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A FIXED POINT THEOREM IN HILBERT C*-MODULES
HASAN RANJBAR AND ASADOLLAH NIKNAM

ABSTRACT. Fixed point theory has many useful applications in applied sciences.
The object of this paper is to obtain fixed point for continuous self mappings in
Hilbert C*-module with rational conditions.

1. Introduction

Let A be a C*-algebra. A (right) inner-product A-module is a linear space E,
which is a right .A-module and \(za) = (Ax)a = x(Aa) forall z € F,a € A, X € C,
together with an inner product (-,-) : £ x E — A satisfying the following conditions:
(i) (x,z) > 0 and (x,x) = 0 if and only if x = 0,

(i) (2, Ay + 2) = Mz, ) + (2, 2),

(iii) (z, ya) = (z,y)a,

(iv) (z,y)" = (y, 2),

for all z,y,2 € E, a € A and A € C. A Hilbert A-module (Hilbert C*-module) is an
inner product A-module E which is complete under the norm ||z|| = ||(x, z)||'/2. Let
E be a Hilbert A-module. A map T': E — F is called adjointable if there is a map
T* : E — E such that (Tx,y) = (x,T*y) for all z,y € E. It is easy to see that T
must be A-linear (i.e., T'(za) = T(z)a for all z € E and a € A) and bounded [9, P
8 ]. The set of all adjointable maps is denoted by L(F), which is a C*-algebra. For
every pair of vectors x,y € E, we use 0,, to denote the rank 1 linear operator on
E, defined by 6,,(2) = x(y, z) for any z € E. The closed linear subspace of L(FE)
spanned by {0, : x,y € E} is denoted by IC(E). In fact, K(E) is a closed ideal of
L(FE) and is called the algebra of “compact” operators.

In mathematics, a fixed point (sometimes shortened to fixpoint, also known as an
invariant point) of a function is an element of the function’s domain that is mapped
to itself by the function. That is to say, ¢ is a fixed point of the function f if f(c) = c.
A topological space X is said to have the fixed point property (briefly FPP) if for any
continuous function f : X — X there exists x € X such that f(x) = z. Banach space
is said to have the fixed point property (briefly, FPP) if every nonexpansive a self
mapping defined on a nonempty closed convex bounded subset has a fixed point. In
1965, Browder presented a fundamental fixed point theorem that states every Hilbert
space has FPP [1]. In the same year, Browder [2] and Géhde [4] independently showed
even more that every uniformly convex Banach space has FPP and Kirk established
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this property for a larger class of reflexive Banach spaces with normal structure [7]. As
pointed out, the first known Banach spaces with the FPP were the Hilbert spaces [1].
On the other hand, Hilbert C-modules as a powerful tool in operator and operator
algebra theory generalize the notion of a Hilbert space. Thus, a natural question
raises that which classes of Hilbert C*-modules have FPP. In this paper, we aim to
investigate FPP for Hilbert modules.

2. Preliminaries

The main result of this paper is that every Hilbert C*-module over C*-algebra has
FPP. First we see some fundamental results:

THEOREM 2.1. [5] If f is self mapping of a complete metric space X into itself
satisfying:
d(z,y) < a(d(Tz,z) +d(Ty,y)),
for all z,y € X and « € [0,1/2), then f has a unique fixed point in X.

THEOREM 2.2. [3] If d(x,y) < a(d(Tz,z) + d(Ty,y)) + Bd(z,y), for all z,y € X
and o, B € [0,1/2), then f has a unique fixed point in X.

THEOREM 2.3. [8] If T is a self mapping on a closed subset S of a Hilbert Space
H with Kannan type condition

1Tz = Ty|I* < a(| Tz — 2|* + | Ty — yl*),
for all z,y € S and o € [0,1/2), then T has a unique fixed point in S.

Sharma et.al [11] have proved the common fixed point theorems in Hilbert space
with following condition
T2 — 2|® +||Ty — y|I”
1Tz — | + Ty =y
forall z,y € S and  # y,a € [0,1/2),5 > 0 and 2a + 5 < 1.

