a set of s distinct points
in P x P"*. The bihomogeneous vanishing ideal of X is given by Ix = Ip, N
---N I, and its bigraded coordinate ring is Rx = S/Ix.

In what follows, let X = {p1,...,ps} be a set of s distinct points in P™ x P™
and let x; and y; denote the images of X; and Y; in Rx for 0 < ¢ < m and
0 < 7 < n. We write HFx for the Hilbert function of Rx and call it the Hilbert
function of X. It is worth to noting here that a bihomogeneous element is a
zerodivisor of Ry if and only if it vanishes at some points of X.

Convention 2.1. Given the canonical projections 7 : P™ x P* — P™ and
mo P x P? — P, we let Xy = m(X), 51 = |Xq|, Xy = m2(X), and s2 = [X3].
The set X; has its homogeneous vanishing ideal Ix, € K[Xy,...,X,,] and
its homogeneous coordinate ring Rx, = K[Xo,...,Xm]/Ix,. Similarly, X
has its homogeneous vanishing ideal Ix, C K[Yp,...,Y,] and its homogeneous
coordinate ring Rx, = K[Yy,...,Y,]/Ix,.

Notice that there exists a linear form ¢ € K[Xy, ..., X,,] such that ¢ does not
vanish at any point of X;. Analogously, we find a linear form ¢’ € K[Yp,...,Y}]
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which does not vanish at any point of Xy. It follows that ¢, 7 e Rx are non-
zerodivisors (see also e.g. [7, Lemma 1.2]). As a consequence of this fact and
[20, Proposition 1.9] and [22, Proposition 4.6], we get several basis properties
of the Hilbert function of X.

Proposition 2.2. Let (i,7) € Z* with (i,7) = (0,0).
(a) We have HFx(7,j) < min{HFx(i + 1,7),HFx(i,5 + 1)} <Ss.
(b) If HFy(i,j) = HFy(i + 1,4), then HFx(i,j) = HFx(i + 2,7). Also,
HFx(i,7) = HFx(s1 — 1,j) fori>s1 —1 and j < so — 1.
(¢) If HFx(i,j) = HFx(i,j + 1), then HFx(i,j) = HFx(i,j + 2). Also,
HFx(i,7) = HFx(i,82 — 1) fori < sy —1 and j > so — 1.
(d) We have HFx(i,7) = s for all (i,7) = (s1 — 1,82 — 1).

For k,l € N set vy := min{i € N | HFx(i,k) = HFx(i + 1,k)} and g; :=
min{j € N | HFx(l,j) = HFx(l,j + 1)}. Let v := sup{y}, | k € N} and
0 :=sup{g | I € N}. In view of Proposition 2.2, we have (v, ) < (s1—1,s2—1).
Especially, (v,0) = (s1 — 1,82 —1) if m = n = 1. Moreover, the tuple (v, p) can
be described by the following lemma.

Lemma 2.3. Let k,l € N. If HFx(i, k) = HFx(i + 1, k), then HFx(i,k+ 1) =
HFx(i + 1,k + 1); and if HFx(l,j) = HFx(l,j + 1), then HFx(l + 1,j) =
HFx(l 4+ 1,5 +1). In particular, we have (v,9) = (rx,,rx,), where rx, s the
reqularity index of HFx, for k =1,2.

Proof. As in the argument before Proposition 2.2, we find £ € S; o and € Sy
such that their images ¢, ¢ in Rx are non-zerodivisors. Then we have

HFx(i,k 4+ 1) = dimg ((Rx)i - (Rx)o,1) = dimg (¢ - (Rx)ix - (RBx)o,1)
= dimp ((Rx)it1.k - (Rx)o) = HFx(i + 1,k + 1),
where the second equality follows from the fact that ¢ € (Rx)1,0 is a non-
zerodivisor of Rx and the third equality induces by assumption that HFx(i, k) =
HFx(i+ 1, k). Analogously, by using the non-zerodivisor ¢’ € (Rx)o,1, we have
HFx(l 4+ 1,7) = HFx(I + 1,5 + 1) when HFx(l,j) = HFx(l,j + 1). Conse-
quently, we get v, > viyq for all K € N and g > g;41 for all I € N, and hence
v=1y=7x, and o = gy = 7x,. O

The lemma leads us to the following definition, which agrees with [22, Defi-
nition 4.9] if (v, 0) = (s1 — 1,52 — 1).
Definition. Let rx,, rx, be regularity indices of HFx, and HFY,, respectively.
The pair Bx = (B¢, Br), where
BC = (HFx(Txl 5 O), HFx(T‘X] 5 1), . ,HFx(T‘X] s TX2))
and
BR = (HFx(O, ’I“Xz), HFx(l, ’I"Xz), e ,HFx(’I‘Xl 5 TX2)),
is called the border of the Hilbert function of X.
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Example 2.4. Let K = Q, let X = {p1,...,pg} be a set of nine points in P? x P?
given by p1 = q1 X q1, p2 = ¢1 X q2, P3 = q1 X q3, P4 = @1 X 4, P5 = G2 X q1,
P6 = q2 X g2, PT = G2 X q3, pg = q3 X q1 and pg = q3 X g2, where ¢1 = (1:0:0),
g2=(1:1:0),¢3=(1:0:1), gs = (1:1:1) in P> Then Xy = {q1, 2,43},
s1 =3, Xo ={q1,92,93,q4} and so = 4. The Hilbert function of X is given by

3

HFx =

W wwr
co oo oo

O O O =~
O O O

and so rx, = 1 and rx, = 2. The border of the Hilbert function of X is given by
Bx =1((3,8,9),(4,9)). In this case we have rx, <2 =s1—1orrg, <3 =s2—1,
and HFx(4,j) = s =9 for all (4,7) = (rx,, rx,)-

