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Abstract. In the present manuscript, we employ the concepts of Θ-map and Φ-map to

define a strong (θ, φ)s-contraction of a map f in a b-metric space (M,db). Then we prove

and derive many fixed point theorems as well as we provide an example to support our main

result. Moreover, we utilize our results to obtain many results in the settings of metric and

G-metric spaces. Our results improve and modify many results in the literature.

1. Introduction

Let f be a self-map on a nonempty set M . ι ∈M is said to be a fixed point
of f if fι = ι. If (M,d) is a metric space, f is called a contraction if there is
a real number $ ∈ [0, 1) such that for all ι, ι∗ ∈M we have

d(fι, fι∗) ≤ $d(ι, ι∗)

and f is called a Kannan contraction if there is r ∈ [0, 1
2) such that for all

ι, ι∗ ∈M we have

d(fι, fι∗) ≤ r[d(ι, fι) + d(ι∗, fι∗)].
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The main result in the fixed point theory in distance spaces is the Banach
contraction principle [7] which asserts the existence and uniqueness of fixed
point for every contraction in a complete metric. The Banach contraction
theorem has been modified and generalized in many directions for example
see [1, 2, 4, 8, 9, 10, 11, 12, 13, 25, 26, 27, 28, 29, 30, 31].

Kannan [17] proved that every Kannan-type contraction has a unique fixed
point in a complete metric space. It is worth to mention that Kannan’s the-
orem is a significant result in analysis because it characterizes metric com-
pleteness. In the past decade Mustafa and Sims [23] introduced the concept
of G-metric spaces and studied some results in fixed point field. Then af-
ter, many researchers proved several results concerning fixed point through
G-metric spaces, for example see [3, 5, 15, 18, 19, 20, 21, 22].

2. Preliminary

Definition 2.1. ([6]) A function db : D×D → [0,+∞) is said to be a b-metric
if there is s ∈ [1,+∞) such that db satisfying:

(d1) db(ι1, ι2) = 0 iff ι1 = ι2,
(d2) db(ι1, ι2) = db(ι2, ι1), ∀ι1, ι2 ∈ D,
(d3) db(ι1, ι2) ≤ s[db(ι1, ι3) + db(ι3, ι2)], ∀ ι1, ι2, ι3 ∈ D.

The pair (M,db) is called a b-metric space.

Note that whenever s = 1, then (D, db) is a metric space. Hence forth,
(D, db) stands for a b-metric spaces with base s and (D, d) stands for a metric
space. If f is a self-mapping on D, and ι0 ∈ D, then the sequence {ιn}, where
ιn = fιn−1, for n ∈ N is called the Picard sequence generated by f at ι0. Also,
we refer by Ff the set of all fixed pints of f in D.

Definition 2.2. ([33]) Let Θ denotes the set of all continuous functions θ :
(0,+∞)→ (1,+∞) that meets the following conditions:

(Θ1) θ is nondecreasing,
(Θ2) for each sequence {ιn} in (0,+∞), lim

p→+∞
θ(ιp) = 1 iff lim

p→+∞
ιp = 0.

Definition 2.3. ([33]) Let Φ denotes the set of all continuous functions φ :
[1,+∞)→ [1,+∞) that meets the following conditions:

(Φ1) φ is nondecreasing,
(Φ2) for each ι > 1, lim

p→+∞
φp(ι) = 1.

Remark 2.4. ([33]) If φ ∈ Φ, then φ(1) = 1, and also φ(ι) < ι for each ι > 1.

To facilitate our subsequent argument we call a function θ as a Θ-map if
θ ∈ Θ and a function φ as a Φ-map if φ ∈ Φ.
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3. Fixed point in b-metric setting

Definition 3.1. Suppose f is a self-mapping on (M,db). Then, f is said to be
a strong (θ, φ)s-contraction if there are a Θ-map θ and a Φ-map φ such that
for all ι1, ι2 ∈M

db(fι1, fι2) 6= 0⇒ θsdb(fι1, fι2) ≤ φθΛ(ι1, ι2), (3.1)

where

Λ(ι1, ι2) = max{db(ι1, ι2), db(ι1, fι1), db(ι2, fι2),

1

2s
db(ι1, fι2),

1

2s
db(ι2, fι1),

1

3s
[db(ι1, fι2) + db(ι2, fι1) + db(ι1, fι1)],

1

3s
[db(ι1, fι2) + db(ι2, fι1) + db(ι2, fι2)]}.

