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FIXED-POINT THEOREMS FOR (φ, ψ,β)-GERAGHTY

CONTRACTION TYPE MAPPINGS IN PARTIALLY ORDERED

FUZZY METRIC SPACES WITH APPLICATIONS

Nilakshi Goswami and Bijoy Patir∗

Abstract. In this paper, we prove some fixed-point theorems in partially ordered
fuzzy metric spaces for (φ, ψ, β)-Geraghty contraction type mappings which are gen-
eralization of mappings with Geraghty contraction type condition. Application of
the derived results are shown in proving the existence of unique solution to some
boundary value problems.

1. Introduction

Over the last decades, fixed-point theory has been widely extended and worked
upon in several aspects by different researchers (refer to [1], [2], [3], [6], [7], [8], [9], [18]).
In [13] and [14], authors have formulated existence theorem for first order periodic
boundary value problem using the fixed-point theorems in partial ordered metric
spaces. In [3], Cho et al. proved some fixed-point theorems in partially ordered fuzzy
metric spaces for nonlinear mappings with respect to some contractive type conditions.
In [16], Nieto et al. established existence and uniqueness theorem for solution of
fuzzy differential equation. In 1973, M. Geraghty [5] refined the Banach contraction
principle using an interesting class of test functions in complete metric spaces. In 2012,
Gordji et al. [6] generalized the Geraghty’s contraction theorem in partially ordered
metric spaces. In [12], Gupta et al. introduced (ψ, β)-Geraghty contraction type
mappings in partially ordered metric spaces and proved some fixed-point theorems
for such mappings with application to integral equations and differential equations
with periodic boundary conditions.

In this paper, we extend (ψ, β)-Geraghty contraction type mappings with the help
of altering distance function φ to partially ordered fuzzy metric spaces. We develop
some existence theorems for unique solution to different types of boundary value
problems.

Definition 1.1. [13] Let T : [0, 1] × [0, 1] −→ [0, 1]. Then the mapping T is said
to be a triangular norm (t-norm) if
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(i) T (µ, 1) = µ for all µ ∈ [0, 1],
(ii) T (µ, ν) = T (ν, µ) for all µ, ν ∈ [0, 1],
(iii) µ ≥ ν, σ ≥ τ ⇒ T (µ, σ) ≥ T (ν, τ) for all µ, ν, σ, τ ∈ [0, 1],
(iv) T (µ, T (ν, σ)) = T (T (µ, ν), σ) for all µ, ν, σ ∈ [0, 1].

Some elementary t-norms are Tp(µ, ν) = µ.ν, Tm(µ, ν) = min(µ, ν), TL(µ, ν) =
max(µ+ ν − 1, 0).

Definition 1.2. [4] For an arbitrary set X, let T be a continuous t-norm and M
be a fuzzy set on X2× (0,∞). The 3-tuple (X,M, T ) is called a fuzzy metric space if
(i) M(a, b, s) > 0 for all a, b ∈ X, s > 0,
(ii) M(a, b, s) = 1 for all s > 0⇔ a = b,
(iii) M(a, b, s) = M(b, a, s) for all a, b ∈ X, s > 0,
(iv) T (M(a, b, s),M(b, c, p)) ≤M(a, c, s+ p)

for all a, b, c ∈ X, s, p > 0,
(v) M(a, b, .) : (0,∞) −→ [0, 1] is continuous for all a, b ∈ X.

In this case, M is called a fuzzy metric on X and the 3-tuple, (X,M, T ) is called
fuzzy metric space.

Example 1.3. [11] For X = R, taking the usual metric d(x, y) = |x − y| and the
fuzzy metric M(x, y, t) = t

t+d(x,y)
, x, y ∈ X, t ∈ (0,∞), we have, (X,M, T ) is a fuzzy

metric space with respect to the t-norm Tp(a, b) = a.b, a, b ∈ [0, 1].
It is called the fuzzy metric induced by the usual metric d.

Definition 1.4. [19] Let φ : [0, 1] −→ [0, 1] be a mapping. If
(i) φ is strictly decreasing and left continuous,
(ii) φ(λ) = 0 if and only if λ = 1,

that is, limλ−→1− φ(λ) = 0,
then the function φ is called an altering distance function.
φ(x) = 1 − x, φ(x) = 1 − 1

e1−x , x ∈ [0, 1] are some examples of altering distance
functions.

