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The parent and daughter nuclides in a radioactive decay chain arrive at secular equilibrium once they have a large half-life 
difference. The characteristics of this equilibrium state can be used to estimate the production time of nuclear materials. In 
this study, a mathematical model and algorithm that can be applied to radio-chronometry using the radioactive equilibrium 
relationship were investigated, reviewed, and implemented. A Bateman equation that can analyze the decay of radioactive 
materials over time was used for the mathematical model. To obtain a differential-based solution of the Bateman equation, an 
algebraic numerical solution approach and two different matrix exponential functions (Moral and Levy) were implemented. 
The obtained result was compared with those of commonly used algorithms, such as the Chebyshev rational approximation 
method and WISE Uranium. The experimental analysis confirmed the similarity of the results. However, the Moral method 
led to an increasing calculation uncertainty once there was a branching decay, so this aspect must be improved. The time 
period corresponding to the production of nuclear materials or nuclear activity can be estimated using the proposed algorithm 
when uranium or its daughter nuclides are included in the target materials for nuclear forensics.
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1. Introduction

Nuclear forensics for denuclearization is considered es-
sential for nuclear non-proliferation efforts to prevent nu-
clear security incidents, which may include illegal trading, 
theft, loss, and terrorism using nuclear materials. To manage 
nuclear security threats, reliable technology for estimating 
the time of nuclear activity is required for nuclear forensics. 
To verify nuclear non-proliferation, sample analysis and as-
sessment techniques for nuclear materials and byproducts 
are necessary. 

The International Atomic Energy Agency (IAEA) con-
ducts inspections of facilities capable of developing nuclear 
weapons to prevent and respond to nuclear security incidents 
in member countries through the Nuclear Nonproliferation 
Treaty. As part of such activities, nuclear forensic technolo-
gies are being developed by the IAEA through international 
cooperation under the leadership of the US and EU [1, 2]. 
Advanced nuclear forensics and radio-chronometry technol-
ogies include various nuclear tracking technologies, such as 
quantitative analysis of related substances, isotope analysis, 
constituent element analysis, and shape analysis using mass 
spectrometers (US). Research and development have been 
conducted in the EU on the radio-chronometry of nuclear 
materials using isotopes of thorium, and the UK possesses 
technology to predict the production year accurately through 
radiation spectroscopy and isotope analysis based on mass 
spectrometry for samples containing plutonium.

Uranium radio-chronometry using nuclear forensic 
techniques can estimate the time of nuclear activities, such 
as enrichment and reprocessing of nuclear materials. Such 
estimation can be performed by identifying the propor-
tions of radionuclide signatures, such as uranium and its 
daughter nuclides, and analyzing their characteristics. If 
the characteristics of radionuclides in the uranium found in 
nuclear materials and byproducts with their corresponding 
decay chains are accurately evaluated for each radioactive 
equilibrium ratio, the time of specific nuclear activity can 
be identified based on each radionuclide ratio. Each type 

of radionuclide signature and the ratio of each radionuclide 
in the uranium decay chain exhibit unique characteristics. 
Moreover, the time of production or enrichment can be es-
timated from the measured ratio of the radioactive equilib-
rium relationship between uranium and other radionuclides 
in the uranium decay chain.

Based on radioactive equilibrium relationships, a nucle-
ar forensic methodology for estimating the time of nuclear 
activity was investigated. To this end, the radioactive equi-
librium relationship, radio-chronometry, and a mathemati-
cal model of nuclear materials were analyzed, a related 
novel algorithm was implemented, and a comparative eval-
uation was performed. Thus, a radio-chronometry algorithm 
for nuclear materials or activities was developed as a basic 
technology for nuclear forensics to strengthen the capability 
of controlling nuclear materials and bolster global nuclear 
nonproliferation efforts.

2. Methodology and Result

2.1  Radioactive Equilibrium Relationships of 
Nuclear Materials and Radio-Chronometry

Uranium and thorium are representative natural radio-
nuclides with half-lives exceeding 100 million years. They 
undergo decay chains and become stable through continu-
ous decay reactions; during this process, radioactive equi-
librium appears if the half-life of the parent nuclide is lon-
ger than that of the daughter nuclide and the decay time is 
sufficient.

Radio-chronometry for nuclear materials uses the 
radioactive equilibrium between nuclides in a decay 
chain. The Bateman equation includes simultaneous dif-
ferential equations for the branching decay ratio, decay 
constant, and initial condition of each nuclide, which are 
the main factors of the decay chain and radioactive equi-
librium, and it represents the ratio of nuclides over time 
when various types of nuclide decay simultaneously. The 



Jaechan Park et al. : Algorithm for Computational Age Dating of Nuclear Material for Nuclear Forensic Purposes

JNFCWT Vol.20 No.2 pp.171-183, June 2022 173

radioactivity of the parent and daughter nuclides in the 
radionuclide decay process can be estimated using the 
Bateman equation.