(3.2)

Lemma 3.2. Suppose f is a strong (θ, φ)s-contraction on (M,db). Then, for
the Picard sequence {ιn} with start point ι0 ∈M , if ιn 6= ιn+1 for each n ∈ N,
then

lim
n→+∞

d(ιn, ιn+1) = 0. (3.3)

Proof. Let ι0 ∈ M be arbitrary and consider the Picard sequence {ιn} which
starts at ι0. If ιn 6= ιn+1 for all n ≥ 0, then, db(ιn, ιn+1) 6= 0. So, by (3.1), we
have

θsdb(ιn, ιn+1) = θsdb(fιn−1, fιn)

≤ φθΛ(ιn−1, ιn),
(3.4)

where

Λ(ιn−1, ιn) = max{db(ιn−1, ιn), db(ιn−1, ιn), db(ιn, ιn+1),

1

2s
db(ιn−1, ιn+1),

1

2s
db(ιn, ιn),

1

3s
[db(ιn−1, ιn+1) + db(ιn, ιn) + db(ιn−1, ιn)],

1

3s
[db(ιn−1, ιn+1) + db(ιn, ιn) + db(ιn, ιn+1)]}

= max{db(ιn−1, ιn), db(ιn, ιn+1),
1

2s
db(ιn−1, ιn+1),

1

3s
[db(ιn−1, ιn+1) + db(ιn−1, ιn)],

1

3s
[d(ιn−1, ιn+1) + d(ιn, ιn+1)]}.
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Now, we have to discuss the following cases:
Case (1): If Λ(ιn−1, ιn) = db(ιn, ιn+1), then we have

θsdb(ιn, ιn+1) ≤ φθdb(ιn, ιn+1) < θdb(ιn, ιn+1),

which is a contradiction.
Case (2): If Λ(ιn−1, ιn) = db(ιn−1, ιn), then we have

θsdb(ιn, ιn+1) ≤ φθdb(ιn−1, ιn) < θdb(ιn−1, ιn).

So,

db(ιn, ιn+1) <
1

s
db(ιn−1, ιn). (3.5)

Case (3): If Λ(ιn−1, ιn) = 1
2sdb(ιn−1, ιn+1), then we have

θsdb(ιn, ιn+1) ≤ φθ 1

2s
db(ιn−1, ιn+1) < θ

1

2s
db(ιn−1, ιn+1).

So,

sdb(ιn, ιn+1) <
1

2s
db(ιn−1, ιn+1) ≤ 1

2
[db(ιn−1, ιn) + db(ιn, ιn+1)].

Thus,

db(ιn, ιn+1) <
1

2s− 1
db(ιn−1, ιn). (3.6)

Case (4): If Λ(ιn−1, ιn) = 1
3s [db(ιn−1, ιn+1) + db(ιn−1, ιn)], then we have

θsdb(ιn, ιn+1) ≤ φθ 1

3s
[db(ιn−1, ιn+1) + db(ιn−1, ιn)]

< θ
1

3s
[db(ιn−1, ιn+1) + db(ιn−1, ιn)].

So, we obtain

sdb(ιn, ιn+1) <
1

3s
[db(ιn−1, ιn+1) + db(ιn−1, ιn)]

≤ 1

3s
[s[db(ιn−1, ιn) + db(ιn, ιn+1)] + db(ιn−1, ιn)].

Thus,

db(ιn, ιn+1) <
s+ 1

s(3s− 1)
db(ιn−1, ιn). (3.7)

Case (5): If Λ(ιn−1, ιn) = 1
3s [db(ιn−1, ιn+1) + db(ιn, ιn+1)], then we have

θsdb(ιn, ιn+1) ≤ φθ 1

3s
[db(ιn−1, ιn+1) + db(ιn, ιn+1)]

< θ
1

3s
[db(ιn−1, ιn+1) + db(ιn, ιn+1)].
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So,

sdb(ιn, ιn+1) <
1

3s
[db(ιn−1, ιn+1) + db(ιn, ιn+1)]

≤ 1

3s
[s[db(ιn−1, ιn) + db(ιn, ιn+1)] + db(ιn, ιn+1)].

Thus,

db(ιn, ιn+1) <
s

3s2 − s− 1
db(ιn−1, ιn). (3.8)

Hence, in all cases, we deduce that

db(ιn, ιn+1) < db(ιn−1, ιn),

and so (db(ιn, ιn+1) : n ∈ N) is a nonincreasing sequence in [0,+∞). Thus,
there is r ≥ 0 such that lim

n→+∞
db(ιn, ιn+1) = r.