Definition 1.5. [10] Let (X,M, T ) be a fuzzy metric space and {xn} be a sequence
in X. Then the sequence {xn} is a Cauchy sequence if for all ε ∈ (0, 1), t > 0, ∃ n0 ∈ N
such that M(xn, xm, t) > 1 − ε, ∀ n,m ≥ n0. Also the sequence {xn} converges to x
if for all ε ∈ (0, 1), t > 0, ∃ n0 ∈ N such that M(xn, x, t) > 1− ε, ∀ n ≥ n0. Moreover
the fuzzy metric space X is complete if and only if every Cauchy sequence converges
in X.

In 1973, Geraghty [5] proved a fixed-point theorem, which is known as Geraghty
contraction theorem, with the help of the following class of functions:

Definition 1.6. Define S = {α|α : [0,∞) −→ [0, 1)} which satisfies the condition
α(tn) −→ 1 implies tn −→ 0.

Theorem 1.7. (Geraghty contraction theorem) [5] Let f : X −→ X be a
mapping on a complete metric space (X, d). Suppose there exists α ∈ S such that for
each x, y ∈ X

d(f(x), f(y)) ≤ α(d(x, y))d(x, y).

Then f has a unique fixed-point z ∈ X.
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Example 1.8. Let X = (0, 1) with the Euclidean distance d. Then, (X, d) is a
bounded and complete metric space. Let α(t) = 1

1+t
, t ∈ [0,∞), then α ∈ S. Let

f(x) = x
2
, x ∈ X.

Now for x = y, we have,

d(f(x), f(y)) = α(d(x, y))d(x, y) = 0.

If x 6= y, then

d(f(x), f(y)) = |x
2
− y

2
|

=
|x− y|

2

and

α(d(x, y))d(x, y) =
1

1 + |x− y|
|x− y|

≥ |x− y|
2

,

that is,

d(f(x), f(y)) ≤ α(d(x, y))d(x, y).

Thus from the above theorem, f has a unique fixed-point. In fact, here 0 is the unique
fixed-point.

In 2010, Altun et al. [1] introduced the following notion of weakly increasing map-
pings.

Definition 1.9. [1] Let (X,�) be a partially ordered set. Two self mappings f, g
on X are said to be weakly increasing if fx � gfx and gx � fgx for all x ∈ X.

Using the above notion, in 2017, Gupta et al. [12] proved some fixed-point theorems
for (ψ, β)-Geraghty contraction type mappings in partially ordered metric space which
improve and extend some already established results.

Theorem 1.10. [12] Let (X, d) be a partially ordered complete metric space. Let
f and g be weakly increasing self mappings on X such that

ψ(d(f(x), g(y))) ≤ α(d(x, y)β(d(x, y)) for all x � y,

where α ∈ S, ψ : [0,∞) −→ [0,∞) is continuous and non decreasing such that
ψ(t) = 0 if and only if t = 0 and β : [0,∞) −→ [0,∞) is continuous function with
condition ψ(t) > β(t) for all t > 0.
Suppose that for each x, y ∈ X, there exists z ∈ X which is comparable to x and y.
Moreover, if f or g is continuous, then f and g have a unique fixed-point.

2. Results and discussion

Taking a maximum condition, we prove the following fixed-point theorem for map-
pings with (ψ, β)-Geraghty [12] contraction type condition extended to partially or-
dered fuzzy metric spaces with the help of an altering distance function φ.
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Theorem 2.1. Let (X,M, T,�) be a partially ordered complete fuzzy metric space
and x0 ∈ X be such that x0 � f(x0). Let f be a non decreasing continuous self
mapping on X such that

ψ(φ(M(f(x), f(y), t))) ≤ α(Mφ(x, y))β(Mφ(x, y))ψ(Mφ(x, y))(1)

for all x � y, where

Mφ(x, y) = max{φ(M(x, y, t)), φ(M(x, f(x), t)), φ(M(y, f(y), t)), φ(M(f(x), y, t))},
α, β ∈ S, φ is an altering distance function and ψ : [0, 1) −→ [0, 1) is a non decreasing
continuous function. Then f has a fixed-point in X.

Proof. We put xn = fn(x0), n = 1, 2, 3, .... Then since x0 � f(x0) and f is non
decreasing, so by induction we obtain, xn � xn+1, that is, xn and xn+1 are comparable
for each n ∈ N.
By (1),

ψ(φ(M(xn+1, xn+2, t))) = ψ(φ(M(f(xn), f(xn+1), t)))

≤ α(Mφ(xn, xn+1))β(Mφ(xn, xn+1))ψ(Mφ(xn, xn+1)),(2)

where

Mφ(xn, xn+1) = max{φ(M(xn, xn+1, t)), φ(M(xn, f(xn), t)), φ(M(xn+1, f(xn+1), t)),

φ(M(f(xn), xn+1, t))}
= max{φ(M(xn, xn+1, t)), φ(M(xn, xn+1, t)), φ(M(xn+1, xn+2, t)),

φ(M(xn+1, xn+1, t))}
= max{φ(M(xn, xn+1, t)), φ(M(xn+1, xn+2, t))}.