In the bigraded enveloping algebra Rx Qx Rx we have the bihomogeneous
ideal J = Ker(u), where p: Rx ®x Rx — Rx is the bihomogeneous Rx-linear
map given by u(f®g) = fg. The bigraded Rx-module Q}QX/K = J/J? is called
the module of Kdhler differentials of Rx /K. The bihomogeneous K-linear map
dry /K @ Bx — Q}QX/K given by f i f®1—1® f + J? satisfies the universal
property. We call d the universal derivation of Rx/K. More generally, for any
bigraded K-algebra T'/R we can define in the same way the Kéhler differential
module QlT/R, and the universal derivation of T/R (cf. [16, Section 2]). Note
that

SdY; = §m+1(—1,0) & S"+1(0, —1)

QL = DSdX; @
1=0 0

Jj=
and Q}%X/K = (dz;,dy; | 0 < i < m,0 < j < n)g,. Especially, the Hilbert
function of Q}zx /K Can be computed by using the following theorem (see [6,
Theorem 3.5]).

Theorem 2.5. LetY be the subscheme of P""xP"™ defined by the bihomogeneous
ideal Iy = Igl n---N Ip25' There is an exact sequence of bigraded Rx-modules

0 — Ix/Iy — RYT(=1,0) ® R0, 1) — Qp_ /5 — 0.
In particular, for (i,j) € Z2, we have

HF g1 (i,5)=(m+1) HFx(i—1, j)+(n+1) HFx (i, j—1)+HFx (i, j) -HFy (i, j).
X

/K

Notice that Rx has the Krull dimension 2, but 1 < depth(Rx) < 2 (see
[23, Section 2]). In case depth(Rx) attains the maximal value, we have the
following notion.

Definition. We say that X is arithmetically Cohen-Macaulay (ACM) if we
have depth(Rx) = 2.
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When X is ACM, then there exist two linear forms ¢ € Sy 9, ¢/ € Sp1 such

that 7 and 7 give rise to a regular sequence in Rx (see [23, Proposition 3.2]).
After a change of coordinates, we can assume that £ = Xy and ¢/ = Y}, so that
Zo, Yo form a regular sequence in Rx. In this case we set R, := K[zg, y0]. Then

RX:S/IX:Ro[mlv"'a‘rm7y17"'uyn]

is a finitely generated, bigraded R,-module, and the monomorphism R, — Rx
defines a Noetherian normalization.

Remark 2.6. The Euler derivation of Rx/K is given by € : Rx — Rx,f —
(i+j)f for f € (Rx)i; (see [16, Section 1]). Set m := (zo, ..., Zm,Y0,-- -, Yn) Ry
By the universal property of Q}%X /K this induces a bihomogeneous surjective
Rx-linear map = : Q}%X/K — m with y(dz;) = x; and y(dy;) = y; for all ¢,j. In
particular, Anng, (dzo) = Annpg, (dyo) = (0), since xg, yo are non-zerodivisors
of Rx.

There are relations between Q}%X /K and Q}%X /R, 88 follows.

Proposition 2.7. Let X be an ACM set of s distinct points in P"™x P™. There
exists an exact sequence of bigraded Rx-modules

0 — Rxdxo ® Rxdyo — Qg /5 N k. /r, — 0,
where Y (gdf) = gdr,/r, f for f,g € Rx. In particular, we have
HFgy |, () = mHFx(i — 1) + nHFx(i,j — 1) + HFx(i, ) — HFs (i, )
for all (i,§) € N2, where Y is the subscheme of P™ x P defined by Iy =
Zn---nK.

Proof. By [16, Proposition 3.24], we have an exact sequence of bigraded Rx-
modules

Rx ®r, Qi 2> Qb i~ Qh_ g, — 0,
where Q}%O/K > Rydxo ® Rodyo and ¢(f @ (frdxo+ fadyo)) = ffrdzo+ f fadyo.

Hence the claimed exact sequence follows from Im(p) = Rxdxo @ Rxdy. Fur-
thermore, the Hilbert function of Q}%x /R, satisfies

HFqy (i) = HFqy  (i,5) = HFx(i = 1,j) = HFx(i,j — 1).

An application of Theorem 2.5 gives the desired formula for HFQ}2 P O
X

o

3. The Kahler different

Let X = {p1,...,ps} C P™x P" be an ACM set of points, suppose that
{zo,y0} is a regular sequence in Rx, and let R, = K[xo,yo]. Further, let
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{F1,...,F.}, r > n+ m, be a bihomogeneous system of generators of Ix. By
[16, Corollary 2.14], Q}%x /R, has the following presentation

0—-K— i@ledXi @J_EBRXde — Q}{X/RD -0,

where the bigraded Rx-module K is generated by the elements Zzl %—?;d X, +
> %dY} for k=1,...,r. The Jacobian matrix

Jj=1
0wy Otm  Oy1 OYn
J=1: L : .
9F, . OF. 9F, . 0F.
oz 0T, 9y1 Oyn
is a relation matrix of Q}%x/Rn with respect to {dz1,...,dxm,dy1,...,dy,}. It

is easy to see that every m + n-minors of J is a bihomogeneous element of Rx.

Definition. The bihomogeneous ideal of Rx generated by all m + n-minors of
the Jacobian matrix J is called the Kdhler different of X and is denoted by
Jx.

In the same way as above, we can define the Kéhler different 9%, of X; =
m1(X) (or of the graded algebra Rx,/K|[zo]). Similarly, we get the Kéhler
different vx, of Xy = m3(X) (or of the graded algebra Rx,/K[yo]). When
IX| = 1, we see that ¥x = (1) = ¥x,Rx - Ux,Rx. In general, we have the
following relation.