We claim that r = 0. If r 6= 0, then by taking the limit as n→ +∞ in (3.4),
we get

θsr ≤ φθmax

{
r, r, r,

2s+ 1

3s
r,

2s+ 1

3s
r

}
= φθr < θr,

which is a contradiction. So, we have

lim
n→+∞

db(ιn, ιn+1) = 0. (3.9)

�

Now, we are in a position to introduce our main result.

Theorem 3.3. Suppose (M,db) is complete and f is a self-mapping on M .
Suppose that θ is a Θ-map and φ is a Φ-map such that f is a strong (θ, φ)s-
contraction. Then, Ff has exactly an element.

Proof. Let ι0 ∈M be arbitrary and let {ιn} be the Picard sequence generated
by f at ι0. If there is some n0 ∈ N such that ιn0 = ιn0+1, then ιn0 is the fixed
point of f . So, assume that for all n ∈ N ιn 6= ιn+1. Therefore, by Lemma
3.2, we have lim

n→+∞
d(ιn, ιn+1) = 0.

Now, we show that {ιn} is a Cauchy sequence. Suppose {ιn} is not a Cauchy
sequence, there is ε > 0 and two subsequences {ιnk

} and {ιmk
} of {ιn} such

that nk is chosen as the smallest index corresponding to mk for which

db(ιnk
, ιmk

) ≥ ε, k < mk < nk. (3.10)

This implies that

db(ιnk−1, ιmk
) < ε. (3.11)

Now, by the triangle inequality and (3.11), we get

db(ιnk−1, ιmk−1) ≤ s[db(ιnk−1, ιmk
) + db(ιmk

, ιmk−1)] < s[ε+ db(ιmk
, ιmk−1)].



238 A. Bataihah, T. Qawasmeh and M. Shatnawi

By taking the limit superior as k → +∞ and using Lemma 3.2, we get

lim sup
k→+∞

d(ιnk−1, ιmk−1) ≤ sε.

Also,

db(ιmk−1, ιnk
) ≤ s[db(ιmk−1, ιmk

) + db(ιmk
, ιnk

)]

≤ s[db(ιmk−1, ιmk
) + s[db(ιmk

, ιnk−1) + db(ιnk−1, ιnk
)]]

< s[db(ιmk−1, ιmk
) + s[ε+ db(ιnk−1, ιnk

)]].

By taking the limit superior as k → +∞ and using Lemma 3.2, we get

lim sup
k→+∞

db(ιmk−1, ιnk
) ≤ s2ε.

Now, standing on the above argument by substituting ι1 = ιnk−1 and ι2 =
ιmk−1 in (3.1) we get

θsε ≤ θsdb(ιnk
, ιmk

)

= θsdb(fιnk−1, fιmk−1)

≤ φθΛ(ιnk−1, ιmk−1),

(3.12)

where

Λ(ιnk−1, ιmk−1) = max{db(ιnk−1, ιmk−1), db(ιnk−1, ιnk
), db(ιmk−1, ιmk

),

1

2s
db(ιnk−1, ιmk

),
1

2s
db(ιmk−1, ιnk

),

1

3s
[db(ιnk−1, ιmk

) + db(ιmk−1, ιnk
) + db(ιnk−1, ιnk

)],

1

3s
[db(ιnk−1, ιmk

) + db(ιmk−1, ιnk
) + db(ιmk−1, ιmk

)]}

< max{db(ιnk−1, ιmk−1), db(ιnk−1, ιnk
), db(ιmk−1, ιmk

),

ε

2s
,

1

2s
db(ιmk−1, ιnk

),

1

3s
[ε+ db(ιmk−1, ιnk

) + db(ιnk−1, ιnk
)],

1

3s
[ε+ db(ιmk−1, ιnk

) + db(ιmk−1, ιmk
)]}.

(3.13)

Hence, we have

lim sup
k→+∞

Λ(ιnk−1, ιmk−1) ≤ max

{
sε, 0, 0,

ε

2s
,
sε

2
,
ε(s2 + 1)

3s
,
ε(s2 + 1)

3s

}
= sε.

By taking the limit superior as k → +∞ in (3.12) , we get

θsε ≤ φθsε < θsε,
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which is a contradiction. Therefore {ιn} is a Cauchy sequence so there is
ι′ ∈M such that lim

n→+∞
db(ιn, ι

′) = 0.

