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IDENTITIES PRESERVED UNDER EPIS OF PERMUTATIVE
POSEMIGROUPS

AFTAB HUSSAIN SHAH, SAKEENA BANO*, AND SHABIR AHMAD AHANGER

ABSTRACT. In 1985, Khan gave some sufficient conditions on semigroup identities
to be preserved under epis of semigroups in conjunction with the general semigroup
permutation identity. But determination of all identities which are preserved under
epis in conjunction with the general permutation identity is an open problem in
the category of all semigroups and hence, in the category of all posemigroups. In
this paper, we first find some sufficient conditions on an identity to be preserved
under epis of posemigroups in conjunction with any nontrivial general permutation
identity. We also find some sufficient conditions on posemigroup identities to be pre-
served under epis of posemigroups in conjunction with the posemigroup permutation
identity, not a general permutation identity.

1. Introduction

The determination of all identities which are preserved under epis in conjunction
with the general permutation identity is an open problem in the category of all semi-
groups and hence, in the category of all posemigroups. However, in ([8], Theorem 4.7)
Khan gave some sufficient conditions on semigroup identities to be preserved under
epis of semigroups in conjunction with the general semigroup permutation identity.
In this paper we are able to generalize the results due to Khan to posemigroups.

Also, in ([4], Theorem 3.9), Ahanger, Shah, and Khan partially generalized the
results due of Khan ([8], Theorem 4.7) in the category of posemigroups. In this paper
we fully generalize the above results of Khan by relaxing the assumption taken by
Ahanger, Shah, and Khan [4]. We also find some sufficient conditions on posemigroup
identities to be preserved under epis of posemigroups in conjunction with posemigroup
permutation identity, not a general permutation identity.

2. Preliminaries

A partially ordered semigroup, briefly posemigroup is a pair (.5, <) comprising a semi-
group S and a partial order < on S that is compatible with its binary operation, i.e.
for all sy, 89,t1,t2 € S, 51 < t; and sy < to implies s159 < tyte. We call (U, <p) a
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subposemigroup of a posemigroup (5, <g) if U is subsemigroup of the semigroup S
and <p=<g N(U x U).

A posemigroup morphism f : (S, <g) — (7', <r) is a monotone (z <gy = f(x) <r
f(y)) semigroup morphism. We shall also denote posemigroups by S, T" etc. whenever
no explicit mention of the order relation is required.

A class of posemigroups is called a variety of posemigroups if it is closed under
taking the products (endowed with componentwise operation and order), morphic
images and subposemigroups. It is also possible to discribe posemigroup varieties
alternatively with the help of inequalities using a Birkhoff type characterization; we
refer to [5] for details.

Let S and T be posemigroups and f : S — T be a posemigroup morphism. Then
f is said be an epimorphism (epi) if for any posemigroup W and any posemigroup
morphisms «, 3 : T — W, ao f = o f implies « = 5. We observe that f: S — T
is necessarily a posemigroup epimorphism if f : S — T is semigroup epimorphism,
where in the latter case we disregard the orders (and hence the monotonocity) and
treat S and 7' as semigroups.

Let U be a subposemigroup of a posemigroup S and d € S. We say that U domi-
nates d if for all a, §: S — T posemigroup morphisms, such that a(u) = f(u) for all
u € U, one has a(d) = B(d). The set of all elements of S that are dominated by U is

called the posemigroup dominion of U in S and is denoted by EOT\TZ(U, S). One can
easily verify that l%?n(U, S) is a subposemigroup of S containing U.

An identity u = v is said to be preserved under posemigroup epis if for all posemi-
groups U and S with U as a subposemigroup of S such that %(U, S)y=25 U
satisfies u = v implies S also satisfies u = v.

The following characterization of posemigroup dominion is provided by Sohail and
Tart called the Zigzag Theorem for posemigeroups and will frequently be used in
whatever follows.