Now, ifMφ(xn, xn+1) = max{φ(M(xn, xn+1, t)), φ(M(xn+1, xn+2, t))} = φ(M(xn+1, xn+2, t)),
and since α, β ∈ S we have from (2),

ψ(φ(M(xn+1, xn+2, t))) < ψ(φ(M(xn+1, xn+2, t))),

which is impossible.
Thus, max{φ(M(xn, xn+1, t)), φ(M(xn+1, xn+2, t))} = φ(M(xn, xn+1, t)), and therefore
from (2),

ψ(φ(M(xn+1, xn+2, t))) < ψ(φ(M(xn, xn+1, t))).

Since ψ is non decreasing, it gives

φ(M(xn+1, xn+2, t)) < φ(M(xn, xn+1, t)).

Thus, {φ(M(xn, xn+1, t))} is a decreasing sequence which is bounded below. There-
fore, it converges to l ≥ 0 (say).
Now, Mφ(xn, xn+1)) ≥ φ(M(xn, xn+1, t))
⇒ limn→∞Mφ(xn, xn+1) ≥ l.
Assume that l > 0. Then in (2), taking n→∞ we have,

lim
n→∞

ψ(φ(M(xn+1, xn+2, t))) ≤ lim
n→∞

[α(Mφ(xn, xn+1))β(Mφ(xn, xn+1))

ψ(Mφ(xn, xn+1))]

⇒ ψ(l)[1− lim
n→∞

α(Mφ(xn, xn+1)) lim
n→∞

β(Mφ(xn, xn+1))] ≤ 0

⇒ lim
n→∞

α(Mφ(xn, xn+1)) lim
n→∞

β(Mφ(xn, xn+1)) = 1.
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Since α, β ∈ S, this implies that limn→∞Mφ(xn, xn+1)) = 0, that is, l = 0, which is a
contradiction to our assumption that l > 0. Thus,

lim
n→∞

φ(M(xn, xn+1, t)) = 0,

that is,

lim
n→∞

M(xn, xn+1, t) = 1.(3)

Next we show that {xn} is a Cauchy sequence.
To the contrary, suppose there exist 0 < ε < 1, t > 0 for which we can find two
subsequences {xr(n)} and {xs(n)} of {xn} with r(n) > s(n) > n, n ∈ N ∪ {0} such
that

M(xr(n), xs(n), t) ≤ 1− ε.(4)

Further, corresponding to r(n), we can choose s(n) such that it is the smallest integer
satisfying (4) with r(n) > s(n). Then

M(xr(n)−1, xs(n), t) > 1− ε.(5)

Now,

M(xr(n)−1, xs(n)−1, t) ≥ T (M(xr(n)−1, xs(n),
t

2
),M(xs(n), xs(n)−1,

t

2
)), n ∈ N,

that is, M(xr(n)−1, xs(n)−1, t) ≥ T (1− ε,M(xs(n), xs(n)−1,
t

2
)) (From (5))

Taking limit as n −→∞ and using (3),

lim
n→∞

M(xr(n)−1, xs(n)−1, t) ≥ T (1− ε, 1) = 1− ε,

that is,

M(xr(n)−1, xs(n)−1, t) ≥ 1− ε.(6)

Again, from (4),

1− ε ≥M(xr(n), xs(n), 4t),

≥ T (M(xr(n), xr(n)−1, 2t), T (M(xr(n)−1, xs(n)−1, t),M(xs(n), xs(n)−1, t)))

So, as n→∞, 1− ε ≥ T (1, T ( lim
n→∞

M(xr(n)−1, xs(n)−1, t), 1)) (By (3)),

that is,

1− ε ≥ lim
n→∞

M(xr(n)−1, xs(n)−1, t).(7)

From (6) and (7),

lim
n→∞

M(xr(n)−1, xs(n)−1, t) = 1− ε.(8)

Since r(n) and s(n) are comparable, from (4), using (1), we have,

ψ(φ(1− ε)) ≤ ψ(φ(M(xr(n), xs(n), t)))

≤α(Mφ(xr(n)−1, xs(n)−1))β(Mφ(xr(n)−1, xs(n)−1))ψ(Mφ(xr(n)−1, xs(n)−1)).