Lemma 3.1. (a) We have 9x, Rx - ¥x, Rx C Jx.
(b) ¥x contains a bihomogeneous non-zerodivisor.

Proof. Obviously, we have Ix, S C Ix and Ix,S C Ix. For any Gi1,...,Gim €
IXI and Ggl, ey Go, € IX2, we have {Glla ey Glm; Ggl, ey ng} C Ix, and
SO

Oy 0T m, oy1 Oyn
det e e e e

90Gan .. 0Gan O0Gan .. OGon

o0z, OTm oy1 Oyn

_ a(G117~--aG1m) . 6(G217--~7G2n) c ﬁx
a(l'lvuwxm) 3(2!17»%) ’

9(G11,..,G1m) : ; : 9(G11,.-,G1m)
where D) denotes the image of the Jacobian determinant 16 e -

in Rx (similarly for %) Moreover, vx, Rx is generated by elements
of the form %, and Ux,Rx is generated by elements of the form
%, and therefore ¥x, Rx - ¥x, Rx C Jx and (a) follows.

To prove (b), observe that xéyg € Ry is a bihomogeneous non-zerodivisor for
every 4,7 > 0. By [15, Proposition 3.5, there are k,I € N such that & € ¥,
and y{ € Ux,. Hence the non-zerodivisor zfy} belongs to ¥x by (a). O
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Some fundamental properties of the Hilbert function of ¥x are given in the
following proposition.

Proposition 3.2. Let s; = |X1| and so = |Xa].

(a) For all (i,j) € N?, we have HFy, (i, 7) < min{HFy, (i+1,5), HFy, (i, j+
1)}.

(b) For all i,j € N, we have HFy,(1,0) < HFx, (i) and HFy,(0,5) <
HFX2 (j)

(c) If s1 =1, then HFy,(i,5) = HF g, (j) for all (i,7) € N*; and if sy = 1,
then HF g, (i, j) = HFy, (i) for all (i,7) € N°.

(d) For all (i,j) € N?, we have

HFy, (i,7) < HFx(i,j) < HFg, (i + (m + 1)(s1 — 1), + (n + 1)(s2 — 1)).
Proof. Claim (a) follows by the fact that zg,yo are non-zerodivisors of Rx
and Ux is a bihomogeneous ideal of Rx. Note that HFy,(7,0) < HFx(i,0)
and HFy, (0,7) < HFx(0,7) for all i, € N. So, claim (b) follows from [22,
Proposition 3.2].

To prove (c), it suffices to consider the case s; = 1. In this case we may
assume g1 = [1:0:---: 0] €eP"and X = {1 X ¢f,...,q1 X ¢,} CP"x P". We
claim that Ix = (X3, ..., X,n) +Ix,S. Clearly, (X1,..., Xmn)+Ix,S C Ix. Now
let F' € Ix be bihomogeneous of degree (i,7). Using the Division Algorithm
(see e.g. [14, Proposition 1.6.4]), we may present F' = >} | H X} + X{G with
Hjp € S;_15 and G € K[Yp,...,Y,] of degree (0, j). Then

Gl x qp) = (XG)(q1 x qp) = (F — élHka)(ql xq)) =0

for all [ =1,...,s. This implies G € Ix,, and hence F € (X3,..., X;,) + Ix, S.
Consequently, the ideal Ix has a bihomogeneous system of generators of the
form {Xy,...,Xm,G1,...,G¢}, where {G1,...,G;} is a homogeneous system
of generators of Ix, C K[Yp,...,Y,]. Observe that ¥x, = (1) and Jx is gen-
O(X1s s X, Gy reosGhon) Gy sesGrn) s
erated by elements —zo=ieirions = —p L b with {k1,...,kn} C
{1,...,t}. By Lemma 3.1(a), 9x = ¥x, Rx. Moreover,
RX = K[Xo, YE), ey Yn]/IX2 = RXQ[LC()].
Since z( is a non-zerodivisor of Rx, we have
HF . (i, j) = HF iy, k(i ) = dim (9%, );25) = HFyy,, ()
for all (i,j) € N2
For (d), it suffices to demonstrate the inequality
HFx (i, j) < HFy, (i + (m + 1)(s1 — 1),j + (n + 1)(s2 — 1)).
In the proof of Lemma 3.1(b), there exist k,I € N such that h := zfy} € vx.
In particular, we may choose k = (m + 1)(s; — 1) and I = (n + 1)(s2 — 1)

by [15, Proposition 3.5]. So, the multiplication map (Rx);,; x4 (U%) (i4k,j41) 18
injective as K-vector spaces. This yields that HFx (4, j) < HFy, (i+k,7+1). O
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The following corollary is a direct consequence of Propositions 2.2(d) and
3.2(d).

Corollary 3.3. In the setting of Proposition 3.2, we have HFy,(i,j) = s for
all (5,) = (51 — 1)(m +2), (52 — 1)(n +2)).

Lemma 3.4. Let {hy,...,h:} be a bihomogeneous minimal system of genera-
tors of Ox, write deg(hy) = (ig,jx) for k=1,...,t and set

imax ;= max{ix | k=1,...,t}, Jmax:=max{jr |k=1,... ¢},

and let (i,7) € N2
(a) Ifi > imax and HFy, (i,75) = HFy, (i+1, ), then HFy, (3, j) = HFy, (i+
2,7).
(b) If] > jmax and HFﬁx(iaj):HFﬂx(i,j+l)7 then HFﬁx(i7j):HF19x(iaj+
2).