THEOREM 2.1. ([9], Theorem 5) Let U be a subposemigroup of a posemigroup S.
Then we have d € Dom(U, S) if and only if d € U or

d < z1uy, up < Uy
Tilgi—1 < Tip1Uo, Uil < Ugip1Yie1, L <1 <n—1 (1)
TpUan—1 S U2n, UonYn S d
vy < 8101, d < voty
8jU2j < Sjp1U2j41 Voj—1tj—1 S vty 1 < g <m—1 (2)
SmU2m S d, U2m—1tm S Vom,
where, ug, Vg, ... U, Vo € U T1,Y1, -+ o, Ty Yny S15E1, « « +, Syt € 5.

Let us call the above inequalities, posemigroup zigzag inequalities in .S over U with
value d and length (n,m) and we say that it is of minimal length (n,m) if n and m
are the least positive integers.

The next theorems are from [1] and are very important for our investigations.
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THEOREM 2.2. ([1], Lemma 3.2) Let d € @(U, S)\ U and let (1) and (2) be the
zigzag inequalities for d of minimal length (n, m), then x;,y; € S\U fori =1,2,...,m
and sj,t; € S\U forall j =1,2,...,m/.

THEOREM 2.3. ([1], Lemma 3.3) For any d € S\ U and for any positive integers
k and k' there exist uy,ug, ..., U, V1, Vs, ..., 0 € U and dy,dp € S\ U such that
d = Uty - updy = dp VU _1 -+ - V1.

THEOREM 2.4. ([4], Theorem 2.1) If U is a permutative posemigroup and S is any

posemigroup containing U properly as a subposemigroup such that l%?n(U, S)=25.
Then S is also permutative.

Bracketed statements whenever used shall mean the dual to the other statements.

3. Main Results

A semigroup S is said to be permutative if S satisfies a permutation identity.
R1%22 "t Zn = ZiyRig """ Ry, (TLZ2), (3>

where i is any non-trivial permutation of the set {1,2,...,n}. A posemigroup S is
said to be permutative if it is so as a semigroup.
In order to prove the main theorems of this section we first prove the following.

LEMMA 3.1. ([4], Lemma 3.2) Let S be any posemigroup satistfying (3) with n > 3,
the following hold:

(i) For each j € {2,3,...,n} such that z;_z; is not a subword of z;, z;, - - -
z;,, S satisfies the permutation identity

2172 Rj_1XYZjc Zp = 1290 Zj-1YXZ5 2
(ii) If z;, # zn, then S also satisfies the permutation identity
Z1R9 *** ZpnY = 2129+ - ZnYx.

LEMMA 3.2. Let S be any permutative posemigroup satisfying a permutation iden-
tity (3) with n > 3. Then for each j € {2,3,...,n} such that z;_,z; is not a subword
of zj,ziy -+ 2, forallr > j—1,s>n—j+1 and for allu € S", v € S* we have

UT1T2V = uxqr1v, for all x1,x9 € S.
In particular S* is medial for all k > max(j — 1,n — j + 1).
Proof. The proof follows from ( [7], Proposition 6.3). O

The next lemma easily follows from Lemma 3.2.

LEMMA 3.3. Let S be any permutative posemigroup satisfying a permutation iden-
tity (3) with n > 3. If j € {2,3,...,n} such that z;_,z; is not a subword of
ZiyZiy %, Then for all v > j—1, s >n—j+ 1 and for all u € S", v € 5%,
we have

UZ122 21V = URK  Zhy * * * 2RV,

for all z1,zo,...,21 € S (I > 2), where h is any permutation of the set {1,2,... 1}.
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LEMMA 3.4. Let S be any permutative posemigroup satisfying a permutation
identity (3) with n > 3. If j € {2,3,...,n} such that z;_1z; is not a subword of
ZiyZiy - Zi,. Then for allr > j—1,s >n—j+ 1 and for all x € S™, z € S* and
y €S, (zyz)k = akyF2F for all k > 1.