Taking n −→∞ and by (8),

ψ(φ(1− ε)) ≤ lim
n→∞

α(Mφ(xn, xn+1)) lim
n→∞

β(Mφ(xn, xn+1))ψ(φ(1− ε))

⇒ψ(φ(1− ε))[1− lim
n→∞

α(Mφ(xn, xn+1)) lim
n→∞

β(Mφ(xn, xn+1))] ≤ 0.
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Since α, β ∈ S, this implies that ε = 0, which is a contradiction.
Therefore, {xn} is a Cauchy sequence in X.
Since (X,M, T ) is a complete fuzzy metric space, there exists p ∈ X such that xn → p.

Next we prove that p is a fixed-point of f .
We have,

M(p, lim
n→∞

xn, t) = 1

⇒M(p, lim
n→∞

fn(x0), t) = 1

⇒M(p, f( lim
n→∞

fn−1x0), t) = 1, by continuity of f

⇒M(p, f(p), t) = 1,

that is, p = f(p).

Thus f has a fixed-point.

Similarly, for the minimum condition, we have the following theorem.

Theorem 2.2. Let (X,M, T,�) be a partially ordered complete fuzzy metric space
and x0 ∈ X be such that x0 � f(x0). Let f be a non decreasing continuous self
mapping on X such that

ψ(φ(M(f(x), f(y), t))) ≤ α(mφ(x, y))β(mφ(x, y))ψ(mφ(x, y))(9)

for all x � y, where

mφ(x, y) = min{φ(M(x, y, t)), φ(M(x, f(x), t)), φ(M(y, f(y), t)), φ(M(x, f(y), 2t))},

α, β ∈ S, φ is an altering distance function and ψ : [0, 1) −→ [0, 1) is a non decreasing
continuous function. Then f has a fixed-point.

Proof. As in Theorem 2.1, taking xn = fn(x0), n = 1, 2, 3, ..., we can show that xn
and xn+1 are comparable for each n ∈ N.
By (9),

ψ(φ(M(xn+1, xn+2, t))) = ψ(φ(M(f(xn), f(xn+1), t)))

≤ α(mφ(xn, xn+1))β(mφ(xn, xn+1))ψ(mφ(xn, xn+1)),(10)

where

mφ(xn, xn+1) = min{φ(M(xn, xn+1, t)), φ(M(xn, f(xn), t)), φ(M(xn+1, f(xn+1), t)),

φ(M(xn, f(xn+1), 2t))}
= min{φ(M(xn, xn+1, t)), φ(M(xn, xn+1, t)), φ(M(xn+1, xn+2, t)),

φ(M(xn, xn+2, 2t))}
≤min{φ(M(xn, xn+1, t)), φ(M(xn+1, xn+2, t)),

φ
(
T (M(xn, xn+1, t),M(xn+1, xn+2, t))

)
}.

Again,

φ(u) ≤ φ(T (u, v)) and φ(v) ≤ φ(T (u, v))

(Since, u = T (u, 1) ≥ T (u, v) and v = T (v, 1) ≥ T (u, v))

So, min{φ(u), φ(v), φ(T (u, v))} = min{φ(u), φ(v)} for all u, v ∈ [0, 1].
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Hence,

mφ(xn, xn+1) = min{φ(M(xn, xn+1, t)), φ(M(xn+1, xn+2, t)),

φ
(
T (M(xn, xn+1, t),M(xn+1, xn+2, t))

)
}

≤ min{φ(M(xn, xn+1, t)), φ(M(xn+1, xn+2, t))}.
Now, if min{φ(M(xn, xn+1, t)), φ(M(xn+1, xn+2, t))} = φ(M(xn+1, xn+2, t)), and since
α, β ∈ S and ψ is nondecreasing, we have from (10),

ψ(φ(M(xn+1, xn+2, t))) < ψ(φ(M(xn+1, xn+2, t))),

which is a contradiction.
Thus, min{φ(M(xn, xn+1, t)), φ(M(xn+1, xn+2, t))} = φ(M(xn, xn+1, t)), and therefore
from (10),

ψ(φ(M(xn+1, xn+2, t))) < ψ(φ(M(xn, xn+1, t))).

Since ψ is non decreasing, we have,

φ(M(xn+1, xn+2, t)) < φ(M(xn, xn+1, t)).

Thus {φ(M(xn, xn+1, t))} is a decreasing sequence which is bounded below. Now
proceeding similarly as in Theorem 2.1, we can show that f has a fixed-point.