Now, we will show that fι′ = ι′. To see this, we assume that fι′ 6= ι′. Now,
by (3.1) we have

θsdb(ιn+1, fι
′) = θsd(fιn, fι

′)

≤ φθΛ(ιn, ι
′),

(3.14)

where

Λ(ιn, ι
′) = max{db(ιn, ι′), db(ιn, ιn+1), db(ι

′, fι′),

1

2s
db(ιn, fι

′),
1

2s
db(ι

′, ιn+1),

1

3s
[db(ιn, fι

′) + db(ι
′, ιn+1) + db(ιn, ιn+1)],

1

3s
[db(ιn, fι

′) + db(ι
′, ιn+1) + db(ι

′, fι′)]}

≤ max{d(ιn, ι
′), db(ιn, ιn+1), db(ι

′, fι′),

1

2
[db(ιn, ι

′) + db(ι
′, fι′)],

1

2s
db(ι

′, ιn+1),

1

3s
[s[db(ιn, ι

′) + db(ι
′, fι′)] + db(ι

′, ιn+1) + db(ιn, ιn+1)],

1

3s
[s[db(ιn, ι

′) + db(ι
′, fι′)] + db(ι

′, ιn+1) + db(ι
′, fι′)]}.

(3.15)

By using Lemma 3.2, we get

lim
n→+∞

Λ(ιn, ι
′)

≤ max

{
0, 0, db(ι

′, fι′),
1

2
db(ι

′, fι′), 0,
1

3
db(ι

′, fι′),
s+ 1

3s
db(ι

′, fι′)

}
= db(ι

′, fι′).

Thus, by taking the limit as n→ +∞ in (3.14), we get

θsdb(ι
′, fι′) ≤ φθdb(ι′, fι′) < θdb(ι

′, fι′),

which is a contradiction. Hence ι′ = fι′.
Now, assume that there is ι′′ ∈ M such that fι′′ = ι′′. If ι′ 6= ι′′, then by

(3.1) we get

θsdb(ι
′, ι′′) = θsdb(fι

′, fι′′)

≤ φθΛ(ι′, ι′′),
(3.16)
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where

Λ(ι′, ι′′) = max { db(ι′, ι′′), db(ι′, ι′), db(ι′′, ι′′),
1

2s
db(ι

′, ι′′),
1

2s
db(ι

′′, ι′),

1

3s
[db(ι

′, ι′′) + db(ι
′′, ι′) + db(ι

′, ι′)],

1

3s
[db(ι

′, ι′′) + db(ι
′′, ι′) + db(ι

′′, ι′′)] }

= db(ι
′, ι′′).

(3.17)

Thus,

θsdb(ι
′, ι′′) ≤ φθdb(ι′, ι′′) < θdb(ι

′, ι′′),

which is a contradiction and so ι′ = ι′′. this completes the proof. �

4. Consequence results in metric and G-metric spaces

4.1. Fixed point in metric setting.

Definition 4.1. Suppose f is a self-mapping on (M,d). Then, f is said to be
a strong (θ, φ)-contraction if there exist a Θ-map θ and a Φ-map φ such that
for all ι1, ι2 ∈M

d(fι1, fι2) 6= 0 ⇒ θd(fι1, fι2) ≤ φθΛ(ι1, ι2), (4.1)

where

Λ(ι1, ι2) = max{d(ι1, ι2), d(ι1, fι1), d(ι2, fι2),
1

2
d(ι1, fι2),

1

2
d(ι2, fι1),

1

3
[d(ι1, fι2) + d(ι2, fι1) + d(ι1, fι1)],

1

3
[d(ι1, fι2) + d(ι2, fι1) + d(ι2, fι2)]}.

(4.2)

A consequence result of Theorem 3.3 in the setting of metric spaces is the
following theorem.

Theorem 4.2. Suppose (M,d) is complete and f is a self mapping on (M,d).
Suppose that θ is a Θ-map and φ is a Φ-map such that f is a strong (θ, φ)-
contraction. Then, Ff has exactly one element.

Now, we give an example to illustrate Theorem 4.2.

Example 4.3. LetM = {0, 1, 2, · · · } and k ∈ (0, 1). Let d : M×M → [0,+∞)
be defined by d(ι1, ι2) = |ι1 − ι2|, θ : (0,+∞) → (1,+∞), φ : [1,+∞) →
[1,+∞) by θ(ι) = eι, φ(ι) = ιk respectively, and f : M →M
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by

f(n) =

{
0, n ∈ {0, 1, 2},
1, n ≥ 3.

Then

(1) (M,d) is a complete metric space,
(2) φ is a Φ-map and θ is a Θ-map,
(3) f is neither Banach contraction nor Kannan contraction,
(4) f is a strong (θ, φ)-contraction.

Proof. We show (3) and (4).