Proof. Tt suffices to prove (a), since (b) is analogous. For i > 4., con-
sider the multiplication map iz, : (9x),) — (Ux)(it1.5), b = zoh. Since
HFy, (i, ) = HFy, (141, j), ta,,; is an isomorphism of K-vector spaces. So, we
have (19X)(i+1,j) = Xo - (ﬁX)(l,]) We need to show that Hag,it1 - (19X)(i+1,j) —
(Ux)(i+2,5) is also an isomorphism of K-vector spaces. Clearly, piz, i1 is in-
jective, as z is a non-zerodivisor. Now we check that p,, ;41 is surjective.
Let b € (9x)(it2,5) \ {0}. Because i > imax, we may write h = > )" Trgk
where g € (Ux)i+1,;. For each k € {0,...,m}, we write g = z¢g), for some
g5, € (V%) .5, and hence

h=x0go+ -+ TmGm = To(Togy + - - + TmYy,) € To - (V%) (i+1,5)-

Therefore fiz,,+1 is surjective, as wanted to show. (Il

From the lemma and the fact that HFy, (i, ) < s for all (i, j) € N2, we have
HFy, (4,7) = HF 9, (imax + 8,7) for all ¢ > ipmax + s and j € N and HF, (z,5) =
HFy, (%, jmax + s) for all j > jmax + s and i € N.

For k,l € N set v, := min{i € N | HFy,(i,k) = HFy, (imax + s, %)} and
o1 :=min{j € N | HFy,(l,j) = HF g, (l, jmax + 5)} and vy, := sup{vy | k € N}
and gy, := sup{g; | € N}. Then (vy,, 09:) < ((max + S, jmax + $) and if the
values of HFy, (i, 7) for finite tuples (0,0) = (4,7) =< (voy, 09,) are computed,
then we know all values of HFy,. This leads us to the following notion.

Definition. Let (v, 9) := (vyy, 09, ). The pair By, = (B¢ 9y, Br.oy), where
Bc,ﬂx == (HF§X<V, 0), HF,&X(V7 1), e ,HF,&X(V7 Q))

and

BR,19X = (HF19X (Oa Q)a HFﬁx(lv Q)a cee 7HFﬂx(V7 Q))v
is called the border of the Hilbert function of Jx.
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Example 3.5. Consider the set of nine points X C P? x P? given in Exam-
ple 2.4. We know that s; = 3, s =4, rx, = 1, and rx, = 2. Also, the set X
is ACM. Then a bihomogeneous minimal system of generators of ¥x consists
of 8 elements with degrees in {(1,3),(2,2),(3,1),(0,5),(3,2)}. This implies
Imax = 3 and jmax = 5. The Hilbert function of ¥ is computed by

000 O0O0T11

HF,, =

o O OO
= =0 O
SO WO
o Co 0O =
© O O N
O © O N
O © O N

It follows that vy, = imax = 3 and gy, = jmax = D and the border of HFy, is
By, = ((0, 1,6,8,9,9), (1, 2,9, 9))

If a bihomogeneous minimal system of ¥x is given, we can compute the tuple
(voy, 09y ) using the following lemma.

Lemma 3.6. Let {hy,...,h:} be a bihomogeneous minimal system of genera-
tors of 9x with deg(hy) = (ig,Jx) for k=1,...,t. Put

imin = min{ik | k= 1, . 7t}, jmin = mln{]k | k= 1, . 7t}.
Then vy, = max{Vj,i; -+ Vi b 00 09 = MaAX{ Qi+ 5 Qi }-

Proof. For (i,7) € N? with i < dmin Or j < Jjmin, it is clearly true that
HFy, (i, j) = 0. By the definition of v; and vy, , we have v; = 0 if j < jmin and
vy, > vy, for k > 0. It suffices to show that v > vy for all k£ > jpax.

When k = jmax and i > v;,, we have HFy, (i,k) = HFy, (i + 1,k). So,
2o(Ux)ik = (Ux)i+1,k, since o is a non-zerodivisor of Rx. Also, for any [ >
0, (Ux)1,k+1 contains no minimal generators, and hence (¥x);x+1 = (Ix)ik -
(Rx)o,1. This implies (¥x)it1,041 = (Ux)it1.k - (Rx)o,1 = Zo(¥x)ik - (Rx)o,1 =
2o(Ux)i k1. Thus HFy, (4,k +1) = HFy, (i + 1,k + 1) for any ¢ > v, , and
SO V > Vg41. By induction on k, we get v; . > v for all k& > jnax, and
this completes the proof of the equality for vy,. The equality for gy, can be
achieved similarly using the non-zerodivisor yo € (Rx)o,1- O

As a consequence of the lemma, when ¥x is a principal ideal then vy, =
Vimin = Vimax 804 095 = Qinyiy = Qi

4. Special ACM sets

In this section we look at finite sets of points in P x P™ having the complete
intersection or Cayley-Bacharach properties. As before, we let X = {p1,...,ps}
be a set of s distinct points in P™ x P™.

Definition. (a) X is called a complete intersection if its bihomogeneous
ideal Ix is generated by a bihomogeneous regular sequence.
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(b) If Ix is generated by {Fi,..., Fp,G1,...,Gy} which forms a bihomo-
geneous regular sequence with F; € Sg, o and G; € So,d; forl1<i<m
and 1 < j < n, we say that X is a complete intersection of type
(di,...,dm,d},...,d.,) and write CI(dy,...,dm,d},...,d.).

It is worth noticing that every complete intersection X is ACM. When X =
Xy x Xy, where X, = 7, (X) for & = 1,2 (see Convention 2.1), we also have the
following property.