2.2  Mathematical Models for Radio-Chro-
nometry

2.2.1  Review of Radioactivity Calculation Models 

for Radioactive Decay Chain

Radio-chronometry for nuclear materials in nuclear fo-
rensics consists of solving simultaneous differential equa-
tions describing the radioactive isotopes that exist in nucle-
ar materials.

Nuclear materials that have a decay chain, such as ac-
tinide nuclides in natural radionuclides and spent nuclear 
fuels, can be modeled using the Bateman equation, which 
is a linear first-order differential equation that can be ex-
pressed as follows [3, 4]:

If the radioactive decay chain is “1st → 2nd → 3rd → … 
→ i th → … → nth,,”

dN1

dt  = − λ1N1

dNi

dt  = bi λi−1Ni−1− λi Ni  (i = 2, n) (1)

where, λi is the decay constant of i th nuclide
bi is the branching ratio of i − 1th nuclide decay into i th

If N1 (0) ≠ 0 and Ni (0) = 0, and i > 1, the radioactivity of  
the nth nuclide can be expressed as follows [4]:

Nn (t) = N1 (0) 
B
λn

 
i = 1

n  λiai e−λit (2)

where, ai = 
j = 1
j ≠ i

n

 
λj

λj − λi
 , (i = 1, n)

Here, B is the branching ratio term, B = 
k = 1

n − 1
 bk

bk is the branching ratio of i − 1th nuclide decay into i th 

According to Cetnar et al., when some nuclides appear 
in the decay chain more than once, the analytical solution 
becomes more complicated. In this case, a general analyti-
cal solution can be expressed as follows [4]:

Nn (t) = N1 (0) 
B
λn

 
i = 1

n  λiai e−λit 
m = 0

μi   
(λi t)m

m!  · Ωi, μi
 − m (3)

where, ai = 
j = 1
j ≠ i

n

 ( λj

λj − λi
)mj

 

Here, B has the same definition as that for Eq. (2).
       

Ωi, j = 
h1 = 0

j

h2 = 0

j
…

hn = 0

j

× 
k = 1
k ≠ i

n
 (hk + μk

μk )( λi

λi − λk
)hk

 δ j,
l = 0
l ≠ 0

n

hl

Moral et al. obtained the numerical analysis solution of 
the Bateman equation that includes branching decay by us-
ing a matrix exponential function as follows [5, 6]:

[ dNi

dt
] = [A] [Ni] (4)

where (in the case of a homogeneous system)
      

[A] =  

−λ1 0 0 … 0 0
λ1 −λ2 0 … 0 0
0 λ2 −λ3 … 0 0… … … … … … 
0 0 0 … λn−1 −λn

The solution of Eq. (4) can be expressed as

[N] = [V] [Ʌ] [V]−1 [N0] (5)

where, [Ʌ] = Diag [eɅ1t,eɅ2t,……,eɅnt] 
(eigenvalues of [A])

[V] =  

 1 0 0 … 0 0
 S2, 1 1 0 … 0 0
 S3, 1 S3, 2 1 … 0 0
… … … … … …

 Sn, 1 Sn, 2 Sn, 3 … Sn, n−1 1
(eigenvector of [A])
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[V]−1 =  

 1 0 0 … 0 0
 T2, 1 1 0 … 0 0
 T3, 1 T3, 2 1 … 0 0
… … … … … …

 Tn, 1 Tn, 2 Tn, 3 … Tn, n−1 1

(inverse matrix of [V])

If one defines

F    = λr

λq − λp
 
,

P
q, r

Si, j = Fj
i, i −1 Fj

i −1,i −2
… Fj

j +1, j

Ti, j = Fi
j, j F i

j +1, j +1
… Fi

i −1,i −1 

If branching decay is included,

N(t) = eAt N0 (6)

where

[F] = eAt = 

 f1, 1 0 0 … 0 0
 f2, 1 f2, 2 0 … 0 0
 f3, 1 f3, 2 f3, 3 … 0 0
… … … … … …

 fn, 1 fn, 2 fn, 3 … fn, n−1 fn, n

f i, j 

0 i < j
e−kit i = j
bi,j (fi,i − fj,j)

kj − ki
 + 

k = j+1

i−1
 
fi,k bk,j − bi,k fk,j

kj − ki
 i > j

The main models to calculate the radioactivity of the 
nuclides in a radionuclide decay chain are listed in Table 1.

