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a b s t r a c t

A piping system stress analysis need to be re-performed for structural integrity assessment after rein-
forcement of a pipe with significant wall thinning. For efficient stress analysis, a one-dimensional beam
element for the wall-thinned pipe with reinforcement needs to be developed. To develop the beam
element, this work presents analytical equations for elastic stiffness of the wall-thinned pipe with
reinforcement are analytically derived for axial tension, bending and torsion. Comparison with finite
element (FE) analysis results using detailed three-dimensional solid models for wall-thinned pipe with
reinforcement shows good agreement. Implementation of the proposed solutions into commercial FE
programs is explained.
© 2021 Korean Nuclear Society, Published by Elsevier Korea LLC. This is an open access article under the

CC BY license (http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Thermal and nuclear plants typically have complex piping sys-
tem and thus design of a piping system is an important issue. Due to
complex piping geometries and loading conditions, piping design is
typically performed based on the elastic finite element (FE) analysis
using one-dimensional beam element. From elastic FE analysis re-
sults for all transient loadings, internal forces and moments at a
target point in a piping system are obtained, using which fatigue
life analysis can be performed using construction codes such as
ASME Boiler and Pressure Vessel Code [1]. Note that internal forces
and moments in a piping system are affected by the stiffness of a
piping system.

During operation, piping components are subject to various
degradation mechanisms such as wall thinning or cracking [2e4].
For instance, wall thinning due to erosion and corrosion is a quite
popular degradation mechanism. When it is found during service,
the continued operation can be checked using some certified codes
and standards, for instance, using ASME Code Case N-597-2 [5] for
nuclear piping, or using more advanced analysis results. Various
works have been done to develop acceptance criteria for wall-
thinned pipes; for instance, the effect of wall-thinning on pipe
failure pressures [6e10] and bending strength [11e13]. In case
when acceptance criteria cannot be met, the defective pipe should
by Elsevier Korea LLC. This is an op
be either replaced or repaired. As repair can generally offer cost-
effective and time saving, it is more preferred than complete
replacement. In several standards such as Code cases N-786 and
789 [14,15], repair methods based on reinforcement using sleeves
and pads are provided; the repair using sleeves reinforces the
entire perimeter of the pipe, whereas the pad covers the entire
shape of the thinning but only a part of the perimeter is reinforced.
It has been also shown that reinforcement can increase the strength
and load carrying capacity. For instance, it was demonstrated that,
by adhesively reinforcing CFRP, the maximum gain of strength in
the combined flexural and bearing strength of the pipe was 434%
and the load carrying capacity increased by average 97% and 169%
[16]. Reinforcing the cracked region of the pressure vessels with a
material having higher elastic modulus was shown to be more
practical to strengthen the defective structure [17]. In an investi-
gation of the behaviour of composite repaired systems and pipes
[18,19], the burst pressure also increased by ~23%.

After repair, however, local stiffness of the piping system should
be changed due to the reinforcement and severe wall-thinning on
the pipe, which in turn can change overall internal force and
moment distributions in a piping system. Thus, these changes in
pipe strength resulting from reinforcing defects may require re-
analysis of the entire pipe system. It should be noted that, due to
its large scale and complexity, piping system stress analysis is
typically performed using one-dimensional (1-D) beam elements
using piping design exclusive programs [20e23]. Even when full
three-dimensional (3-D) FE analysis is needed, it is performed for
efficiency using a sub-modelling technique where load or
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Nomenclature

a depth of wall thinning
A cross-sectional area
KP, Ki

B, KT elastic stiffness of the wall-thinned pipe with
reinforcement for tension, bending (i ¼ x, y) and
torsion

EP, EiB, ET equivalent Young's modulus of pipe for 1D beam
element for tension, bending (i ¼ x, y) and torsion

E, Er Young's modulus of original pipe and reinforcement
G, Gr shear modulus of original pipe and reinforcement
hP, hiB, hT final correction factor for tension, bending (i ¼ x, y)

and torsion
I moment of inertia
J polar moment of inertia

L, lr, l length of original pipe, reinforcement and wall-
thinning

mP, mi
B, mT dimensionless variable for tension, bending and

torsion
Mi bending moment for i ¼ x, y and torsion for i ¼ z
P tension
Ri, Ro inner and outer radius of original pipe
T, tr thickness of original pipe and reinforcement
d elongation
fi bending angle for i ¼ x, y and torsion angle for i ¼ z
q angle of wall-thinning