Lemma 4.1. Let Ix,, Ix, be the homogeneous vanishing ideals of X1 and Xa,
respectively. If X = Xy x Xy, then X is ACM with Ix = Ix, S + Ix, S and

HFx(i, ) = HFx, (i) - HFx, (j)
for all (i,7) € Z2.

Proof. The ACM property of X and the equality Ix, S + Ix, S = Ix follow from
[1, Theorem 2.1] and [3, Lemma 3.5]. Moreover, we have Rx & Rx, ®k Rx, by
[17, G.2], where Rx, = Klzo,...,xm]/Ix, is the homogeneous coordinate ring
of Xy C P™ and Rx, = K[yo,---.,Yn]/Ix, is the homogeneous coordinate ring
of Xo C P™. Therefore we get the equality HFx (i, j) = HFx, (¢) - HFx, (j) for
all (i,j) € Z>. O

As a direct consequence of the lemma, we get the following shape of the
border of the Hilbert function of X for this case.

Corollary 4.2. In the setting of Lemma 4.1, let s, = |Xi| and let rx, be the
reqularity index of HFx, for k =1,2. The border Bx = (B¢, Br) of the Hilbert
function of X is given by

Be = (s1,s1 HFx, (1), ..., 81 HFx, (rx,) = s182)

and
Bpr = (82,82 HFx, (1), ...,s2 HFx, (rx,) = s182).

Notice that if X = X; x X5, then it is also ACM by Lemma 4.1, so that the
Kahler different of X exists.

Proposition 4.3. If X = X; x Xy, then the Kdhler different Ox satisfies
ng = 19X1RX . ’Lgszx.

In addition, if X = CI(dy,...,dn,d},....d)), then Ux is a bihomogeneous
principal ideal and has Hilbert function

HF"&X (TX1 + ia TXo + ]) = HFX(% J)
for all (i,5) € N*, where rx, = >, dx —m and rx, =Y, d] — n.

Proof. Suppose that {Fi,...,F.} is a homogeneous system of generators of
Ix, and {Gi,...,G:} is a homogeneous system of generators of Ix,. Then
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Lemma 4.1 yields that the relation matrix of Q}%/RO with respect to {dz1,...,
AT, dy1, ..., dy,} is

78F1 DS 78F1 DEEEEY
Oz O 0 0
oF. .. OF. e
Oz OTm 0 0
0o - 0 9 ... G
Oy1 Oyn
e oGy ... 0G:
0 0 9y1 Yn

O(Fiy s Fiy ,Giy 4 5-,Gi . . .
(o B kAL nim) 0 if k # m, it follows that ¥x is generated

OBy oo P Gy Cin) whare {3y, ... i} C {1,...,1}

Because

3(11,-~-’i7j;L77y1,'~~,yr,L)
and {j1,...,9n} € {1,...,t}. But this element can be written as

8(Fi17...7Fi Gjl""7Gjn)_a(Fi17"'7Fim) a(Gjl,...,Gjn)

by elements of the form

m )

a(£17"'7$’may17"'7yn) 8(7)1,...,.137”,) . 8(y177yn)
Hence we get 9x = ¥x, Rx-Ux, Rx. UX =CI(dy,...,dn,d},...,d,) =Xy xXo,

then X; and X, are complete intersections. By [15, Corollary 2.6], Jx, is
a principal ideal generated by a homogeneous non-zerodivisor of degree rx,
and ¥x, is a principal ideal generated by a homogeneous non-zerodivisor of
degree 7x,, and hence ¥x is a principal ideal generated by a homogeneous
non-zerodivisor of degree (rx,,rx,). This also implies the claimed formula for
HFy,. O
Corollary 4.4. If X = CI(dy,...,dmn,d},...,d)) and Bx = (B¢, Bgr), then
we have (vyy, 09y) = (2rx,,2rx,) and the border of the Hilbert function ¥x is
given by

Bﬁx = ((Oﬂ"'70aBC);(07°"707-BR))’
TXo X,

Recall that for a finite set X of points in P and p € X, a minimal separator
of p is a homogeneous element F' € K[Xj, ..., X,,] of minimal degree such that
F(p) # 0 and F(p') = 0 for all p’ € X\ {p}. The degree degx(p) of p in X is
the degree of a minimal separator of p. We have degx(p) < rx for every point
p € X, where rx is the regularity index of HFx (see [4, Lemma 2.4]). We say
that X is a Cayley-Bacharach scheme if all points of X have the same degree
rx. For many interesting results and more information about these notions in
the standard case, see [4,13].

Now we look at the generalization of these notions for a (not necessary ACM)
set X of s distinct points in P™ x P™. In the same manner as above, for each
p € X, a bihomogeneous form F € S is a separator of p in X if F(p) # 0 and
F(p’') = 0forall p’ € X\ {p}, and a separator F' € S of p in X is minimal if there
does not exist a separator G of p with deg(G) < deg(F’). For the existence of a
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finite set of minimal separators of any point in X and their properties, see e.g.
[8,9,18].

Definition. The degree of a point p € X is the set
degx(p) = {deg(F) | F is a minimal separator of p}.

For any (i,7) € N?, we define D; ;) := {(k,1) € N*| (i,5) = (k,1)} and for a
finite set $ = {(i1, 1), ..., (i, 4:)} € N? we put Dy, := J,_, D(i, j)- Clearly,
for every (i,7) € Dgeg, (p), there exists a separator I of p with deg(F') = (i, j).
In the following we collect several useful properties of degrees of points in X
(see [8, Theorem 5.7] and [9, Theorem 2.2]).