Proof. For k = 1, the result is vacuously true. We shall prove it for £k > 1. Now

(2y2)" = (2y2)(y2)*(ay2)
= 2yza® 2y 22 21y2 (by Lemma 3.3 as 2 € S”, 2z € S°)

= 2Fy*2* (by Lemma 3.3 as v € S", 2z € S*).

]

In the following results, let U and S be any posemigroups with U as a proper sub-
posemigroup of S such that U satisfies (3) and Dom(U, S) = S.

LEMMA 3.5. ([2], Lemma 3.3) For any 21,29 € S and x,y € S\U, x2120y = x2921Y.

COROLLARY 3.6. For any z,y € S\ U, z1,22,...,2; € S and for any permutation
j of the set {1,2,... k}, we have

To1z9 - 2EY = ZL'ZthQ e Z]ky
LEMMA 3.7. Ifi, # n in (3), then w2129 = w2921 for all z1,29 € S and x € S\ U.

Proof. Since S is permutative, by Lemma 3.1 (ii), S also satisfies the following
permutation identity:
2129 2ZpSt = Z129 -+ + ZptS.
By Theorem 2.3, for any x € S\ U and for every integer k, we have z € S*. Therefore
the proof of the lemma follows. n

COROLLARY 3.8. If i, # n in (3), then for any z1,zs,...,2, € S, v € S\ U and
for any permutation j of the set {1,2,...,k}, we have

X2 129 2 = XZj Zjg * * * Zjy. -

PROPOSITION 3.9. Let U be any permutative posemigroup satisfying permutation
identity (3) and let S be any posemigroup with U as a proper subposemigroup of S

such that @(U, S) = S. Then for any d € S\ U there exist z € U",w € U® and
v € S\U withr >j—1,8>n—j+ 1 such that d* = zFz*w" for all k > 1.

Proof. Suppose that U satisfies permutation identity (3). By Theorem 2.4, S also
satisfies permutation identity (3). Let d € S\ U. By Theorems 2.2 and 2.3 together
we can write d = zzw for some z € U", w € U® and x € S\ U. Now for k > 1, we
have

d" = (zazw)"

= 2P2Pwk (by Lemma 3.4 as z € U™, w € U?).

O

THEOREM 3.10. Non-trivial identities I of the following forms are preserved under
epis of posemigroups in conjunction with permutation identity (3):

(i) at least one side of I has no repeated variable;
(ii) 21 = 23, p.¢ > 0;
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?1'1'13 zgzg---zf:zfzg---zf, p,q>0,1>1;
iv) 27 =0, p> 0.

Proof. Take any posemigroups U and S with U as a proper subposemigroup of S
such that Dom(U, S) = S. Suppose that U satisfies the permutation identity (3) and
any non-trivial identity /. Then by Theorem 2.4, S also satisfies the permutation
identity (3). We will show that S satisfies each of the identities (i) to (iv).

(i) Assume U satisfies (i), then by ( [3], Theorem 3.1), S also satisfies (i).

(ii) Assume U satisfies (ii). In order to prove that S satisfies (ii), we first prove the
following lemma.

LEMMA 3.11. For any y € S\ U and u € U, y? = y? = uP (= u9).

Proof. Since y € S\U. Then by Proposition 3.9, y? = zPzPw? for some z € U™, w €
Usand z € S\ U. Let (1) and (2) be the zigzag inequalities for = of minimal length
(n,m). Now

yP = 2P (x1up)Pw? (by zigzag inequalities (1))
= zPxlufw® (by Lemma 3.3)
= 2PelulwP (as U satisfies (ii))
= zP(x1uy)Pw? (by Lemma 3.3)
< 2P (zqug)Pw? (by zigzag inequalities (1))
= 2P2bubw? (by Lemma 3.3)

= 2ZPrbubw? (as U satisfies (ii))

= PPl jwP

= 2P(zpugn—1)Pw? (by Lemma 3.3)

= zPub, w?

= (zug,w)? (by Lemma 3.3)

= uP (as U satisfies (ii)). (4)

On similar lines for any y € S\ U and u € U, we can get
y? > ul. (5)

On combining (4) and (5), we get y? < w? = u? < y9. Similarly, we can show that
y? > uP = u? > y?. Therefor, y? = y? = uP(= u?), as required.