The following theorem uses an additional requirement of a comparable element for
the existence of a unique fixed-point.

Theorem 2.3. Let (X,M, T,�) be a partially ordered complete fuzzy metric space,
x0 ∈ X be such that x0 � f(x0) and f be a non decreasing continuous self mapping
on X such that

ψ(φ(M(f(x), f(y), t))) ≤ α(φ(M(x, y, t)))β(φ(M(x, y, t)))ψ(φ(M(x, y, t)))(11)

for all x � y,

where α, β ∈ S, φ is an altering distance function and ψ : [0, 1) −→ [0, 1) is a non
decreasing continuous function. Then f has a fixed-point. Moreover, if

for every x, y ∈ X, there exists z ∈ X which is comparable to x and y,

then f has a unique fixed-point.

Proof. The existence of fixed-point follows from Theorem 2.1 as a particular case
taking Mφ(x, y) = φ(M(x, y, t)).
Next we establish the uniqueness.
Suppose there is another fixed-point of f , say r. Then there exist s ∈ X which is
comparable to both r and p. Since f is monotonic we have fn(s) is comparable to
fn(r) = r and fn(p) = p for n = 1, 2, 3, ... . Now,

ψ(φ(M(p, fn(s), t))) = ψ(φ(M(fn(p), fn(s), t)))

≤ α(M(fn−1(p), fn−1(s), t)))β(φ(M(fn−1(p), fn−1(s), t)))

ψ(φ(M(fn−1(p), fn−1(s), t)))

≤ ψ(φ(M(fn−1(p), fn−1(s), t)))

which implies

φ(M(p, fn(s), t)) ≤ φ(M(fn−1(p), fn−1(s), t)).(12)
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Thus the sequence {φ(M(p, fn(s), t))} is a decreasing sequence, that is bounded below
and it can be shown to be convergent to 0.

Thus lim
n→∞

φ(M(p, fn(s), t)) = 0,

that is, lim
n→∞

M(p, fn(s), t) = 1.

Similarly, we can show that limn→∞M(fn(s), r, t) = 1.
Now,

φ(M(p, r, t)) ≤ φ(T (M(p, fn(s),
t

2
),M(fn(s), r,

t

2
)))

⇒ φ(M(p, r, t)) ≤ φ(1) as n −→∞
⇒ φ(M(p, r, t)) = 0

⇒M(p, r, t) = 1,

that is, p = r.

Hence f has a unique fixed-point.

Example 2.4. Let X = [0, 2) with the Euclidean distance d. Then, (X, d) is a

bounded and complete metric space. Let M(x, y, t) = 1 − d(x,y)
2
, x, y ∈ X, t > 0.

Then (X,M, T ) is a partially ordered complete fuzzy metric space with respect to
the t-norm, T (x, y) = max(x + y − 1, 0) x, y ∈ [0, 1] and the usual partial ordering
(≤) in R. Also let φ(t) = 1− t, t ∈ [0, 1] be the altering distance function.

Next, we consider the function f : X −→ X given by f(x) = x
2
. Let ψ(s) =

s3, α(t) = 1
1+t2

and β(t) = 1
1+t3

, s ∈ [0, 1), t ∈ [0,∞). Now for x = y, the condition
(11) is obvious.

Again, for x 6= y we have

ψ(φ(M(f(x), f(y), t)))

=ψ

( |x
2
− y

2
|

2

)
=(
|x
2
− y

2
|

2
)3

=
1

8
(
|x− y|

2
)3,

and

α(φ(M(x, y, t)))β(φ(M(x, y, t)))ψ(φ(M(x, y, t)))

=α(
|x− y|

2
)β(
|x− y|

2
)ψ(
|x− y|

2
)

=
1

1 + ( |x−y|
2

)2

1

1 + ( |x−y|
2

)3
(
|x− y|

2
)3

=
1

1 + ( |x−y|
2

)2

1

1 + ( |x−y|
2

)3
(
|x− y|

2
)3.
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Since the minimum value of 1

1+(
|x−y|

2
)2

1

1+(
|x−y|

2
)3

is 1
4
, so

1

8
(
|x− y|

2
)3 ≤ 1

1 + ( |x−y|
2

)2

1

1 + ( |x−y|
2

)3
(
|x− y|

2
)3.

Hence the condition (11) is satisfied.
Moreover, since all the element of X are comparable, f has a unique fixed-point in
X. In fact here 0 is the unique fixed-point of f .