2.2.2  Current Status of Radio-Chronometry Calcu-

lation Models

Regarding radio-chronometry, the Lawrence Liver-
more National Laboratory (LLNL) defined “model age” 
and “sample age” [10]. The sample age of nuclear materials 
is defined as the difference between the analysis (reference) 
date and the production date (or the time of nuclear activ-
ity). This can be applied to a closed system with no loss or 

increase in the radioactive isotopes in the decay chain. The 
model age can be calculated when there are no daughter 
nuclides of interest in the decay chain during the production 
of nuclear materials. The amount of daughter nuclide in the 
investigated nuclear materials is determined by the amount 
of parent nuclide and the decay rate. The maximum value 
of the generated time of the target nuclear material was 
estimated using the model and sample ages. The Nuclear 
Forensics International Technical Working Group (ITWG) 
also assumed a pure parent nuclide and closed system, sim-
ilar to the guidelines of the LLNL. Based on these assump-
tions, Eq. (7) can be deduced by summarizing the solution 
of the Bateman equation for time t:

t = 
1

λA − λB
 ln (1+ 

NB(t)
NA(t)

(λA−λB)
λA

) or 

t = 
1

λA − λB
 ln (1+ 

AB(t)
AA(t)

λA−λB

λB
) (7)

The radio-chronometry of the materials of interest, such 
as uranium and plutonium, using the equations proposed 
in the guidelines of the LLNL and ITWG, were used in 
monitoring research on the uranium production of nuclear 
weapons and the estimation of the production time of stan-
dard sources for nuclear forensics [13-16]. However, in Eq. 
(7), the parent nuclide at the time of production (or refine-
ment) must be in a pure state without any daughter nuclide 
or nuclide of interest, which is only valid in a closed system. 
Moreover, calculations between nuclides beyond one gen-
eration, such as parent and granddaughter nuclides, are im-
possible. Therefore, it is impossible to obtain analytically 
the solution for the elapsed time t in nuclear forensics, in 
which the radioactivity ratio of environmental samples or 
daughter nuclides in an open system is important. This ratio 
is generally applied in reality. To overcome the calculation 
limitations of more than one generation and closed systems, 
radio-chronometry should be performed by repeated calcu-
lation of the Bateman equation or inverse calculation using 
a radioactivity ratio table or graph [11, 17].
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2.3  Decay Chain Radioactivity Calculation 
Method

In this study, to estimate the production time (model 
age) of nuclear materials, the radioactivity calculation 
method for radionuclides in a decay chain was imple-

mented first. Since Bateman suggested a solution for cal-
culating radioactivity in a radioactive decay chain, various 
approaches for calculating the accurate radioactivity of ra-
dionuclides in complex decay chains have been proposed 
for uranium enrichment and nuclear forensics, focusing on 
nuclear materials and spent nuclear fuels. The calculation 

Classification Model equations for 
decay chain radioactivity calculation

Note

Matrix 
exponential 

method

ORIGEN
Solver
[7, 8]

X́ (t) = eAt
 X́ (0)

eAt = 
m = 0

ꝏ  (At)m

m!
 ≈ 

m = 0

m  (At)m

m!

X k+1
i  = 

1
−aii

 
j = 1
j ≠ 1

N
aij Xk

j

A short-lived nuclide is assumed 
to be in a secular equilibrium state 

with the parent nuclide. CRAM 
and other solvers have been added 

through continuous improvement of 
the model equations.

CRAM
Solver
[7, 9]

X́ (t) = eAt
 X́ (0)

ez ≈ Pk (z)
Qk (z)

 = a0 +
i = 1

k  a1

z + θi
 = a0 + 2Re [ i = 1

k/2 ai

z + θi
]

X→(t) ≈ a0 X
→(0) + 2Re [ i = 1

k/2
ai (At + θiI)−1

 ] X
→(0)

Radioactivity is calculated including 
short-lived nuclides.

Moral and
Levy’s 
method
[5, 6]

[ dNi

dt
] = [A][Ni]

[N] = [V] [Ʌ] [V]−1 [N0]
or
N(t) = eAt N0

eAt = [F]

A general solution of the Bateman 
equation is derived using the matrix 

exponential method.

TTA 
method [4, 7]

Nn (t) = N1 (0) B
λn

 
i = 1

n
 λiai e−λit 

m = 0

μi
 (λi t)m

m!
 · Ωi, μi

 − m 

In (t) = N1 (0) B 
m = 0

μi

Ωi, μi
 − m

  fi,m (t)

fi,m (t) = 1 − e−λit 

k = 0

m (λi t)k

k!

For efficiency, the calculation 
process is divided into
the trajectory transition 
T(t) = Nn(t) / N1(0)

and
the trajectory passage
P(t) = In(t) / N1(0).

Note: 1) ORIGEN is a widely used program for the depletion, decay, and production of radioactive materials using the matrix exponential method.
2)  CRAM (the Chebyshev rational approximation method) is a matrix exponential method that is based on the observation that the eigenvalues of the depletion 

and decay coefficient matrix.
3)  TTA (transmutation trajectory analysis) is an alternative method for solving decay and transmutation of radioactive materials, and It is known as the “linear 

chain method”.