Now to complete the proof of (ii), take any 21,29 € S. If 2y € S\ U and 2z, € U,
then the result follows by Lemma 3.11. Assume that 21,2, € S\ U. Now

20 = uP (where u € U, by Lemma 3.11 as z; € S\ U)
= u? (as U satisfies (ii))
= 23 (by Lemma 3.11 as z, € S\ U),

as required. This completes the proof of (ii).
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(iii) Assume U satisfies (iii). For j = 1,2,...,1, let 2723 ---27 be the word in S of
length jp. To prove that S satisfies (iii), we use 1nduct10n on J by assuming that
the remaining element z;44,...,% € U. For j = 0, the equation (iii) is vacuously
satisfied. Assume inductively that the equation (iii) is true for all 2y, 29,...,2,.1 € S
and for all z;,241,...,2 € U. We will prove that this assumption also holds for all
21,%2,...,2; € S and for all zj41,---,2 € U. There is no need to consider the case
z; € U. So, assume that z; € S\ U, then by Proposition 3.9,

zf = PrPwP (6)

for some z € U",w € U® and x € S\ U. Let (1) and (2) be the zigzag inequalities
for = of minimal length (n,m). For each k = 1,2,...,m — 1, Theorems 2.2 and 2.3

together allow us to write s = sgbgk)bék) e bg-k_)Q and ¢, = §+)1C§’i)1 cl(k) s Where

k) (k) (k k
bgk),bgk),...,b§22,c§~+)1,c§-£1,...,cl( ) € U and oy, € S\ U.

For each k = 1,2,...,m—1, in whatever follows, we shall be using phrases expand-
ing ty, expanding s, and collapsmg ty., collapsing 52: to mean that ¢, = C§‘]i)1 e cl(k)t;,,
Sk = s;bgk)bék) e bgk)Q and ¢ g+1 cl(k) = t, skxkb b : ~b§»k_)2

= s, respectively.
For each £k =1,2,...,m — 1, consider the product
k)P (k)P k)P

q quglbg) pe” k)

O B PP s P
Py=: 22520 5 j71<1}2k_1tk) w J+1 2.

LEMMA 3.12. Fork=1,2,...,m —1, P, < Pyy and P,y < z{z]--- 2.

Proof. Assume that 1 < j < [. We essentially prove the lemma when 1 < j < [.
The proof in the cases when j = [ and 7 = [ follows by slight modification (see Remark
3.14). Now

4.9, .9 L lap(R)P( (k p P
P = z{zy - 2] 1 27s)1b) b -b; 1 (Vo 1tk)wzJr 2

9.9 . g
< 2f2d-- 28 20s

1q7. (k)P
i L 01

(/’f)p p p
-b; (ngtk+1)pwp2j+1 ez

(by zigzag inequalities (2))

P k)P
wlsﬁfbgk) he-. bg._)l (Varth41) wo

(Where wy = 2{25 - 2] 127wy = w2y, - 7))
= w15;€qb1 T bﬁ-k_)fvé’kcgﬁl)p T Cl(kH) tgjﬂ
(by expanding ¢, and Corollary 3.6 as sy, t,,, € S\ U)
= wls/qb(k)q . b§k)ivgkc§-iﬁl)q : (kH) 7 qws (as U satisfies (iii))
= wlskv%cyr{l) = cl(kH) t7 qw, (by collapsing sj, and

Corollary 3.6 as sy, t;,,; € S\ U)

= w1 (Skvok)? §+4;1) Y Al tP jws (by Corollary 3.6 as sy, t),,, € S\ U)
< wi(Skr1V2k41)? g’r;l) . (Hl) tk+1w2 (by zigzag inequalities (2))
—w15k+1vgk+1cﬁlﬂl) o l(k+1) t;cpﬂ