Example 2.5. Let X = {a, b, c, d} such that
d(a, b) = d(a, d) = d(b, c) = d(b, d) = d(c, d) = 4, d(a, c) = 2
and d(a, a) = d(b, b) = d(c, c) = d(d, d) = 0.

Then, (X, d) is a bounded and complete metric space. Let M(x, y, t) = 1− d(x,y)
2
, x, y ∈

X, t > 0. Define partial ordering (�) in X with the alphabetical order. Then
(X,M, T ) is a partially ordered complete fuzzy metric space with respect to the t-
norm, T (x, y) = max(x+ y− 1, 0) x, y ∈ [0, 1]. Also let φ(t) = 1− t, t ∈ [0, 1] be the
altering distance function.

Next, we consider the function f : X −→ X given by:

f(x) =

{
c, if x = b

a, if x 6= b
.

Let ψ(s) = s3, α(t) = β(t) = e−
t
2 and α(0) = β(0) = 0, s ∈ [0, 1), t ∈ [0,∞).

Now for x = y, the condition (11) is obvious.

Again, for x 6= y,
Case 1: If x, y takes any of the values a, c, d, then again the condition (11) is obvious.
Case 2: If x(or, y) takes value b and y(or, x) takes any value from a, c, d, then we
have,

ψ(φ(M(f(x), f(y), t)))

=ψ

(
d(a, c)

2

)
=1

and

α(φ(M(x, y, t)))β(φ(M(x, y, t)))ψ(φ(M(x, y, t)))

=α(
d(x, y)

2
)β(

d(x, y)

2
)ψ(

d(x, y)

2
)

=(e−
d(x,y)

4 )2(
d(x, y)

2
)3

=8(e−1)2

=1.083

Hence the condition (11) is satisfied.
Moreover, since all the element of X are comparable, f has a unique fixed-point in
X. In fact here a is the unique fixed-point of f .
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3. Application to boundary value problems

We consider the following second order boundary value problem [20]:

y′′(t) = −λ2y(t) + f(y(t)), t ∈ I = [0, 1],

y(0) = y(1) = 0,(13)

where λ is a constant lying in the interval (0,
π

2
),

which is equivalent to the integral equation u(t) =
∫ 1

0
G(t, s)f(u(s))ds, 0 < t, s < 1,

where G(t, s) =

{
− sin (λs) sin (λ(1−t))

λ sinλ
, t ≥ s

− sin (λt) sin (λ(1−s))
λ sinλ

, t ≤ s

is the Green’s function.
Now, we establish a result which gives the condition for existence of unique solution

to (13).
Let C(I,R) denote the set of all continuous functions f : I −→ R such that for
x, y ∈ C(I,R), |x(t)− y(t)| < k for some k > 0, and for all t ∈ I.

Theorem 3.1. Considering the above problem (13) with f continuous, suppose
that the following conditions are satisfied:

(i) a, b ∈ R with b ≥ a implies f(a) ≥ f(b),
(ii) for all t ∈ I and a, b ∈ R,

|f(t, a)− f(t, b)| ≤ λ2
k

3
ξ

(
|a− b|
k

)
where ξ : [0,∞) −→ [0,∞) is defined by ξ(x) = x√

(1+x)(1+x2)
, x ∈ [0,∞).

Then there exists a unique solution of (13).

Proof. Let F : C(I,R) −→ C(I,R) be defined by:

(Fu)(t) =

∫ 1

0

G(t, s)
(
f(u(s))

)
ds.

If u ∈ C(I,R) is a fixed-point of F then u ∈ C(I,R) is a solution of (13). Now we
check that hypotheses in Theorem 2.3 are satisfied.

For x, y ∈ C(I,R), we take x � y if and only if x(t) ≥ y(t) for all t ∈ I. Then
X = C(I,R) is a partially ordered set.
Also x, y ∈ C(I,R) implies |x(t) − y(t)| < k, for all t ∈ I, that is, X = C(I,R) is
a bounded metric space with metric d, where d(x, y) = supt∈I |x(t) − y(t)|, x, y ∈
C(I,R).