Table 1. Model equations for the radioactivity calculation of radioactive decay chain related to nuclear forensics 
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of radioactivity for radionuclides in the decay chains of 
nuclear materials and spent nuclear fuels based on the Bate-
man equation includes the aforementioned general solution 
method, transmutation trajectory analysis method, matrix 
exponential method, and Monte Carlo method.

However, because the conventional radioactivity cal-
culation method is optimized for use, some modifications 
are required for radio-chronometry. Therefore, in this study, 
the methods for efficient calculation of radioactivity imple-
mented using a symbolic–numerical solution and matrix 
exponential function approaches, which have been investi-
gated recently, were reviewed.

2.3.1 Method Using Symbolic–numerical Solution

In this study, to calculate radioactivity more accurately, 
which includes analyzing the radioactivity of radionuclides 
in complex decay chains, the algebraic numerical solution 
was obtained through Eq. (1) using MATLAB software 
(R2021a Update 5).

First, the uranium decay chain was selected to obtain 
symbolic solutions for calculating the radioactivity of each 
nuclide in the uranium decay chain using MATLAB. To 
solve Eq. (1) efficiently, similar solutions for each nuclide 
were obtained using the MATLAB built-in “dsolve” func-
tion, as shown in Table 2. The “dsolve” function, which is 

A1 = N0l1e−l1t

A2 = − l2 (
N0l1e−l1t

l1 − l2
 − N0l1e−l2t

l1 − l2
 ) 

A3 = l3 ( 
N0l1l2r23e−l3t

(l1 − l3)(l2 − l3)
 + N0l1l2e−l1t

 (l1r23 − l4r23)
(l1 − l2)(l1 − l3)(l1 − l4)

 − N0l1l2e−l2t
 (l2r23 − l4r23)

(l1 − l2)(l2 − l3)(l2 − l4)
) 

A4 = l4 ( 
N0l1l2r24e−l1t

(l1 − l2)(l1 − l4)
 − N0l1l2r24e−l2t

(l1 − l2)(l2 − l4)
 + N0l1l2r24e−l4t

(l1 − l4)(l2 − l4)
) 

A5 = − l5 ( N0l1l2e−l1t (l1l3r23 + l1l4r24 − l3l4r23 − l3l4r24)
(l1 − l2)(l1 − l3)(l1 − l4)(l1 − l5)

 − N0l1l2e−l2t (l2l3r23 + l2l4r24 − l3l4r23 − l3l4r24)
(l1 − l2)(l2 − l3)(l2 − l4)(l2 − l5)

 …

− N0l1l2e−l5t (l3l4r23 + l3l4r24 − l3l5r23 − l4l5r24)
(l1 − l5)(l2 − l5)(l3 − l5)(l4 − l5)

 + N0l1l2l3r23e−l3t

(l1 − l3)(l2 − l3)(l3 − l5)
 + N0l1l2l4r24e−l4t

(l1 − l4)(l2 − l4)(l4 − l5)
 )

A6 = l6 ( N0l1l2l3l5r23e−l3t

(l1 − l2)(l2 − l3)(l3 − l5)(l3 − l6)
 + N0l1l2l4l5r24e−l4t

(l1 − l4)(l2 − l4)(l4 − l5)(l4 − l6)
 …

+ N0l1l2l5e−l1t (l1l3r23 + l1l4r24 − l3l4r23 − l3l4r24)
(l1 − l2)(l1 − l3)(l1 − l4)(l1 − l5)(l1 − l6)

 − N0l1l2l5e−l2t (l2l3r23 + l2l4r24 − l3l4r23 − l3l4r24)
(l1 − l2)(l2 − l3)(l2 − l4)(l2 − l5)(l2 − l6)

 …

− 
N0l1l2l5e−l5t (l3l4r23 + l3l4r24 − l3l5r23 − l4l5r24)

(l1 − l5)(l2 − l5)(l3 − l5)(l4 − l5)(l5 − l6)
 + 

N0l1l2l5e−l6t (l3l4r23 + l3l4r24 − l3l6r23 − l4l6r24)
(l1 − l6)(l2 − l6)(l3 − l6)(l4 − l6)(l5 − l6)

 )

Note) An: Radioactivity of nth nuclide,
ln: Decay constant of nth nuclide, 
ri,j: Branching ratio of ith nuclide decay into j th.

Table 2. Symbolic solutions derived by using the algebraic numerical solution method
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a built-in function of such numerical analysis programming 
tools as MATLAB and Mathematica, is used to obtain a 
symbolic solution of ordinary differential equations.

To calculate the symbolic solution numerically, the 
radioactivity curves for each nuclide were obtained using 
MATLAB. The radioactivity calculation results for each 
nuclide developed for the uranium decay chain are sum-
marized in Fig. 1 and Table 3.