[Tz =Ty < of )+ Bl = yll,

3. main theorem

Now we express the main theorem in the following

THEOREM 3.1. Let S be a non empty closed subset of a Hilbert module Space E.
Let T be self mapping on S satisfying the condition,
< Tz — 2| + (| Ty —yl* + | Ty — «|* + || 7= — y||?
[Te — 2| + Ty =yl + 1Ty — ]| + |1 T2 — yll

| T2 — =||” + || Ty — yIIQ)

[Tz — x| + 1Ty -yl
Ty — | + || Tz — y]?

1Ty — | + [Tz -y

[Tz =Ty

)

+ CLQ(

+ as( ) + aul|z — ¥y,

for all z,y € S and aq, as, az,ay > 0 and 4a, +2as+2a3+ a4 < 1, then T has a unique
fixed point in S.
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Proof. Let S be a non empty closed subset of a Hilbert module Space E. Let T
be a self mapping on S. Let zy be any arbitrary point in S. We define a sequence
{z,}5°, in S by

Ty = Txy, =T oy, forn=0,1,2, ...
Suppose that z,,1 # x,, forn =0,1,2....
It follows from assumptions that for any integer n > 1

s = zall = [T ~ T
|20 — TanQ + |21 — Tan—1||2 + |20 — T%—1||2 + [|Tn 1 — Txn”2
|70 = Txpl| + |01 — Txp || + |70 — Trn || + (201 — T2,
20 — Tnl® + 201 — Txn |
|20 — Txul| + |01 — Tp |
|20 — Tan 1 ||* + || — Ty ?
|20 — Top |l + |21 — Ty

l2n = Znia I + 1201 = 2nll* + [l2n — 2nl* + [l2n-1 — Zns ||

< ay(

)

+ (12(

+ as( ) + aallzniy — x|

<
[ [ e IR ey pry P

4 a2< Hxn - xn+1||2 + ”xn—l - xn||2>

Hxn - xn-&-lH + ”xn—l - l’n||

2 — @nll® + |Tn-1 — Tnpa|®
+ as( T [ PR —— ) + aal|zn — o]
< al(”'rn - xn—f—lH + ”xn—l - an + Hxn—l - xn-H”)
+ az(llzn = Tppr || + lzn-1 — z0l])
+ az(|[vn-1 — Tatall) + aallzn — 2ol
< aflzn — zpall + llzn = 2zall + llzna = 2zall + 20 — 20l
+ az([lzn = Tpp || + lzn-1 — z0])
+ a3(||xn—1 - zn” + ||=Tn - xn+1||) + a4l|mn - l‘n—1||,

therefore
HLEnJrl — SL’nH < (2(11 + ag + asz + CL4>H!I?n — xnle + (2(11 + as + CL3>||SCn+1 — Q?nH,

so we have
|Znt1 — Tull < Kl|zn — 20l

where k = 21&—12?12—% and according to the assumption of the theorem 4a; + 2a, +

2a3+ay < 1. Similarly to above proof we have ||, —x,—1|| < k||zp_1—2n_2]|, ..., ||T2—
x1|| < k||zy — ]|, therefore

|Zns1 — 2ol < El|lzn — Tooil] < K 2p1 — Tnal] < kY Tn_o — 2ps|| < .o < K21 — 0]

Now for any positive integer p > n > 1 we have

ln =2l < 2 — Tl nes — Zusall + e+ 2y — 2
< Kllzr — zoll + Koy — woll + .+ B2 — ]
< (K"K L EPTY |2 — 2|
< K14 K" 4 L+ RPN 2 — o)),
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thus

kn
1—-k
So {x,}2, is a Cauchy sequence. Since S is closed subset of Hilbert module £, the

sequence {x,}°°, converges to point ¥ € S. Now we show that v is a fixed point of
self mapping T'. Let Tv # v. Consider

|27 — xp|| < |z1 — xo|| — 0 as n — oc.