Theorem 4.5. Let p € X and Y =X\ {p}.
(a) If {F1,...,F;} is a set of minimal separators of p, then Iy = Ix +
(Fy,...,F).
(b) We have
HFX(% /) if (1,5) & Ddeg, ()
HFx (i, ) — 1 Zf( 7) € Ddeg, (p)-

(¢) If X is ACM, then |degx(p)| =1 for every p € X.
)

The converse of Theorem 4.5(c) holds true for n = m = 1 by [10, Theorem 8§]
or [18, Theorem 6.7], but it fails to hold in general (see [8, Example 5.10] for
an example in P? x P?). When X is ACM, we write degy(p) = (i, j) instead of

degx(p) = {(7, ) }-

Definition. The set X is said to have the Cayley-Bacharach property if the
Hilbert function of X\ {p} is independent of the choice of p € X, or equivalently,
if all of its points have the same degree.

In [5, Proposition 7.3], we know that X = CI(dy, d}) if and only if X has the
Cayley-Bacharach property. However, it fails to hold in general as the following
example shows.

Example 4.6. In P! x P2, consider the set X = X; x Xy of six points, where
X1 ={q,¢2} CP" with gy = (1:0), g2 = (1: 1), and Xo = {g7, 5,45} C P
with ¢ = (1:0:0),¢5 =(1:1:0),¢5,=1(1:1:1). Then Ix has a
bihomogeneous minimal system of generators given by

{260331 - fﬂiyoyl - y%a Y1y2 — y%ay0y2 - y% }7

so X is not a complete intersection. On the other hand, X; C P! is a complete
intersection with rx, = 1, and hence X; is a Cayley-Bacharach scheme, and
Xo = {¢}, qb, ¢4} C P? is also a Cayley-Bacharach scheme with rx, = 1. Using
ApCoCoA we can check that deg(g; x ¢j) = (1,1) foralli = 1,2 and j = 1,2, 3.
Thus X = X; x Xy has the Cayley-Bacharach property (this also follows by
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Proposition 4.9). In this case the Kéhler different has its Hilbert function
0 0 0O

o O O

3
6
6

YO W

0
HFy, = 8

and HFgX(’I’Xl,T’XQ) = HF@X(L 1) =0.

Using the Kéhler different, we give a characterization of complete intersec-
tions of type (d1,...,dm,d},...,d,) as follows.

Theorem 4.7. For a set X of s distinct points in P™ x P™, the following
statements are equivalent.

(a) X=CI(dy,...,dm,d},...,d,) for some positive integers di,d;- >1.

(b) X=X %Xy and X1 CP™ is a complete intersection of type (di, ..., dp)

and Xo C P" is a complete intersection of type (di,...,d.).
(¢) X=X x Xy has the Cayley-Bacharach property and HF g, (rx,,7x,) #
0.

In the proof of this theorem, we use the following properties.
Lemma 4.8. For an ACM set of s points X C P x P", if ¢ x ¢’ € X, then
degx (q x ¢') = (degy, (), degy, () = (rx,, x,)-

Proof. Since X is ACM, and so each point of X has exactly one degree. The
claim follows from the fact that if Fj is a separator of ¢ in X; and G| is a
separator of ¢’ in Xy, then Fj G is also a separator of ¢ x ¢’ in X. O

Proposition 4.9. Suppose X = X1 X Xo C P x P*. Then X has the Cayley-
Bacharach property if and only if X1 and Xy are Cayley-Bacharach schemes.

Proof. Note that X is ACM. Let us write X; = {q1,...,¢s,} € P"™ and Xy =
{d1,...,4.,} € P". Firstly, we prove that

degx (qr x q) = (degx, (qx), degx, (q7))

forall 1 < k < 51,1 <1 < s9. According to Lemma 4.8, it suffices to show
that degy (qx x ¢;) = (degy, (qx), degx, (¢;)). Suppose degy (g % g;) = (i, j). Let
F € S;; be a minimal separator of the point g, x ¢;. Then F = %" G,H,
with G, € Si,O and H, € SO,j~ Let Tl,...,Tmi S Si,O (resp. T{,...,Trllj €
So,;) be terms whose residue classes form a K-basis of S;o/(Ix,S)io (resp.
So0.5/(Ix,8)0,5). This enables us to write Gy, = a1 + -+ + Gym, Ton; + G,
with G; € (les)i,o and a., € K, H, = bulTll + -+ buan'f/Lj + H; with
H) € (Ix,S)o,; and by, € K. Since Ix = Ix, S + Ix, S, we have

F=Y GH,= Y T T] (mod Ix), with e = Y Gurbur.
u u

1<r<m;,1<t<n;
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Put Fy, == >, cnT{(q))T € Sio. Since F(qr x q;) # 0, we have Fi(qi) #
0. Moreover, Fj(qrw) = F(qw % qj) = 0 for ¥’ # k. So, F} is a separator
of g in Xy, and this yields ¢ > degy, (qx). Analogously, the element G; :=
Yo CrtTr(qe)T] € Soj is a separator of ¢ in Xy, and hence j > degy, (¢;).
Thus, (i,5) = (degx, (qx),degx,(q;)), and therefore we get degx(qr x q) =

(degy, (qr), degx, (q;)) for all k, .
If X; and X, are Cayley-Bacharach schemes, then

degy (qr x qf) = (degxl (qk),degxz (ql/)) = (7%,,7%,)

forall 1 < k < sy and 1 <1 < s9, and hence X has the Cayley-Bacharach
property. Conversely, suppose that X has the Cayley-Bacharach property, but
X; is not a Cayley-Bacharach-scheme. Then there is a point ¢ € X; such
that degyx (qx) < rx,. By [4, Proposition 1.14], we find g € X; such that
degyx, (qr) = rx, and q; € X such that degy, (¢;) = rx,. This implies

degx(qr % q7) = (rx, — 1,7x,) < (x,,7x%,) = degx(qr X @),

and thus X does not have the Cayley-Bacharach property, a contradiction.
Therefore, X; is a CB-scheme, so is Xs. O