Taking M(x, y, t) = 1 − d(x,y)
k
, x, y ∈ X, t > 0, (X,M, T ) is a complete fuzzy metric

space with respect to the t-norm, T (x, y) = max(x + y − 1, 0) x, y ∈ [0, 1]. Also let
φ(t) = 1− t, t ∈ [0, 1] be the altering distance function.
By the hypothesis (i), for u, v ∈ X with u � v, we have,

f(v(s)) ≥ f(u(s)), for all s ∈ I.
This implies

(Fu)(t) =

∫ 1

0

G(t, s)f(u(s))ds
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≥
∫ 1

0

G(t, s)f(v(s))ds = (Fv)(t),

that is, the mapping F is non decreasing.
Now, for u � v and t1 > 0,

φ(M(Fu, Fv, t1)) =
d(Fu, Fv)

k

=
supt∈I |(Fu)(t)− (Fv)(t))|

k

=
1

k
sup
t∈I
|
∫ 1

0

G(t, s)f(t, u)ds−
∫ 1

0

G(t, s)f(t, v)ds|

=
1

k
sup
t∈I
|
∫ 1

0

G(t, s)(f(t, u)− f(t, v))ds|

≤1

k
sup
t∈I

∣∣∣ ∫ 1

0

λ2G(t, s)
k

3
ξ

(
|u(s)− v(s)|

k

)
ds
∣∣∣

= sup
t∈I

∣∣∣ ∫ 1

0

G(t, s)
λ2

3
ξ

(
|u(s)− v(s)|

k

)
ds
∣∣∣

≤ sup
t∈I

∣∣∣ ∫ 1

0

G(t, s)
λ2

3
ξ

(
d(u, v)

k

)
ds
∣∣∣ (since ξ is non-decreasing)

=
λ2

3
ξ

(
d(u, v)

k

)
sup
t∈I

∣∣∣ ∫ 1

0

G(t, s)ds
∣∣∣

=
λ2

3
ξ

(
d(u, v)

k

)
sup
t∈I

∣∣∣ ∫ t

0

−sin (λs) sin (λ(1− t))
λ sinλ

ds

+

∫ 1

t

−sin (λt) sin (λ(1− s))
λ sinλ

ds
∣∣∣

=
λ2

3
ξ

(
d(u, v)

k

)
sup
t∈I
| 1

λ2 sinλ
[cos(λt) sin(λ(1− t))

− sin(λ(1− t)) + sin(λt)− sin(λt) cos(λ(1− t))]|

=
λ2

3
ξ

(
d(u, v)

k

)
sup
t∈I
| 1

λ2 sinλ
[sin(λ− λt− λt)− sin(λ(1− t))− sin(λt)]|

=
λ2

3
ξ

(
d(u, v)

k

)
sup
t∈I
| 1

λ2 sinλ
[sin(λ− 2λt)− sin(λ(1− t))− sin(λt)]|

≤1

3
ξ

(
d(u, v)

k

)
3 = ξ

(
d(u, v)

k

)
⇒ φ(M(Fu, Fv,t1)) ≤

d(u,v)
k√(

1 + d(u,v)
k

)(
1 +

(
d(u,v)
k

)2)

⇒ (φ(M(Fu, Fv,t1)))
2 ≤

(
1

1 + d(u,v)
k

) 1

1 +
(
d(u,v)
k

)2
(d(u, v)

k

)2
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=

(
1

1 + φ(M(u, v, t1))

)(
1

1 + (φ(M(u, v, t1)))
2

)
(φ(M(u, v, t1)))

2

⇒ ψ(φ(M(Fu,Fv, t1))) = α(φ(M(u, v, t1)))β(φ(M(u, v, t1)))ψ(φ(M(u, v, t1)))

where ψ(t) = t2, α(t) = 1
1+t

and β(t) = 1
1+t2

. Clearly α, β ∈ S and ψ is a non
decreasing continuous function.
Hence, the hypotheses of Theorem 2.3 are satisfied and therefore, F has a unique
fixed-point.

Next, we take another boundary value problem [21]:

y′′(t) +
1

t
y(t) = −f(t, y(t)), t ∈ I = [0, 1](14)

y′(0) = y(1) = 0,

where f : I × R −→ R is non negative and continuous function.
The solutions of the above boundary value problem is the fixed-points of the oper-

ator F on C(I, E) defined by:

(Fu)(t) =

∫ 1

0

G(t, s)f(s, u(s))ds(15)

where G(t, s) =

{
−s(log t), 0 ≤ s < t ≤ 1

−s(log s), 0 ≤ t ≤ s ≤ 1

is the Green’s function (refer to [21]).

Theorem 3.2. Consider the problem (14) with f continuous and suppose that

(a) a, b ∈ R with b ≥ a implies f(t, b) ≥ f(t, a) for all t ∈ I,
(b) for all t ∈ I and a, b ∈ R,

0 < |f(t, a)− f(t, b)| ≤ 4kξ

(
|a− b|
k

)
where ξ : [0,∞) −→ [0,∞) is defined by ξ(x) = x√

(1+x)(1+x2)
.