I =Tol = v = g+ 20 = To| < v = 2l + on — T]| < flzn — T
< |WTzpq — T (as n — 00, —> V)
< oyl = TPl = TP 4 iy = TV 4 = T P
ln s = Tanall + 0= TV + [ns = Tol| & v = Tams]
PR N S 2
[ns = Tana + v = Tv]
0t — Tl + v = T
R P vy e I
0 7 WO 47 e
[0t = 2alP+ [ = To|E + 2y = To|E + v = 2l
B L o2 A O 7 AP i

|Zn—1 — 2al| + [lv = Tv| 201 —Tv| + [[v — 2|
+  ayl|lzn — ||
where we have used the assumptions, hence
v =Tv|] < ai(|zn —2ull + v = Tv| + |21 = Tv|| + |lv — x|
+ ag([[vn—1 — o + v = TV||) + az(||zn1 — TV[| + [|[v — 24|

+ (I4||l'n_1 - V”v

SO
lv=Tv| < a(llv—=Tv|+[lv—"Tv|)+ allv —Tv|
+ asllv-Tv| xp1,2,—v as n— 0
thus
v —Tv|| (2a1 + ag + a3)||v — Tv||

<

— (1 —2a; —ay —as)|[lv—Tvr| <0

— v="Tv.

Hence v is fixed point for the self mapping 7.

Uniqueness: Let v # w such that Tw = w, take

HV—TMP+Hw—TwW+NV—TMP+Hw—TWP)
v =Tv| +|lw=Twl| + [l = Tw|| + [Jw - Tv||

IW—TWW+Hw—TwW»+aNV—TwW+Hw—TWP
lv = Tv|| + [lw = Tw]| v = Twl[ + v —Tv|

+ aaflv —wl],

v —wl =Tv =Twl| < a(

)

+ CL2<

so we have

lv —w|| < (2a1 + a3 + ag)||v —w|| = ||lv —w|| =0 = v =w.
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Hence v is a unique fixed point. m

THEOREM 3.2. Let S be a non empty closed subset of a Hilbert module space E.
Let Ty and Ty are self mapping on S satisfying the condition,

T —Toyl| < aq

lz = Thx|* + lly — Tayll? + llo — Tayll* + ly — Taz|]?
|z —Thz| + |ly — Tayll + v — Tayl| + [ly — Thz|
|z — Tha|* + |ly — T2y||2)
|z = Thall + [ly — Tay|l
|z = Toy|* + |ly — Thz|?
|z = Toyll + lly — Thz|]

+ (Ig(

+ as( )+ aqllz =yl

for all x,y € S and ay,as,as3,aq4 > 0 and 4a; + 2as + 2a3 + a4 < 1, then T} and T5
have a unique common fixed point in S.

Proof. Let S be a non empty closed subset of a Hilbert module Space E. Let T7 and
T, are self mappings on S. Let x, be any arbitrary point in S. We define a sequence
{2,359, in S by 29,41 = T1x9, and 9,12 = Toxe, 41 for n = 0,1,2.... Suppose that
for some n, T,19 # Tp11 # Ty, for n = 0,1,2.... By the assumptions, for any integer

n>1

Hx2n+1 - iUan

<

IN

A+ + A+ +

+

||T1$2n - TzIzn—1||

| zan — Tlilf2n||2 + ||z2n—1 — T2$2n71||2 + ||z2n — T2'T2n71H2 + ||z2n—1 — Tlﬂl?2nH2

ail |w2n — Thon|| + [|w2n—1 — Towon—1| + (w20 — Towan—1| + (w201 — Thw2y||
as( |l 22n — Thzon||* + ||22n—1 — Toon—1]?
|xon — Tixon|| + || Ton—1 — Toxon_1]|
220 — Toan 1 [* + 2201 — Thanl|®
as( H5U2n — T2$2n71” I sznq — Tll'an ) + a4H:U2n — .2132n—1H
an |20 — Tont1||? + [[P20-1 — 2on® + [|220 — 2on® + [ 2201 — 220 [
220 = Zantall + | T2n—1 — Ton |l + |20 — 220l + [[220-1 — T2nia |
(H@n — Ton 1|l + [|[w2n1 — $2n\|2)
’ 220 — Tong1ll + | T2n-1 — 20|
|20 — 2ol + (2201 — Tania [
" oan = zanll + o301 = wmal] )+ 4172 = 2l
a1([|z2n — Tanta |l + |z2n—1 — 2nll + [[220-1 — T2011]])
az(||zen — Tania || + [[T20-1 — Tonll) + asl|v2n—1 — T2n41]]
4|2 — Ton—1||
a1([|w2n — Tanta |l + |z2n—1 — 2nl| + (w201 — T2nl| + |22 — Z2n41]])
az([|T2n — Tontall + |z2n-1 — @2all) + as(l|v2n-1 — T2nll + (220 — T2n11]])