Proof of Theorem 4.7. The implication “(b)=-(a)” follows from Lemma 4.1. To
prove “(a)=-(b)”, suppose that X = CI(ds,...,dpm,d}, ..., d,) for some positive
integers di,d; > 1. Then Ix = (F1,...,Fp,G1,...,Gn)s with deg(F;) =
(di,0) and deg(G;) = (0,d}), particularly, Ix, = (F1,...,Fy) is a saturated
homogeneous ideal of K[Xy, ..., X,,| defining a complete intersection X; C P™
and Ix, = (Gi,...,Gy) is a saturated homogeneous ideal of K[Yy,...,Y,]
defining a complete intersection Xo C P™. Moreover, it is not hard to verify
that X = X; x Xo.

The implication “(b)=-(c)” holds true by Proposition 4.3 and Proposition 4.9
and the fact that a complete intersection set of s points in P™ is always a
Cayley-Bacharach scheme.

Now we prove “(c)=-(b)”. It suffice to show that X; is a complete inter-
section in P (similarly for Xy C P™). By assumption, X has the Cayley-
Bacharach property, then X; and X5 are Cayley-Bacharach schemes by Propo-
sition 4.9. According to Proposition 4.3, we have Jx = 9Jx, Rx - Ux, Rx, and
so HFy, (rx,,7x,) # 0 implies HFy, (rx,) # 0. By [12, Theorem 5.6], X; is a
complete intersection, as desired. O

Lemma 4.10. If X =X x Xy and for every point p € X the Kdhler different
Ix contains no separator of p of degree < (mrx,,nrx,), then X has the Cayley-
Bacharach property.

Proof. Suppose that X does not have the Cayley-Bacharach property. By
Proposition 4.9, X; or Xs is not a Cayley-Bacharach scheme. Assume that
X is not a Cayley-Bacharach scheme. There is i € {1,...,s1} such that
degy, (¢;) < rg, — 1. Let F; € K[Xo,...,X,,] be a minimal separator of ¢; in
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Xy and Gy € K[Yy,...,Y,] be a minimal separator of ¢; in X5. By [15, Corol-
lary 2.6], the image of F/™ in Rx, belongs to ¥x, and the image of G} in Rx,
belongs to ¥x,. So, the image of F/"GY in Rx is contained in ¥x. Moreover,
F™GY is a separator of ¢; x ¢} in X of degree < (m(rx, — 1),nrx,). This
contradicts to the assumption. ([l

5. Finite Sets with the (x)-property

Now we investigate the Cayley-Bacharach property for a finite set X of points
in P™x P™ which satisfies the (x)-property. According to [8, Definition 4.2], the
set X is said to have the (x)-property if whenever ¢; x ¢} and g2 X ¢} are two
points in X with ¢; # ¢ and ¢} # ¢}, then either ¢; x ¢4 or g2 x ¢} (or both)
is also in X. By [3, Theorem 3.7], if X has the (%)-property, then X is ACM.
Except for the case m = n = 1, the converse of this result does not hold true
in general (see [8, Theorem 4.3 and Example 4.9] and [3, Example 4.2]). As
before, for an ACM set X we always assume that xg, yo form a regular sequence
in Rx.

Write Xy = m11(X) = {q1,...,¢5, } € P and Xy = m(X) = {q},...,¢,,} C
P* Fori=1,...,s1and j =1,...,59, put

W, i=ma(r; (q) NX) C Xy, V= Wl(wgl(q;) NX) CX;.

After renaming, we can always assume that |[Ws,| < --- < |[W;| < s3 and
[Vi,] < -+ < |Vi| < s1. When X has the (x)-property, we may assume X; =
Vi2--- DV, and Xg =W; D --- D W, (see e.g. [3, Lemma 3.4]).

Proposition 5.1. If X has the (x)-property, then for ¢; x q; € X we have
degy (¢i x q;) = (degy, (i), degy, (¢}))-

Proof. Since X is ACM, we have degx(g; x ¢}) = (r,t) for some (r,t) € N°.
Clearly, ¢; € V; and q;- € W;. Let G € (K[Xo,... ,Xm])degvj (¢;) be a minimal
separator of ¢; in V; and G’ € (K|[Yp, ... ’Y"Ddegwi(q;-) be a minimal separator
of ¢j in W;. Set F':= GG’ € S. Observe that F'(¢; x ¢;) = G(q:)G'(q;) # 0.
Let ¢ x ¢ € X\ {qi x ¢j}. If ¢ € V;\ {q;} or ¢ € W; \ {g;}, then G(q) =0
or G'(¢") =0, and so F(g x ¢') = 0. Now consider the case ¢ ¢ V; \ {¢;} and
q" ¢ Wi\ {q;}. There are the following three cases:
e If ¢ = g; and ¢’ # ¢}, then ¢ € W; \ {¢}}, a contradiction.
e If ¢ = ¢} and q # g;, then g € V; \ {¢;}, a contradiction.
e If ¢ # ¢; and ¢’ # ¢}, then the (x)-property of X implies ¢ x ¢; or
¢ x ¢' € X. It follows that g € V;\ {g;} or ¢’ € W;\ {¢;}. This is again
a contradiction.
Altogether, F(¢; x ¢;) # 0 and F(q x ¢') = 0 for all ¢ x ¢’ € X\ {g: x ¢}}.
Hence F is a separator of ¢; x ¢; with deg(F') = (degy, (g:), degyy, (¢})), and so
(r,t) = (degy, (¢:), degyy, (4))-
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Furthermore, if (r,t) < (degvj (i), degy, (q})), then there is a minimal sep-
arator F # 0 of g; x ¢; with deg(F") = (r,?) and r < degy, (¢;) or ¢t <
degyy. (qg) Suppose that r < degy, (¢;) (a similar argument for the case
t < degy,(q;)). Set Y := V; x {¢j} C X. Then F is also a separator of
¢ x ¢; in Y. As in the proof of Proposition 4.9, we have degy(q; x ¢}) =
(degy,(gi),0). This implies (degy, (¢;),0) = deg(F) = (r,1), in particularly,
we get degy, (i) < r < degy, (¢i), a contradiction. Therefore it must be
(r,t) = (degy, (¢:), degyy, (¢))- O