(by Corollary 3.6 as sgi1,t,4 € S\ U)
_ w18k+1b§k+l)q _ b§k+11) U2k+1(:§]—€:;1) . l(k+1)qt;f+1
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(by expanding s, and Corollary 3.6 as sgy1,t,,4 € S\ U)

= w1s,f+1b(k+1)p aE byf;l)p gkﬂc;’f;l)p e cl(kﬂ)pt/,fﬂwg (as U satisfies (iii))
w1sk+1b§k+1)p ce bg-k_ﬁl)pvgkﬂtiﬂwg (by collapsing t;,, and
Corollary 3.6 as s;,1,t,4 € S\ U)
wlskJrlb (e bg'kjl)p (U2k+1tk+1)pw2
(by Corollary 3.6 as sy, 11 € S\ U)

Ay 2 1Zq5k+1b(k+1)p e bg'k—tl)p(02k+1tk+1)pwpzf+1 A

(since wy = 2125 -+~ 2] 2% wy = WPy | -+ 2])
Py

In particular it shows that

P, < wls;%bgm)p . bgm%pv 412 we
p p
= wls;%bgm) .. bgm% (Vom—1tm)Pwe
(by Corollary 3.6 as s/, t, € S\ U)
< wy ™" b(m1 vgmwg (by zigzag inequalities (2))
= z{z3 - z}’_lzqs;‘]nbl b(m1 UQmU)pz]Jrl -2y
= e (gD
(by Lemma 3.3, as z € U" and w € U?)
= z{z3--- zj_lzqs%bgm)q e byiqq (vomw)?2], - 2f
(as U satisfies (iii))
= 2jzy - 2] 20st g wiz] | - 2] (by collapsing s, and
Lemma 3.3, as z € U" and w € U?)
= 223 2] 2 (smvam) Wiz g - 2]
(by Lemma 3.3, as z € U" and w € U?)
< zizg e zf 2wtwiz], - 2 (by zigzag inequalities (2))
:Z%Zg--.z Z]+1 .zl’
as required.
LEMMA 3.13.
N2z < P
Proof.
N zge ez = 22y e 2y 2PaePwP2y - 2] (by equation (6))
< z2jzy ez 1zp(v0t1)pwpz]+1 27 (by zigzag inequalities (2))
AP (1)
= 2725 - 'Zp 12 vgpe J+1 t ]+1 2
(by expanding t; and Lemma 3.3, as z € U" and w € U?)
1 1 1)
= 2Pf 2 P (o )Py e WP

(by Lemma 3.3, as z € U" and w € U?)

289
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_ 4.9, .. .9 .q 1) \g, DT V% p.p P
= 22 - 28 2% (voci ) ey g WP 2

J J+L =g
(as U satisfies (iii))

19 (1)4 1)4
=225 - - 25712(1”80;310;32 T Cz( ) tllpwpzfﬂ ez
(by Lemma 3.3, as z € U" and w € U?®)
17 (1)1 1)a
< zf28--- z?_lzq(311)1)(10512105122 - cl( ) PPzl -2t
(by zigzag inequalities (2))
1)e 1)e
= a2yl P
(by Corollary 3.6 as s;,t; € S\ U)
=228 z?flzqs'lqbgl)q e bg-l,)ivfcﬁ)i e cl(l)qzfllpu)pzﬁﬂr1 e 2
(by expanding s; and Corollary 3.6 as s},¢; € S\ U)
1)P 1)P (1)P 1)P
=23 -z;{lzqs'lqbg " .. -bgjlvfcjﬁl e cl( ) tllpzup,zéﬁrl ez
(as U satisfies (iii))
= Plv
as required. O

Now, by Lemmas 3.12 and 3.13, we have

p_.p p q.49 q
ey KPL< - P < zizgee-z).

. pp P~ 4.4 q PP P_ 4.4 q
Similarly, we can show that 2725 - - - 2] > 2725 - /. Therefore 2725 - - 2] = 2{z5--- 2/,

as required.