ayl|T2n — Ton-1],

therefore

|Ton+1 — Tanl| < (2a1 + ag + as + aq)||T2n — Tan—1|| + (21 + a2 + a3)||T2n+1 — T2,
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so we have [|Zon41 — Ton|| < k||w2n — 22,—1]] where k = 21a_1;:1“12_—+a‘§”jj; and 4a; + 2ay +
2a3 + a4 < 1. In general

[Zn41 — Tnll < kllzn — 2poa]l < EP|lZpe1 — ool < EP|l2p_2 — sl < .o < K21 — 0|
= ||Tpt1 — xpl| < K"z — 20|

Now for any positive integer p >n > 1

Jn =yl < 2n = st + [nss = Tusall + ot 2yt —
< K"Jar = wol| + KM oy — ol + o+ AP 2 — |
< (K"K L RPTY || — x|
< kn(l—i-k’n—{——i—k’p_n_l)”l'l —ZEQH

kn
< ] k|]:c1—1:0H—>0aanoo.

{z,}5°, is a Cauchy sequence. Since S is closed subset of a Hilbert module space F,
the sequence {z,}5°, converges to a point v in S. Now we show that v is a common
fixed point of 77 and T;. First we see that v is fixed point of T;. Let Tiv # v.
Consider

v =Tl = [[v— 22+ Ton2 — T
< v = zonse|| + || zons2 — Thv|| as n — 0, 2y — v
< |Taxonsr — Thv|| + [|[Thv — Toxon ||
< [y = Tiv|* + [v2041 — Tawzns|* + [V = Toaonia|* + 22041 — Thv|)?
v = Thv|| + |r2n11 — Towonia || + [[v — Tazon || + |72011 — Thv/|
+ az(HV_lel\Q‘F 2011 — Totgnia|?
v = Twv|| + |22n11 — Towan ||
v — Tozonia||* + ||z2ni1 — Thv|?
M P e e ] e
< ayf [V = Tiv|l* + llw2nt1 — angall® + [V = ongal® + [[zon s — Tav|?
v = Twv[l + [[22n11 — Tantell + | — Z2nta|| + [|22041 — Thv||
n a2(”’/ — T + [|#2n41 — I2n+2||2> + ay v — Zoniall® + || T2ns1 — T1V||2)

v = Thv|| + 22041 — T2n2]| |V — zantall + [[w2n41 — Thv||
+  asl|z2n41 — V||
so we have
lv—Twll < aullv—Tiwl+ v — Tiwl]) + aslly — Tuv|
+ asllv =T + asllv — zapa-
Therefore when n — oo then 9,11, 2,10 —> v, hence we conclude
lv —Twv| < (201 + ag+ a3)||v —T1v||
= (1-2a1—ay—a3)/lv—Tv| <0
= v="T.
Hence v is fixed point for the self mapping 7. Similarly we can show that v is a fixed
point of T5 . Hence v is a common fixed point of 77 and T5.
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Uniqueness: Let w # v be another fixed point such that Tow = w.
Take

v —wl| = [Tw—Towl

v = T + lw = Tywl* + [lv = Tow|* + |lw — T1V||2>
v = T[] + [[w —Tow| + [[v — Tow|| + | Tiw — v||

|v = Tw|? + [Jw — T2w||2) Y (||V — Tywl|® + [Jw — Tyy|?
v = Tv[l + [[w — Tow| v = Tyw|| + [Jw — Tyv |

+  a4llv —wl].

< ay(

)

+ CLQ(

Thus we arrive to

lv—wll < (201 + as + as)|[v — w]|
= |v—w|=0=v=uw

Hence v is a unique common fixed point of 77 and T5. O

4. Conclusion

In this paper we obtained a unique fixed point for a continuous self mapping T’
as well as a unique common fixed point for two self mappings 7} and T, satisfying
rational conditions in Hilbert module space.
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