Abbreviations
ASME American Society of Mechanical Engineers
N. A. neutral axis
FE finite element

Fig. 1. Schematic illustrations of a wall-thinned pipe with reinforcement.
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displacement boundary conditions to the model are obtained from
the 1-D piping system analysis. Using 3-D FE analysis, Skarakis et al.
[24] investigated mechanical performance of a carbon fiber rein-
forced pipe under severe cyclic loading conditions and showed that
the pipe could sustain almost 3.5 times more load cycles with the
carbon fiber reinforcement. Chatzopoulou et al. [25] also investi-
gated the effect of carbon fiber reinforcement on mechanical re-
sponses of the pipe using 3-Dmodelingwith the solid elements and
found that the fatigue life was improved by significantly reducing
the hoop strain. Mazurkiewicz et al. [26] evaluated burst pressure
of a wall-thinned pipe with fiber glass reinforcement using 3-D FE
analysis and showed that local wall-thinned pipe could reduce high
pressure resistance. However, analysis should be often performed
not for a piping element but for whole piping system. In such cases,
the use of 3-D FE analysis is not practical. To perform efficiently a
whole piping system (elastic) stress analysis with a region with
severewall-thinning and reinforcement, it is necessary to develop a
1-D beam element equivalent to a wall-thinned pipe with rein-
forcement, which is the objective of this paper. The equivalency
should be based on the concept to match elastic stiffness for forces
and moments, so that elastic responses of the one-dimensional
beam element to forces and moments are the same as those of a
wall-thinned pipe with reinforcement. With such 1-D beam
element, a piping system stress analysis can be efficiently per-
formed to find elastic stress redistribution due to wall thinning and
reinforcement.

This work presents a method to develop a 1-D beam element
equivalent to a wall-thinned pipe with reinforcement for efficient
piping system elastic stress analysis after reinforcement. The
method is based on analytically determining the stiffness of a wall-
thinned pipe with reinforcement. In Section 2, explicit equations
for the elastic stiffness of a wall-thinned pipe with reinforcement
are analytically derived for axial force and for moments. In Section
3, the validity of the derived solution is checked by comparing with
the three-dimensional FE analysis results. Implementation of the
present result into computer programs is explained in Section 4.
Section 5 concludes the present work.

2. Analytical elastic stiffness solutions of wall-thinned pipe
with reinforcement

2.1. Definition of analysis model

An analysis model for a wall-thinned pipe with reinforcement is
shown in Fig. 1. The coordinate (x, y, z) is shown in Fig. 1. Relevant
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dimensions of the pipe are the thickness T; the length L; and inner
and outer radius, Ri and Ro. The dimensions of the reinforcement
are the reinforcement thickness tr; and the reinforcement length lr.
The wall-thinning is characterized by its length l, depth a, and half
circumferential angle, q. The distance between the x-axis and the
neutral axis is d. For loading, global bending,Mx andMy, torsion,Mz,
and axial tension, P, are considered. The problem is to analytically
find expressions of the stiffness for the model shown in Fig. 1.

As the present analysis is to develop elastic stiffness of a wall-
thinned pipe with reinforcement, the basic assumption is that
pipe and reinforcement materials behave elastically under the
small strain (deformation) assumption. In addition, the following
assumptions are further made for the present analysis:

(1) Materials of the pipe and reinforcement are assumed to be
isotropic.

(2) The reinforcement covers the entire perimeter of the pipe.
(3) The wall-thinning is assumed to have a rectangular shape

rather than a circular one.
(4) Welding in the end of the reinforcement is not considered

and is modelled a sharp end.
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(5) The wall-thinning is located in the bottom the pipe.

These assumptions are not essential and the results to be pre-
sented in this paper can be easily generalized to more general
conditions, as will be discussed in Section 2.6.