REMARK 3.14. The proof when j = [ or j = 1 is obtained by making the following
conventions:

(i) the word 2923 ... 29 | =1,

(ii) the word b{"" - .. byzpl =1=0p""".. bﬁql and s, =s; fori=1,2,...,m.
Dually when j =1,

(i) the word zfﬂ---zf": 1, | |

(ii) the word cgﬂ)rpl e cl(l)p =1= cﬁql - -cl(l)q and t; =t¢; fori =1,2,...,m.

(iv) Assume U satisfies (iv). Let z; € S\ U, then by Proposition 3.9, 27 = zPzPw? for
some z € U',w € U and x € S\ U. Let (1) and (2) be the zigzag inequalities for z
of minimal length (n,m). Now

28 < 2P (vgt)PwP (by zigzag inequalities (2))
= Putiw? (by Lemma 3.3 as z € U" and w € U?)
= Pult)wP (as U satisfies (iv))
= 2P(v1t1)Pw? (by Lemma 3.3 as z € U" and w € U?)
< 2P(vgte)Pw? (by zigzag inequalities (2))
= Pvbthw? (by Lemma 3.3 as z € U" and w € U®)

= 2Pulthw? (as U satisfies (iv))
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2Pob P wP

= 2P (Vom_1tm)Pw? (by Lemma 3.3 as z € U" and w € U°®)
2Pub wP (by zigzag inequalities (2))

(zvgmw)? (by Lemma 3.3 as z € U" and w € U?)

= 0 (as U satisfies (iv)).

Thus 2z} < 0. Similarly, we can show that z7 > 0. Hence 2} = 0, as required. This
completes proof of the Theorem 3.10. O

IN

In the following results U is any proper subposemigroup of a posemigroup S satisfying
(3), such that Dom(U,S) = S.

LeEmMA 3.15. ([4], Lemma 3.4) If i, # n and iy # 2 then for any z;,z3 € U and
29 € S\ U, 212023 = 212320.

COROLLARY 3.16. If i, # n and iy # 2 in (3), then for any zj,29,...,2, € S

such that z, € S\ U for some q € {2,3,...,k} and for any permutation j of the set
{2,3,...,k}. We have
22 2 = 212y Ryt g
Proof. We have,
229 Byt 2k = Z21%q%2 - Zg—1%q+1 - - - 2k (by Lemma 3.15 as z, € S\ U)

= 212q%jy " Zjy 1% - %5, (Where zg = zj,, by Corollary 3.8)

= 21%jy " % Zq%ji, - 25, (by Lemma 3.15 as z, € S\ U)

= 212j,%55 " Zins
as required. N

LEMMA 3 17 If i, # n and iy # 2 in (3), then for all z; € U and z, € S\ U,
(2120)% = 2F2% for all positive integers k.

Proof. For k = 1, the result is vacously true. Assume k > 1, we have

(zle)]’C = 212’2(2122>k_1
= 212928712871 (by Corollary 3.8, as z, € S\ U
= 2F25 (by Corollary 3.16, as i, # n and iy # 2 and 2, € S\ U.
O

LEMMA 3.18. Ifi, # n in (3), then for all z; € S\ U and z € U, (z122)" = 2F25
for all positive integers k.

Proof. For k = 1, the result is vacously true. Assume k > 1, we have
(2120)" = z129(2120)" !
= 21292812871 (by Corollary 3.8, as i, #n and 2z, € S\ U
= 2¥2% (by Corollary 3.8, as i, #n and z; € S\ U.
]

THEOREM 3.19. A nontrivial identity I is preserved under the epis of posemigroups
in conjunction with the permutation identity (3), with i, # n and i # 2 [iy # 1 and
in_1 7 n — 1] if I has one of the following forms:
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(i) 2125 = 2521,p, ¢, 7,8 > 0;
(ii) 2024 =0,p,q > 0.

Proof. Let U and S be any posemigroups with U as a proper subposemigroup of

S such that ﬁo?z(U, S) = S. Assume that U satisfies (3) with i, # n and iy # 2 and
any nontrivial identity I. By Theorem 2.4, S also satisfies permutation identity (3).
We will show that S also satisfies the identities (i) and (ii).