Theorem 5.2. Let X C P™xP" have the (x)-property. Then X has the Cayley-
Bacharach property if and only if the following conditions are satisfied:

(a) Vi,..., Vs, are Cayley-Bacharach schemes in P"™ and rv, = -+ =1y, ;
(b) Wh,...,Ws, are Cayley-Bacharach schemes in P"™ and rw, = -+ =
TWSI .

Proof. If X satisfies the conditions (a) and (b), then (a) implies degy, (q) = rv;
for all ¢ € Vj and for j = 1,...,s2, while (b) implies degy, (¢") = rw, for all
q € W; and for i = 1,...,s1. By Proposition 5.1, we obtain deg(q x ¢') =
(rvy,rw, ) for all ¢ x ¢’ € X. Therefore X has the Cayley-Bacharach property.
Conversely, suppose that X has the Cayley-Bacharach property, i.e., there is
(r,t) € N? such that degy(q x ¢') = (r,t) for all ¢ x ¢ € X. Note that we may
here assume that X =V; D --- DV, and Xy = W; D --- D W;,. Especially,
{1} x Xy € X and X3 x {¢}} € X. According to [4, Proposition 1.14], X;
always contains a point g; of degree rx, and Xy always contains a point q;- of

degree rx,. From deg(q1 x ¢}) = -+ = deg(gs, x ¢}) = (r,t), Proposition 5.1
yields

r=degy, (q1) = - = degy, (¢5,) = degx, (¢:) = rx, .
Similarly, it follows from deg(q1 x ¢j) = --- = deg(q1 x ¢,,) = (r,t) and
Proposition 5.1 that

t = degy, (q1) = -+~ = degw, (¢s,) = degx, (q}) = x,-
In particular, X; and X5 are Cayley-Bacharach schemes. Moreover, we have
rv,, <o <ry, =rx, and ry,, < oo0 <oy, = . Thus (rx,,1x,) =
degy (¢; x ¢j) = (degy, (¢:), degw;, () < (rv;,rw,) for all ¢; x ¢} € X implies
rv,, = =71y, =7rx, and rw, = =71y, =rx, and all Vi,..., Vs, CP™
and Wy, ..., W, CP" are Cayley-Bacharach schemes. (]

The next corollary is a direct consequence of Theorem 5.2.

Corollary 5.3. Let XC P™ x P™ have the (x)-property. If X has the Cayley-
Bacharach property, then X1 C P™ and Xy C P" are Cayley-Bacharach schemes.

Example 5.4. Let K = Q and X be the set of 24 points in P? x P? given by
X = X3 xX5\{g5xg5}, where X; = Xy = {q1,...,q5} C P? withq; = (1:0:0),
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g2=(1:1:0),g35=(1:0:1),g4=(1:1:1)and g5 = (1:1:2) (see the
figure below).

Then we have V1 :V2 :‘/3 :V4:X1, ‘/5 :Xl\{(J5}, W1 :W2 :W3 =
W, = Xg and W5 = Xz \ {g5}. Then Vs, W5 are complete intersections in P?,
and so Cayley-Bacharach schemes. Also, X; is a Cayley-Bacharach scheme in
P2 and rx, = 2 = ry, = rw,. So, the conditions (a) and (b) in Theorem 5.2
are satisfied, and therefore X has the Cayley-Bacharach property.

Proposition 5.5. Let X C P! x P" have the (x)-property. Then X has the
Cayley-Bacharach property if and only if X = X3 X Xy and Xo C P™ is a
Cayley-Bacharach scheme.

Proof. Note that every finite set V in P! is a complete intersection and ry =
|[V|—1. Suppose that X has the Cayley-Bacharach property. Then Theorem 5.2
yields Xy = Vi = ... =V, and Xog = W; D --- D W,, an descending chain
of Cayley-Bacharach schemes with rx, = rw, =---=rw, . For j =1,..., 52,
we have 771(7r2_1(q;-) NX) =V, ={¢1,...,9s }, and so 7r2_1(q;-) NX ={qn x
q;-,...,qs1 X q}} C X. Hence X; x X3 C X, and therefore X = X; x Xs.
Conversely, assume that X = X; x Xy and X, is a Cayley-Bacharach scheme in
P". Clearly, X; C P! is a complete intersection, and hence a Cayley-Bacharach
scheme. By Proposition 4.9, X has the Cayley-Bacharach property. (]

Corollary 5.6. Let X C P! x P" have the (x)-property. Then the following
statements are equivalent:

(a) X=CI(dy,d),...,d]) for some positive integers dy,d},...,d,, > 1.

n

(b) X has the Cayley-Bacharach property and HF g (d1 — 1,rx,) # 0.
Proof. This follows directly from Theorem 4.7 and Proposition 5.5. O
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