The above results reveal that this approach obtained a 
more accurate value than the other methods, but with a lon-
ger computation time. Thus, it is not appropriate for appli-

cations because of the long computation time necessary for 
analyzing composite nuclear materials with complex decay 
chains and similar spent nuclear fuels.

2.3.2 Method Using Matrix Exponential Function

This study used the matrix exponential function, which 
is known to calculate the radioactivity of radionuclides in 
complex decay chains efficiently. Eqs. (5) and (6), obtained 
based on the above-mentioned matrix exponential function 
for the Bateman equation, were employed to implement the 
radioactivity calculation method using MATLAB. The re-
sults of the radioactivity calculation for each nuclide applied 
to the uranium decay chain using the methods proposed by 
Moral and Pacheco [5] are summarized in Fig. 2 and Table 4.

The method proposed by Moral and Pacheco fails to 
calculate accurately the radioactivity of the daughter nu-
clide that undergoes branching decay, as indicated in yel-
low in Fig. 2. To improve its accuracy, a correction method, 
such as excluding short-lived nuclides [5], is necessary.

In contrast, the radioactivity calculation method based 
on the matrix exponential function proposed by Levy can 
be used to calculate the radioactivity even when branching 
decay is included. The method proposed by Levy obtains 
[F], where the lower triangular matrix [AM] of the decay 
chain differential equation has the relationship [AM] [F] = 
[F] [AM] with the lower triangular matrix [F] of the decay 
chain general solution. Matrix [F], defined in Eq. (6), can 
be obtained using the Schur–Parlett algorithm and is imple-
mented using the MATLAB built-in “funm” function [6, 18].  
The radioactivity calculation results for each nuclide ap-
plied to the uranium decay chain using this method are 
shown in Fig. 3 and Table 5.

2.4  Radio-Chronometry Algorithm and  
Influencing Factors

A numerical calculation algorithm for the generated 
time corresponding to elapsed time t was developed using 
three algorithms that were implemented to calculate the  

Nuclide Normalized Relative
Radioactivity

 A1, 238U 1.0000

 A2, 234Th 1.0000

 A3, 234mPa 0.9984

 A4, 234Pa 0.0016

 A5, 234U 2.7965 × 10−5

 A6, 230Th 1.2736 × 10−9

Note) Initial radioactivity A1 = 1 Bq, daughter nuclide = 0

Table 3. Radioactivity calculation of 238U decay chain (symbolic numer-
ical solution, t = 10 years)

Fig. 1. Radioactivity calculation of 238U decay chain 
(symbolic–numerical solution).

Time / years
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234mPa
234Pa
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230Th
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100

10−1

100 102 104 106

238U decay chain
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decay chain radioactivity. To calculate the radioactivity ra-
tio for elapsed time t, the Monte Carlo method was used. It 
was implemented using the MATLAB built-in “vpasolve” 
function [19], which is used to solve polynomial or non-
polynomial equations. Because the equation that calculates 
the radioactivity ratio for each nuclide of interest in this 
study is in a nonpolynomial form, a random initial value 
within the search range was chosen using the MATLAB 
built-in random number generator, and a solution that 
meets the boundary condition was obtained.

Fig. 4 shows a graph of the function for the radioactiv-
ity ratio in a decay chain for 10 years after the generation 
of uranium nuclear materials. The point marked as “Age 
dating” indicates the position at time t when the radioactiv-
ity ratio of the parent and daughter nuclides is 0.75. The 
algorithm for the algebraic numerical solution and the 
Levy method obtained the same results: 0.1319672 years 
for 234Th and 0.1324292 years for 234mPa. However, the 
Moral method led to a different result for 234mPa, although 
the same result of 0.1319672 was obtained for 234Th. This 

Fig. 3. Radioactivity calculation of 238U decay chain (Levy method).

Time / years

238U
234Th
234mPa
234Pa
234U
230Th

100

10−1

100 102 104 106

238U decay chain

Re
la

tiv
e 

Ac
tiv

ity

Nuclide Normalized Relative
Radioactivity

 A1, 238U 1.0000

 A2, 234Th 1.0000

 A3, 234mPa 0.0029

 A4, 234Pa 0.5550

 A5, 234U 2.7965 × 10−5

 A6, 230Th 1.2736 × 10−9

 A7, 226Ra 1.8207 × 10−12

Note) Initial radioactivity A1 = 1 Bq, daughter nuclide = 0

Table 4. Radioactivity calculation of 238U decay chain (Moral method, t 
= 10 years)

Nuclide Normalized Relative
Radioactivity

 A1, 238U 1.0000

 A2, 234Th 1.0000

 A3, 234mPa 0.9984

 A4, 234Pa 0.0016

 A5, 234U 2.7965 × 10−5

 A6, 230Th 1.2736 × 10−9

 A7, 226Ra 1.8199 × 10−12

Note) Initial radioactivity A1 = 1 Bq, daughter nuclide = 0

Table 5. 238U decay chain radioactivity calculation (Levy method, t = 10 
years)

Fig. 2. Radioactivity calculation of 238U decay chain (Moral method).