(i) Assume U satisfies (i) and let 21,20 € S. We consider the following cases.

Case a: z; € S\ U and 2z € U. Let (1) and (2) be the zigzag inequalities for z; of
minimal length (n,m). Now, we prove inductively that

22y < wp 2y (uak—1yr)® (7)
holds for all k =1,2,...,n — 1. For kK = 1, we have
228 < (x1u9)P2a (by zigzag inequalities (1)
= aubz3 (by Lemma 3.18, as 21 € S\ U)
= afzhuf (since U satisfies (1))
< alz5(uyyr)® (by zigzag inequalities (1)).
Thus (7) holds for £ = 1. Assume inductively that it holds for k =1 <n —1. We will
show that it also holds for £ =+ 1. Now
N zd < alzh(uy—1y)® (by inductive hypothesis)
= x}zjus,_,y; (by Corollary 3.6, as z;,y, € S\ U)
= xjub, ,z3y; (as U satisfies (1))
= (xjug—1)Pz3y; (by Corollary 3.6, as z;,y, € S\ U)
< (myqug)P23y; (by zigzag inequalities (1))
= a7, uyz3y; (by Corollary 3.6, as 41,y € S\ U)
= x], zyusy; (as U satisfies (i)
= ) 425 (ugy)® (by Corollary 3.6, as z41,4 € S\ U)
< 274123 (uar1yi41)” (by zigzag inequalities (1)),

as required.
Now to complete the proof of Case a, letting k =n — 1 in (7), we have

Zfzg < xflzg(u%_lyn)s
= 2Pzius, 1y (by Corollary 3.6, as x,,y, € S\ U)
= xPub, 23y (as U satisfies (i))
= (zpuan—1)Pz9y; (by Corollary 3.6, as x,,y, € S\ U)
< (ugn)P23yS (by zigzag inequalities (1))
= zyus3, Yy, (as U satisfies (i))
= 25 (u2nyn)® (by Lemma 3.17 as y, € S\ U)
< z5z) (by zigzag inequalities (1)).

Thus 2723 < 25z, Similarly, we can show that 20z > 2725, Hence, 212] = 252¢ as
required.
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Case b: z, € S\ U and z; € U. Let (1) and (2) be the zigzag inequalities for zo of
minimal length (n,m). Now, we prove inductively that

27y < (swvan-1) 21ty (8)
holds for all k =1,2,...,m — 1. For kK = 1, we have
229 < 2V (votq)? (by zigzag inequalities (2))
= zPvdt] (by Lemma 3.17 as t; € S\ U)
= v421t] (since U satisfies (1))

< (s1v1)" 27t (by zigzag inequalities (2))

Thus (8) holds for £k = 1. Assume inductively that it holds for k =1 < m — 1. We
will show that it also holds for k =1+ 1. Now

223 < (spy-1)" 21t} (by inductive hypothesis)
= sjvg_1 21t} (by Corollary 3.6, as s;,t, € S\ U)
= s;21vg, 1t} (since U satisfies (i))

(by Corollary 3.6, as s;,t;, € S\ U)

(by zigzag inequalities (2))

= 572 (var1ty)*
= 5127 (varti1)*
= s; 2y vgtl,, (by Corollary 3.6, as s;,t11 € S\ U)
= sjuy 21t} (since U satisfies (i))
= (s;v21)" 27t} (by Corollary 3.6, as s;,t.1 € S\ U)
= (Si31v2141)" 21t} (by zigzag inequalities (2)),
as required.
Now to complete the proof of Case b, letting &k = m — 1 in (8), we have
2123 < (SmVam-1)" 2118,

= s vy 121td (by Corollary 3.6, as sy, t, € S\ U)

=g vl td (since U satisfies (i))
s 2 (Vam—1tm)? (by Corollary 3.6, as Sy, tm € S\ U)

< s 2Pl (by zigzag inequalities (2))

= s vy 27 (since U satisfies (1))
(SmVam) 2] (by Lemma 3.18, as s, € S\ U)
< z5z7 (by zigzag inequalities (2)).