2.2. Analysis

At the end of the pipe with the total length L, an axial elongation
d under axial tension, P, a rotation angle f for bending, Mx and My,
and a twisting angle f under torsion Mz is given by

P ¼ E$A
L

d ¼ KP$d

Mi ¼
E$Ii
L

fi ¼ KB
i $fi ; i ¼ x; y

Mz ¼ G$J
L
fz ¼ KT$fz

(1)

The tensile stiffness, KP, is given by the cross-sectional area, A,
the Young's modulus, E and the length of the pipe, L. The bending
stiffness, Ki

B, is given by themoment of inertia, Ii, instead of the area.
The torsional stiffness, KT, is related with the polar moment of
inertia, J, and the shear modulus, G. The key point to calculate the
elastic stiffness of a wall-thinned pipe with reinforcement is to
calculate an equivalent moment of inertia for bending or torsion
and an equivalent area for tension.

Note that the stiffness change due to transverse forces is not
considered in this study due to the following reason. Transverse
forces typically act as a boundary condition to a piping system,
which can produce internal forces andmoments. However, it is well
known that stresses and strains produced by shear forces are much
smaller than those from other types of internal force and moment
components and thus that the stiffness change due to internal
shear forces can be neglected.

With the assumptions (1) to (4) given in Section 2.1, the wall-
thinned pipe with reinforcement can be divided by three sec-
tions; the original pipe section (section 1 in Fig. 2); the pipe section
with reinforcement (section 2 in Fig. 2); and the wall-thinned pipe
section with reinforcement (section 3 in Fig. 2). Using the super-
position principle, the elongation or angle can be calculated using

d ¼ ðdÞ1 þ ðdÞ2 þ ðdÞ3
fi ¼ ðfiÞ1 þ ðfiÞ2 þ ðfiÞ3; i ¼ x; y; z (2)
Fig. 2. Schematic illustration of the superposition princ
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or

PL
EðAÞeq

¼ PðL� lrÞ
EðAÞ1

þ Pðlr � lÞ
EðAÞ2

þ Pl
EðAÞ3

MiL
EðIiÞeq

¼ MiðL� lrÞ
EðIÞ1

þMiðlr � lÞ
EðIÞ2

þ Mil
EðIiÞ3

; i ¼ x; y

MzL
GðJÞeq

¼ MzðL� lrÞ
GðJÞ1

þMzðlr � lÞ
GðJÞ2

þ Mzl
GðJÞ3

(3)

where the subscript outside the parentheses denotes the relevant
variable for each section in Fig. 2. For example, (d)1, (d)2 and (d)3 in
Fig. 2 denote the axial elongation of the pipe with the length of (L-
lr), (lr-l) and l, respectively. Similarly, (f)1, (f)2, and (f)3 in Fig. 2
denote the rotation angle of the pipe with the length of (L-lr), (lr-
l), and l, respectively. In Eq. (3), (A)eq, (Ii)eq and (J)eq denotes the
equivalent cross-sectional area, bending moment of inertia and
torsional moment of inertia for the wall-thinned pipe with rein-
forcement, respectively. The moment of inertia and cross-sectional
area of the pipe in section 1 can be easily calculated. In sections 2
and 3, force equilibrium leads to

P ¼ ðPÞo2 þ ðPÞr2 ¼ ðPÞwt
3 þ ðPÞr3

Mi ¼ ðMiÞo2 þ ðMiÞr2 ¼ ðMiÞwt
3 þ ðMiÞr3; i ¼ x; y; z

(4)

where the superscript in the parentheses refers to; o ¼ original
pipe; r¼ reinforcement;wt¼wall-thinning. Equation (4) can be re-
written as

EðAÞ2
lr� l

ðdÞ2¼
EðAÞo2
lr� l

ðdÞ2þ
ErðAÞr2
lr� l

ðdÞ2¼

�
mP

�
2
EðAÞ1

lr� l
ðdÞ2

EðIÞ2
lr� l

ðfiÞ2¼
EðIÞo2
lr� l

ðfiÞ2þ
ErðIÞr2
lr� l

ðfiÞ2¼

�
mB

�
2
EðIÞ1

lr� l
ðfiÞ2; for i¼x; y

GðJÞ2
lr� l

ðfzÞ2¼
GðJÞo2
lr� l

ðfzÞ2þ
GrðJÞr2
lr� l

ðfzÞ2¼

�
mT

�
2
GðJÞ1

lr� l
ðfzÞ2

(5)

for section 2 and
iple for the wall-thinned pipe with reinforcement.
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EðAÞ3
l