Time / years

238U
234Th
234mPa
234Pa
234U
230Th
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100 102 104 106

238U decay chain
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could be because the branching decay calculation must be 
corrected, as mentioned above.

The factors influencing the age dating of the nuclear 
materials consist of the decay constant of each nuclide, 
radioactivity measurement uncertainty of the target nu-
clides of nuclear forensics (parent nuclide, daughter  
nuclide), and sampling uncertainty of the samples for nu-
clear forensics, which serve as the main input factors of Eq. 
(7) [20, 21].

2.5  Comparison of Radio-Chronometry  
Algorithms 

2.5.1  Comparison of Radioactivity Calculation 

Algorithms

A comparative evaluation was performed to verify the 

Fig. 4. Radio-chronometry for each nuclide of 238U decay chain 
(example).
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Nuclides

Calculation results of decay chain radioactivity (Bq)

Algorithm implemented in this study Commonly used algorithms

Symbolic–numerical 
solution

algorithm

Matrix exponential function algorithm
CRAM
solver

WISE Uranium
calculatorMoral

method
Levy

method

241Am 8.5180 × 10−1 8.5180 × 10−1 8.5180 × 10−1 8.5185 × 10−1 8.5180 × 10−1

237Np 2.9870 × 10−5 2.9870 × 10−5 2.9870 × 10−5 2.9864 × 10−5 2.9920 × 10−5

233Pa 2.9841 × 10−5 2.9841 × 10−5 2.9841 × 10−5 2.9835 × 10−5 2.9890 × 10−5

233U 6.6490 × 10−9 6.6490 × 10−9 6.6490 × 10−9 6.6588 × 10−9 6.7030 × 10−9

229Th 2.1134 × 10−11 2.1134 × 10−11 2.1134 × 10−11 2.1161 × 10−11 2.1300 × 10−11

225Ra 2.1097 × 10−11 2.1097 × 10−11 2.1097 × 10−11 2.1124 × 10−11 2.2170 × 10−11

225Ac 2.1073 × 10−11 2.1073 × 10−11 2.1073 × 10−11 2.1099 × 10−11 2.2140 × 10−11

Total 
computation time 173.05 s 2.34 s 2.42 s N/A

Notes: 1) Conditions for radioactivity calculation: T = 100 year, 241Am initial radioactivity: 1 Bq
2) Half-life of each nuclide: ICRP-107 nuclear data
3) Conditions for computation time: CPU: Intel Core i9 @ 3.7 GHz, OS: Windows 10 Pro
4) Data source for comparison : Fig. 3 in Ref. [22]

Table 6. Comparison of the calculation results for 241Am decay chain nuclides by radioactivity calculation algorithms
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accuracy of the proposed algorithm for decay chain nu-
clides in radio-chronometry. The results of the Chebyshev 
rational approximation method (CRAM) solver and WISE 
Uranium decay chain calculator used for the radioactivity 
calculation of decay chain nuclides, the symbolic–numeri-
cal solution algorithm, and the matrix exponential function 
algorithm based on the Moral and Levy methods are sum-
marized in Table 6. In this study, to compare the imple-
mented algorithms with commonly used algorithms, such 
as the CRAM solver and WISE Uranium decay chain cal-
culator under equivalent conditions, the radioactivity was 
calculated for 241Am and its daughter nuclides. 

All three algorithms implemented in this study for the 
radioactivity calculation of nuclides in a radioactive de-
cay chain showed the same values, thereby validating the 
Moral method as well if there is no branching. The Moral 
method also showed an approximate value compared with 
the CRAM and WISE Uranium decay chain calculator al-
gorithms. The computation time was 2.34 s for the moral 
method, 2.42 s for the Levy method, and 173.05 s for the 
algebraic numerical solution. Thus, the method using the 
matrix exponential function yielded the best results. In par-
ticular, the algorithm using the algebraic numerical solution 
consumed dozens of minutes during radioactivity calcula-
tion after the seventh generation when branching decay was 
included. 

This requires additional research, such as optimization. 
Regarding the Moral and Levy methods, the former was 
better in terms of computation time; however, it requires 
additional correction when branching decay is included. 
Therefore, the Levy method was found to be the most ef-
ficient in this study.

2.5.2  Comparison of Radio-Chronometry  

Calculation

To compare the radio-chronometry algorithms, the 
calculation results obtained using the implemented radio-
chronometry algorithms with the Levy method based on 
reference data [24], which measured the nuclide ratios 

of 234U and 230Th, are shown in Fig. 5. In addition, based 
on Eq. (7), a summary of the calculation results obtained 
by LLNL, Los Alamos National Laboratory (LANL, US), 
Japan Atomic Energy Agency (JAEA), and Commissariat 
a l’Energie Atomique et aux Energies Alternatives (CEA, 
France) are presented in Table 7.