Then there exists a unique solution of (14).

Proof. The unique solution of (14) exists if the fixed-point of (15) exists and is
unique.

If u ∈ C(I,R) is a fixed-point of F then u ∈ C(I,R) is a solution of (14). Now we
check that hypotheses in Theorem 2.3 are satisfied.
We consider X, d,M, T and φ as in the Theorem 3.1

By the hypothesis (i), for u, v ∈ X with u � v, we have,
f(s, u(s)) ≥ f(s, v(s)), for all s ∈ I.

This implies

(Fu)(t) =

∫ T

0

G(t, s)f(s, u(s))ds

≥
∫ T

0

G(t, s)f(s, v(s))ds = (Fv)(t),
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that is, the mapping F is non decreasing.
Now, for u � v and t1 > 0,

φ(M(Fu, Fv, t1)) =
d(Fu, Fv)

k
=

supt∈I |(Fu)(t)− (Fv)(t)|
k

=
1

k
sup
t∈I
|
∫ 1

0

G(t, s)f(s, u(s))ds−
∫ 1

0

G(t, s)f(s, v(s))ds|

≤1

k
sup
t∈I
|
∫ 1

0

G(t, s)(f(s, u(s))− f(s, v(s))ds|

≤1

k
sup
t∈I

∣∣∣ ∫ 1

0

4kG(t, s)ξ

(
|u(s)− v(s)|

k

)
ds
∣∣∣.

Since the function ξ(x) is non decreasing for x ∈ [0, 1], therefore

φ(M(Fu, Fv, t1)) ≤ sup
t∈I

∣∣∣ ∫ 1

0

G(t, s)4ξ

(
d(u, v)

k

)
ds
∣∣∣

=4 ξ

(
d(u, v)

k

)
sup
t∈I

∣∣∣ ∫ 1

0

G(t, s)ds
∣∣∣

=4 ξ

(
d(u, v)

k

)
sup
t∈I

∣∣∣([− s2

2
log t

]t
0

+
[s2

4
− s2

2
log s

]1
t

)∣∣∣
=4 ξ

(
d(u, v)

k

)
sup
t∈I

∣∣∣(− t2

2
log t+

1

4
− t2

4
+
t2

2
log t

)∣∣∣
=4 ξ

(
d(u, v)

k

)
sup
t∈I

∣∣∣(1

4
− t2

4

)∣∣∣
=4 ξ

(
d(u, v)

k

)
1

4

=ξ

(
d(u, v)

k

)
⇒ φ(M(Fu, Fv, t1)) ≤

d(u,v)
k√(

1 + d(u,v)
k

)(
1 +

(
d(u,v)
k

)2)

⇒ (φ(M(Fu, Fv, t1)))
2 ≤

(
1

1 + d(u,v)
k

) 1

1 +
(
d(u,v)
k

)2
(d(u, v)

k

)2

=

(
1

1 + φ(M(u, v, t1))

)(
1

1 + (φ(M(u, v, t1)))
2

)
(φ(M(u, v, t1)))

2

⇒ ψ(φ(M(Fu, Fv, t1))) =α(φ(M(u, v, t1)))β(φ(M(u, v, t1)))ψ(φ(M(u, v, t1)))

where ψ(t) = t2, α(t) = 1
1+t

and β(t) = 1
1+t2

. Clearly α, β ∈ S and ψ is non decreasing
continuous function.
Hence, the hypotheses of Theorem 2.3 are satisfied and therefore, F has a unique
fixed-point.
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4. Conclusion

We have proved some fixed-point theorems in partially ordered fuzzy metric space
for some generalized contraction mappings and showed the existence of unique solution
to different boundary value problems using these theorems. Similar investigation can
be done considering initial value problems.

In [2], Chandok introduced the concept of (α, β)-admissible Geraghty type contrac-
tive mappings and proved some fixed-point theorems for such types of mappings in
metric spaces. In this context, one may investigate for analogous results for (φ, ψ, β)-
Geraghty contraction type mappings in partially ordered fuzzy metric spaces.

The study of geometrical aspect of fixed-point theory is also of importance now a
days and interesting research work is going on in this area. In [17] authors proved
some existence and uniqueness theorems of fixed-circle for some self mappings in met-
ric spaces with geometric interpretation. In [15] authors proved some fixed-circle
theorems in an s-metric space for self mappings with different contraction and con-
tractive type conditions. In this context one can investigate fixed-circle theorems for
(φ, ψ, β)-Geraghty contraction type mappings in partially ordered fuzzy metric spaces.
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