ðdÞ3¼
EðAÞwt

3
l

ðdÞ3þ
ErðAÞr3

l
ðdÞ3¼

�
mP

�
3
EðAÞ1
l

ðdÞ3

EðIiÞ3
l

ðfiÞ3¼
EðIiÞwt

3
l

ðfiÞ3þ
ErðIÞr3

l
ðfiÞ3¼

�
mB

i

�
3
EðIÞ1

l
ðfiÞ3; for i¼x;y

GðJÞ3
l

ðfzÞ3¼
GðJÞwt

3
l

ðfzÞ3þ
GrðJÞr3

l
ðfzÞ3¼

�
mT

�
3
GðJÞ1

l
ðfzÞ3

(6)

for section 3, as shown in Fig. 3. Young's modulus and shear
modulus for the reinforcement is expressed by Er and Gr, respec-
tively. Introducing dimensionless variables (mP, mi

B and mT)
reflecting the effect of the reinforcement or wall-thinning on the
pipe sectional modulus in each section, the equivalent cross-
sectional area and moment of inertia for each section of the pipe
can be calculated and the results will be given in the subsequent
sub-sections.
2.3. Tension stiffness solution

According to Eqs. (5) and (6), the dimensionless variable, mP, for
each pipe section in Fig. 2 is given by

�
mP

�
2
¼1þ ErðAÞr2

EðAÞ1
;

�
mP

�
3
¼ ðAÞwt

3
ðAÞ1

þ ErðAÞr3
EðAÞ1

(7)

where the effect of the reinforcement on the sectional modulus in
section 2 pipe is corrected by (mP)2 and that of the wall thinning
with the reinforcement in section 3 pipe is corrected by (mP)3.

Using Eqs. (3) and (7), the equivalent cross-sectional area for the
wall-thinned pipe with reinforcement, (A)eq, is given by

ðAÞeq ¼
�
mP

�
2$
�
mP

�
3$L�

mP
�
2$
�
mP

�
3ðL� lrÞ þ

�
mP

�
3ðlr � lÞ þ �

mP
�
2ðlÞ

$ðAÞ1

¼ hP$ðAÞ1
(8)

where hP denotes a final correction factor and (A)1 denotes the
cross-sectional area of the original pipe. The tensile stiffness KP is
Fig. 3. Application of the superposition principle to the original p
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given by

P
d
¼KP ¼ E$ðAÞeq

L
¼ E$hP$ðAÞ1

L
(9)

2.4. Bending stiffness solution

For bending moment, the dimensionless variable, mi
B, for each

section of the pipe in Fig. 2 is given by

�
mB

�
2
¼ 1þ ErðIÞr2

EðIÞ1
;

�
mB

i

�
3
¼ ðIiÞwt

3
ðIÞ1

þ ErðIÞr3
EðIÞ1

; i ¼ x; y (10)

The equivalent moment of inertia under bending is given by

ðIiÞeq ¼
�
mB

�
2$
�
mB

i

�
3$L�

mB
�
2$
�
mB

i

�
3
ðL� lrÞ þ

�
mB

i

�
3
ðlr � lÞ þ �

mB
�
2ðlÞ

$ðIÞ1

¼ hBi $ðIÞ1; i ¼ x; y

(11)

where the final correction factor under bending is characterized by
hi
B. The cross-sectional area in Eqs. (7) and (8) is simply replaced

with the moment of inertia in Eqs (10) and (11). Thus, the bending
stiffness Ki

B is as follows:

Mi

fi
¼KB

i ¼ E$ðIiÞeq
L

¼ E$hBi $ðIÞ1
L

; i ¼ x; y (12)