The radioactivity ratio was first obtained using the ra-
tios of 234U and 230Th, which were analyzed by each agency 
and then applied to each calculation. The calculation period 
was assumed to be 100,000 years. The comparison results 
showed that the results of the model ages, which were the 
radio-chronometry results of each agency and the imple-
mented radio-chronometry results using the Levy method 
in this study, were approximate. In particular, the result of 
LLNL demonstrated an accuracy for the degree of differ-
ence owing to rounding to the third decimal place of the 
calculation result. Regarding the results of CEA, which 
only presented the first decimal place, rounding to the sec-
ond decimal place made it more approximate. Therefore, 
it can be estimated that most of the differences in Table 7 
contribute to the accuracy of the input used for the calcula-
tion, as well as the decimal processing of the output value.

Fig. 5. Radio-chronometry for radioactivity ratios of 234U and 230Th 
(Levy method).
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3. Conclusion

In this study, a novel radio-chronometry algorithm for 
age dating of nuclear materials was implemented based on 
the radioactive equilibrium relationship with mathemati-
cal modeling as a basic technology in nuclear forensics to 
strengthen the capability of controlling nuclear materials 
for denuclearization. Algorithms using a symbolic–numeri-
cal solution and matrix exponential function were imple-

mented based on the Bateman equation to calculate the 
radioactivity of each radionuclide in the decay chain of 
nuclear materials, such as uranium or spent nuclear fuel. 

The proposed algorithms were confirmed to obtain the 
same level of calculation accuracy as commonly used ra-
dioactivity calculation algorithms, such as the CRAM solv-
er and WISE Uranium. However, the symbolic–numerical 
solution algorithm suffered from a large computation time 
during the increment of generations of radionuclide. In 

Uranium CRM Analytical Results and Estimation of Model Age
Levy

method
(year)

DifferenceAgency Sample 234U/
# of atom

230Th/
# of atom

Mass ratio
(230Th/234U)

Radioactivity ratio
(230Th/234U)

Model
age

(year)

C
E
A

NBS050 1 1.348 × 1013 2.135 × 109 1.584 × 10−4 5.133 × 10−4 56.10 56.07 −0.054%

NBS050 2 3.988 × 1013 6.338 × 109 1.589 × 10−4 5.150 × 10−4 56.30 56.25 −0.089%

NBS050 3 7.883 × 1013 1.256 × 1010 1.593 × 10−4 5.163 × 10−4 56.50 56.40 −0.177%

J
A
E
A

Sample 1 1.016 × 1015 1.596 × 1011 1.571 × 10−4 5.091 × 10−4

55.36 55.37 0.018%
Sample 2 1.022 × 1015 1.600 × 1011 1.566 × 10−4 5.075 × 10−4

Sample 3 1.020 × 1015 1.587 × 1011 1.555 × 10−4 5.040 × 10−4

Average 1.019 × 1015 1.594 × 1011 1.564 × 10−4 5.069 × 10−4

L
L
N
L

U050-1A 1.464 × 1015 2.314 × 1011 1.581 × 10−4 5.124 × 10−4 55.97 55.97 0.000%

U050-1B 1.464 × 1015 2.324 × 1011 1.588 × 10−4 5.145 × 10−4 56.18 56.20 0.036%

U050-1C 1.464 × 1015 2.329 × 1011 1.592 × 10−4 5.157 × 10−4 56.33 56.33 0.000%

U050-1D 1.464 × 1015 2.331 × 1011 1.593 × 10−4 5.160 × 10−4 56.36 56.36 0.000%

U050-2A 1.969 × 1015 3.123 × 1011 1.586 × 10−4 5.138 × 10−4 56.11 56.12 0.018%

U050-2B 1.969 × 1015 3.127 × 1011 1.588 × 10−4 5.146 × 10−4 56.20 56.21 0.018%

U050-2C 1.969 × 1015 3.133 × 1011 1.591 × 10−4 5.155 × 10−4 56.30 56.31 0.018%

U050-2D 1.969 × 1015 3.136 × 1011 1.592 × 10−4 5.160 × 10−4 56.35 56.36 0.018%

L
A
N
L

U050-1 2.219 × 1015 3.532 × 1011 1.592 × 10−4 5.157 × 10−4 56.30 56.33 0.053%

U050-2 2.218 × 1015 3.575 × 1011 1.612 × 10−4 5.223 × 10−4 57.04 57.05 0.018%

U050-3 2.208 × 1015 3.549 × 1011 1.608 × 10−4 5.209 × 10−4 56.89 56.90 0.018%

Average 2.215 × 1015 3.552 × 1011 1.604 × 10−4 5.19 × 10−4 56.75 56.76 0.018%

Note: 1) Condition for radioactivity calculation: T = 100,000 year
     2) λ234U = 2.8263×10−6/year, λ234Th = 9.1580×10−6/year
     3) The model age of CEA is expressed down to the first decimal place.
     4) The model age of JAEA is expressed by the average value.
     5) Data source for comparison: Supplementary Information Table 1 in Ref. [24]

Table 7. Comparison of radio-chronometry calculation results using nuclide ratio of 234U and 230Th
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contrast, the Moral method failed to calculate the radioac-
tivity of the daughter nuclide accurately when branching 
decay occurred.