P 4 TS . p_q TS P49 _ _r. s
Thus 2725 < z527. Similarly, we can show that zjz5 > 252]. Hence z]2; = 2527, as
required.

Case c: 21,20 € S\ U and let (1) and (2) be the zigzag inequalities for z; of minimal
length (n,m). Then
2428 < (x1u9)Pz5 (by zigzag inequalities (1)
= 2{ufzd (by Lemma 3.18)

= a¥zhug (by Case b)
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< alzh(uryr)® (by zigzag inequalities (1))

= 2 z5uiy; (by Corollary 3.6, as x1,y; € S\ U)

= ziulz3y; (by Case b)

= (z1u1)Pz3y] (by Corollary 3.6, as x1,y1 € S\ U)

< (woug)Pz3y] (by zigzag inequalities (1))

= 2bubzdy; (by Corollary 3.6, as z2,11 € S\ U)

= abzbusy; (by Case b)

= abz5(ugy1)® (by Corollary 3.6, as x9,y1 € S\ U)
)

< 2b20 (usy2)® (by zigzag inequalities (1))

< 2P zh(ugp—1yn)’

alzius, qy, (by Corollary 3.6, as z,,y, € S\ U)

= Uy, 12y, (by Case b)

= (zpuan—1)Pz9y; (by Corollary 3.6, as x,,y, € S\ U)
< ub z3y> (by zigzag inequalities (1))
= zyus, Yy, (by Case b)

= z5(u2,yn)® (by Lemma 3.17)

< z5z7 (by zigzag inequalities (1)).

Thus 2724 < 25z, Similarly, we can show that 20z > 2725, Hence 272z] = 2525, as
required. This completes the proof of part (i).

(ii) Assume U satisfies (ii), then for all u,v € U, uPv? = 0. Let 21,29 € S. Then we
have the folowing cases.

Case a: 21 € U, 2o € S\ U. Let (1) and (2) be the zigzag inequalities for zo of
minimal length (n,m). Then

(by zigzag inequalities (2))
by Lemma 3.17 as t; € S\ U)

22y < zl(UOtl)
= 270511 (
= Zvft] (since U satisfies (ii))
= 27 (v1t1)? (by Lemma 3.17 as t; € S\ U)
< 2] (U2t2> (by zigzag inequalities (2))
2 (by Lemma 3.17 as ty € S\ U)
3 (since U satisfies (ii))

= 21U2

= Z1U3

= 2 V3 1ty

= 2V (vom_1t;,)? (by Lemma 3.17 as t,, € S\ U)
< 208 (by zigzag inequalities (2))

= 0 (since U satisfies (ii)).



Identities Preserved Under Epis of Permutative Posemigroups 295

Thus 2723 < 0. Similarly, we can show that 202 > 0. Hence 2721 = 0, as required.

Case b: z; € S\ U, 2, € U. It follows on similar lines as Case a, by applying zigzag
inequalities (1) and Lemma 3.18.

Case c: 21,2 € S\ U and let (1)and (2) be the zigzag inequalities for z; of minimal
length (n,m). Then

223 < (x1u9)Pz5 (by zigzag inequalities (2))
= 2iufzd (by Lemma 3.18 as ;3 € S\ U)
= ziulz] (by Case a)
= (z1u1)Pz3 (by Lemma 3.18 as 21 € S\ U)
< (xoug)Pz] (by zigzag inequalities (1))
= abubzd (by Lemma 3.18 as xo € S\ U)

= abulzd (by Case a)

= U, 1%
= (xuz,_1) 24 (by Lemma 3.18 as x,, € S\ U)
< ub, 23 (by zigzag inequalities (1))

=0 (by Case a).

Thus 2723 < 0. Similarly, we can show that zz3 > 0. Hence z7z3 = 0, as required.
This completes proof of the Theorem 3.19. O
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