2.5. Torsional stiffness solution

Similar to bending, the dimensionless variable, mT, for each
section of the pipe in Fig. 2 is given by

�
mT

�
2
¼1þ GrðJÞr2

GðJÞ1
;

�
mT

�
3
¼ ðJÞwt

3
ðJÞ1

þ GrðJÞr3
GðJÞ1

(13)

where the shear modulus and polar moment of inertia are used,
instead of Young's modulus and moment of inertia in Eq. (10). The
equivalent polar moment of inertia under torsion is given by
ipe, reinforcement and wall-thinned pipe in section 2 and 3.
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ðJÞeq ¼
�
mT

�
2$
�
mT

�
3$L�

mT
�
2$
�
mT

�
3ðL� lrÞ þ

�
mT

�
3ðlr � lÞ þ �

mT
�
2ðlÞ

$ðJÞ1

¼ hT$ðJÞ1
(14)

The torsional stiffness KT is given by

Mz

fz
¼KT ¼ G$ðJÞeq

L
¼ G$hT$ðJÞ1

L
(15)
Fig. 4. 3-D FE model of the wall-thinned pipe with reinforcement.
2.6. Discussion on assumptions

In the previous sub-sections, the effect of the wall-thinning
geometry and reinforcement on elastic stiffness has been theoret-
ically derived. Several assumptions have been made in derivation,
as listed in Section 2.1.

(1) Materials of the pipe and reinforcement are assumed to be
isotropic.

(2) The reinforcement covers the entire perimeter of the pipe.
(3) The wall-thinning is assumed to have a rectangular shape

rather than a circular one.
(4) Welding in the end of the reinforcement is not considered

and is modelled a sharp end.
(5) The wall-thinning is located in the bottom the pipe.

For the first assumption, the analysis could be generalized to the
case when reinforcement material is anisotropic but is expected to
be quite complicated. Other than the assumption (1), other as-
sumptions are not crucial and the analysis can be easily extended,
as described below.

The assumption (2) can be released simply by calculating an
appropriate moment of inertia in section 2 and section 3 in Fig. 2,
considering the coverage of reinforcement. For the assumption (3),
typical wall-thinning shape is either circular or semi-elliptical
rather than rectangular which is assumed in the present work.
For an arbitrary wall-thinning shape, a key is again to calculate an
appropriate moment of inertia for the pipe with an arbitrary wall-
thinned pipe. Rahman [27] has presented a closed-form solution to
calculate the moment of inertia for a pipe with an arbitrary-shaped
circumferential surface crack (see also Ref. [28]). The same equation
can be used to calculate the moment of inertia for the pipe with an
arbitrary wall-thinned pipe. For the assumption (4) when welding
is considered in the end of reinforcement, the length of reinforce-
ment, lr (in Fig. 2), can be adjusted accordingly. For instance, for a
triangular shape of welding, half of the weld length can be
considered as reinforcement based on an equivalent area. The
assumption (5) again can be released simply by calculating an
appropriate moment of inertia in section 3 in Fig. 2.
Table 1
FE analysis cases.

Dimensions

Ro/L Thickness ratio (reinforcement/
pipe) tr/T

Relative thinning
angle
q/p

Relative thinning
depth a/T

Rel
pip

0.25 0.5 1/6 0.25, 0.75 0.12
0.25

0.5

0.75
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3. Finite element (FE) validation

3.1. Finite element analysis

For validation of the proposed equations, detailed three-
dimensional (3-D) elastic FE analysis is performed for the wall-
thinned pipe with reinforcement. A typical FE mesh is shown in
Fig. 4. A full model was considered with twenty-node solid element
with reduced integrations (C3D20R in ABAQUS). For analysis, the
length, outer radius and thickness of the pipe was assumed to be
L¼ 1625.6 mm, Ro ¼ 406.4 mm and T¼ 50.8 mm, respectively. Note
that the pipe radius-to-thickness ratio was Ro/T ¼ 8 and the length-
to-radius ratio was L/Ro ¼ 4. Other dimensions for the analysis are
summarized in Table 1. A total of 24 cases were considered. In Fig. 4,
all degree-of-freedoms of the nodes in the surface 1 were fixed and
those of the nodes in the surface 2 were constrained to a reference
point located at the center of the pipe using the multi-point con-
straints (MPC) option in ABAQUS. The concentrated force or
moment was applied to the reference point using the CLOAD option
in ABAQUS. In the thickness direction, thirteen elements were used
in the wall-thinned area and eight elements in the reinforcement.
The number of elements and nodes in themesh ranged from 86,080
elements/364,505 nodes to 112,700 elements/471,501 nodes. The
elastic modulus of the original pipe and the reinforcement was set
to be 200 GPa. The Poisson's ratio was assumed to be 0.3 for both
materials.
3.2. Results