To verify the accuracy of the implemented radio-chro-
nometry algorithm, the calculation results were compared 
with those of the following four agencies: LLNL, LANL, 
JAEA, and CEA. The results verified that the implemented 
algorithm could perform chronometry calculations with the 
same level of performance. However, to improve the uti-
lization of the implemented radio-chronometry algorithm, 
follow-up studies, such as comparisons with calculation 
results reflecting complex decay chains and nonhomoge-
neous conditions, as well as the optimization of calculation 
algorithms, are required.

The proposed radio-chronometry algorithm can be used 
as a research and development tool for identifying radio-
nuclide signatures and developing related technologies in 
nuclear forensics, as well as a tool for comparatively veri-
fying the calculation results of operators for independent 
verification of spent nuclear fuel management.
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[13]  A.L. Fauré and T. Dalger, “Age Dating of Individual 
Micrometer-Sized Uranium Particles by Secondary 
Ion Mass Spectrometry: An Additional Fingerprint for 
Nuclear Safeguards Purposes”, Anal. Chem., 89(12), 
6663-6669 (2017).

[14]  T.M. Kayzar, and R.W. Williams, “Developing 226Ra 
and 227Ac Age-Dating Techniques for Nuclear Fo-
rensics to Gain Insight From Concordant and Non-
concordant Radiochronometers”, J. Radioanal. Nucl. 
Chem., 307(3), 2061-2068 (2016).

[15]  Z. Varga, C. Venchiarutti, A. Nicholl, J. Krajkó, R. 
Jakopič, K. Mayer, S. Richter, and Y. Aregbe, “IRMM-
1000a and IRMM-1000b Uranium Reference Materi-
als Certified for the Production Date. Part I: Meth-
odology, Preparation and Target Characteristics”, J. 
Radioanal. Nucl. Chem., 307(2), 1077-1085 (2016).

[16]  Z. Varga, A. Nicholl, J. Zsigrai, M. Wallenius, and K. 
Mayer, “Methodology for the Preparation and Valida-
tion of Plutonium Age Dating Materials”, Anal. Chem., 
90(6), 4019-4024 (2018).

[17]  A.M. Gaffney, J.B.N. Wimpenny, T. Parsons-Davis, 
R.W. Williams, R.A. Torrese, and B.W. Chung, “A 
Case Study in Plutonium Radiochronometry Using 
Multiple Isotope Systems”, J. Radioanal. Nucl. Chem., 
318(1), 287-295 (2018).

[18]  MathWorks. 2021. “Explanation of Funm (Evaluate  
General Matrix Function) Function.” MathWorks. 
Accessed Nov. 8 2021. Available from: https://kr. 
mathworks.com/help/matlab/ref/funm.

[19]  MathWorks. 2021. “Explanation of Vpasolve (Solve 
Equations Numerically) Function.” MathWorks. Acce-
ssed Nov. 8 2021. Available from: https://kr.mathworks.
com/help/symbolic/sym.vpasolve.

[20]  A. Morgenstern, C. Apostolidis, and K. Mayer, “Age 
Determination of Highly Enriched Uranium: Sepa-
ration and Analysis of 231Pa”, Anal. Chem., 74(21), 
5513-5516 (2002).

[21]  Korea Laboratory Accreditation Scheme, Guidelines 
for Estimating and Expressing Uncertainty in Mea-

surement Results, KOLAS-G-002 (2020).
[22]  Oak Ridge National Laboratory. Bateman Equation 

Adaptation for Solving and Integrating Peak Activ-
ity Into EPA ELCR and Dose Models, ORNL Report, 
ORNL/TM-2020/1780 (2020).

[23]  World Information Service on Energy Uranium Proj-
ect. December 14 2020. “Universal Decay Calculator.” 
WISE Uranium Project. Accessed Nov. 15 2021. Avail-
able from: https://www.wise-uranium.org/rcc.html.

[24]  A.M. Gaffney, A. Hubert, W.S. Kinman, M. Magara, 
A. Okubo, F. Pointurier, K.C. Schorzman, R.E. Steiner, 
and R.W. Williams, “Round-Robin 230Th–234U Age 
Dating of Bulk Uranium for Nuclear Forensics”, J. Ra-
dioanal. Nucl. Chem., 307, 2055-2060 (2016).