For thewall-thinned pipewith reinforcement under tension, the
calculated stiffness using the proposed equations for the cases
given in Table 1 are compared with FE results in Fig. 5. The stiffness
of the wall-thinned pipe with reinforcement, KP, is normalized with
ative thinning length (thinning/
e) l/L

Relative reinforcement length (reinforcement/
thinning) lr/l

5 1.5
1
1.5
1
1.5
1



Fig. 5. Comparison of the theoretical stiffness and FE analysis results using 3D elements under (a) tension, P (b) moment, Mx, (c) moment, My and (d) torsion, T for a/T ¼ 0.25 and a/
T ¼ 0.75.

J.-S. Kim, J.-H. Jang and Y.-J. Kim Nuclear Engineering and Technology 54 (2022) 732e740
respect to that of the original pipe with the same length, radius and
thickness, (KP)o. According to Eqs. (8) and (9), the normalized
stiffness under tension can be express by the final correction factor,
hP, as follows:

KP�
KP

�
o

¼
E$hP$ðAÞ1

L
E$ðAÞ1

L

¼ hP ¼ 1

1�
��

1� 1
ðmPÞ2

�
lr
l þ

�
1

ðmPÞ2 �
1

ðmPÞ3

�	
l
L

(16)

It shows that the normalized stiffness, KP/(KP)o, depends on the
dimensions and properties of the wall-thinned pipe and rein-
forcement. The normalized stiffness increases with increasing lr/l,
as can be seen in Fig. 5(a). This is obvious because the longer
reinforcement length gives the stiffness. On the other hand, the
deeper thinning depth means lower pipe stiffness, and thus the
normalized stiffness for a/t¼ 0.75 is smaller than that for a/t¼ 0.25,
although the effect of a/t on the normalized stiffness is not so large.
The longer thinning length gives the lower stiffness. However, as
the wall-thinned region is always covered with reinforcement, the
stiffness increases evenwith increasing thinning length, simply due
to the reinforcement effect. Comparing the results from the pro-
posed equation with FE results using 3-D solid elements, the
maximum error is found to be ~4%, validating the proposed
equations.
737
Corresponding results are shown in Fig. 5(b)e(c) for bending
moments and in Fig. 5(d) for torsion. According to Eqs. (12) and
(15), the stiffness of the wall-thinned pipe with reinforcement, Ki

B

and KT, normalized with respect to that of the original pipe, (Ki
B)o

and (KT)o, is given by

KB
i�

KB
�
o

¼
E$hB

i $ðIÞ1
L

E$ðIÞ1
L

¼hBi ¼
1

1�
(�

1� 1
ðmBÞ2

�
lr
lþ

"
1

ðmBÞ2�
1

ðmB
i Þ3

#)
l
L

; i¼x;y

(17)

KT�
KT

�
o

¼
G$hT$ðJÞ1

L
G$ðJÞ1

L

¼hT ¼ 1

1�
��

1� 1
ðmT Þ2

�
lr
l þ

�
1

ðmT Þ2 �
1

ðmT Þ3

�	
l
L

(18)

The form of Eqs. (17) and (18) is quite similar to that of Eq. (16),
and thus the same dependence on the variables can be found as in
tension. Comparing the results from the proposed equationwith FE
results using 3-D solid elements, the maximum error is found to be
~4%, which is similar to tension.



Fig. 6. Degrees of freedom for beam element.

J.-S. Kim, J.-H. Jang and Y.-J. Kim Nuclear Engineering and Technology 54 (2022) 732e740
4. Implementation to commercial FE programs

4.1Piping system stress analysis programs

In piping design exclusive programs [20e23], one dimensional
beam element is typically used for piping system stress analysis. As
shown in Fig. 6, the beam element with six degrees of freedom for
each node can be subjected to axial tension, bending moment and
torsion. The relationship between the applied load and corre-
sponding deformation can be expressed using the stiffness matrix
as follows:

F¼K$U;
�
F1
F2

	
¼

�
Kaa Kab
Kba Kbb

��
u1
u2

	
(19)

Assuming that all degrees of freedom for node 2 are constrained
for simplicity, the above equation can be written as

F1¼Kaa$u1;

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

Fz1

Fx1

Fy1

Mz1

Mx1

My1

9>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>;

¼

2
666666666666666666666664

EA
L

0 0 0 0 0

12EIy
L3

0 0 0
6EIy
L2

12EIx
L3

0 �6EIx
L2

0

GJ
L

0 0

Sym:
4EIx
L

0

4EIy
L

3
777777777777777777777775

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

w1

u1

v1

qz1

qx1

qy1

9>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>;

(20)

where the moment of inertia should be defined according to the
load direction. In commercial finite element programs for piping
system analysis, the above stiffness matrix can be directly modified.
To reflect the effect of wall-thinning and reinforcement on the
stiffness matrix, the equivalent stiffness presented in Eqs. (9), (12)
and (15) can be used as follows:
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>>>>>>>>>>>>>>>>>;

(21)

where the sectional area and the moment of inertia is revised by
the final correction factors given in Eqs. (8), (11) and (14). The
modified stiffness matrix of the node includes the effect of wall-
thinning and reinforcement and piping system stress analysis can
be performed using one-dimensional beam element.

4.2. Application example

An application example for the use of the modified stiffness
matrix proposed in this paper is briefly described in this sub-
section. For the example, a piping system analyzed in Ref. [29] is
considered, as shown in Fig. 7. Depending on the purpose of the
analysis, the piping systemmay require detailed 3-Dmodelling, but
in this study, the system is assumed to be modelled using 1-D beam
elements. Furthermore, wall thinning with reinforcement is
assumed in a straight pipe, as shown in Fig. 7. The straight pipe can
consist of several beam elements. Also, the wall-thinning and the
reinforcement may exist anywhere in a straight pipe.

For the analysis, the node should be located in the center of the
wall thinning region (node 2) and other two nodes (node 1 and
node 3) with the distance of L to the left and right side, as shown in
Fig. 7. For the analysis, the stiffness matrix [K] and length should be
given for each element. For the two elements (element 1 and
element 2) including the wall thinning and reinforcement, the
modified stiffness matrix developed in this paper (see Eq. (21))
should be used together with the length L. For the other elements,
on the other hand, the normal stiffness (see Eq. (20) should be used
together with the length of each element.

5. Conclusions

After reinforcement of a pipe with significant wall thinning, a
piping system stress analysis may need to be re-performed for
structural integrity assessment. As detailed three-dimensional
modelling of the wall-thinned pipe with reinforcement is difficult
and not possible in typical piping design exclusive programs,
development of a one-dimensional beam element producing the
same elastic responses as a three-dimensional model of the wall-
thinned pipe with reinforcement would be desirable.

To develop the beam element, analytical equations for elastic
stiffness of the wall-thinned pipe with reinforcement are analyti-
cally derived for axial tension, bending and torsion. The developed
equations include the effect of the geometry and material proper-
ties of wall thinning and reinforcement. To check their validity, the



Fig. 7. Schematic illustration of a piping system [29] for an application example of the present approach.
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developed solutions are compared with elastic FE analysis results
using detailed three-dimensional solid models for wall-thinned
pipe with reinforcement, showing good agreement within ~4%.

Finally, implementation of the proposed solutions into com-
mercial FE programs is explained. For piping design exclusive
programs, the proposed solutions can be directly used to modify
the stiffness matrix of the beam element. For other commercial FE
programs, however, incorporation of the present results into the
beam element is not possible at present, unless the stiffness matrix
is permitted to be modified.
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