(3) Note that if ι1 = 2 and ι2 = 3, then d(fι1, fι2) = 1 = d(ι1, ι2). Also, if
ι1 = 0 and ι2 = 3, then

d(fι1, fι2) = 1 =
1

2
[d(ι1, fι1) + d(ι2, fι2)].

Hence, f is neither Banach contraction nor Kannan contraction.

(4) Since d(fι1, fι2) 6= 0, then d(fι1, fι2) = 1. So, if ι1 ∈ {0, 1, 2}, then it
must be that ι2 ≥ 3.

Now, d(ι1, ι2) = ι2−ι1, d(ι1, fι1) = ι1, d(ι2, fι2) = ι2−1, d(ι1, fι2) = |ι1−1|
and d(ι2, fι1) = ι1. Therefore,

Λ(ι1, ι2)

= max

{
ι2 − ι1, ι2 − 1, ι1,

|ι1 − 1|
2

,
ι2
2
,
ι2 + ι1 + |ι1 − 1|

3
,
2ι2 − 1 + |ι1 − 1|

3

}
.

If ι1 = 0, then Λ(ι1, ι2) = ι2 ≥ 3.
If ι1 = 1, then Λ(ι1, ι2) = ι2 − 1 ≥ 2.
If ι1 = 2, then Λ(ι1, ι2) = ι2 − 1 ≥ 2.
Thus, in each case we have θd(fι1, fι2) ≤ φθΛ(ι1, ι2). Therefore, all hypothesis
of Theorem 4.2 and the unique fixed point for f is 0. �

Now, we introduce some results based on Theorem 4.2.

Corollary 4.4. Suppose (M,d) is complete and f is a self-mapping on M
such that for all ι1, ι2 ∈M

d(fι1, fι2) 6= 0 ⇒ d(fι1, fι2) ≤ k Λ(ι1, ι2), (4.3)

where k ∈ (0, 1). Then Ff has exactly one element.

Proof. Define θ : (0,+∞)→ (1,+∞) by θ(ι) = eι, and φ : [1,+∞)→ [1,+∞)
by φ(ι) = ιk. Then

d(fι1, fι2) ≤ k Λ(ι1, ι2) if and only if ed(fι1,fι2) ≤ ek Λ(ι1,ι2) = (eΛ(ι1,ι2))k.
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So, we have

θd(fι1, fι2) ≤ φθk Λ(ι1, ι2).

Hence the result follows from Theorem 4.2 �

Corollary 4.5. Suppose (M,d) is complete and f is a self-mapping on M .
Suppose that θ is Θ-map and φ is Φ-map such that for all ι1, ι2 ∈M , we have

d(fι1, fι2) 6= 0 ⇒ θd(fι1, fι2) ≤ θφd(ι1, ι2). (4.4)

Then Ff has exactly one element.

Corollary 4.6. Suppose (M,d) is complete and f is a self-mapping on M
such that for all ι1, ι2 ∈M

d(fι1, fι2) 6= 0 ⇒ d(fι1, fι2) ≤ k d(ι1, ι2), (4.5)

where k ∈ (0, 1). Then Ff has exactly one element.

Corollary 4.7. Suppose (M,d) is complete and f is a self-mapping on M .
Assume that there exists λ ∈ (0, 1) such that for all ι1, ι2 ∈M

d(fι1, fι2) 6= 0 ⇒ d(fι1, fι2) ≤ λmax{d(ι1, fι1), d(ι2, fι2)}. (4.6)

Then Ff has exactly one element.

Corollary 4.8. Suppose (M,d) is complete and f is a self-mapping on M .
Assume that there exists α ∈ (0, 1

2) such that for all ι1, ι2 ∈M
d(fι1, fι2) 6= 0 ⇒ d(fι1, fι2) ≤ α[d(ι1, fι1) + d(ι2, fι2)]. (4.7)

Then Ff has exactly one element.

4.2. Fixed point in G-metric setting.

Definition 4.9. ([23]) Let M be a nonempty set and let dG : M ×M ×M →
[0,+∞) be a function satisfying:

(G1) dG(ι1, ι2, ι3) = 0 if ι1 = ι2 = ι3,
(G2) dG(ι1, ι1, ζ) > 0 for all ι1, ζ ∈M with ι1 6= ζ,
(G3) dG(ι1, ι1, ζ) ≤ dG(ι1, ζ, ς) for all ι1, ζ, ς ∈M with ζ 6= ς,
(G4) dG(ι1, ζ, ς) = dG(p{ι1, ζ, ς}), where p{ι1, ζ, ς} is the all possible per-

mutations of ι1, ζ, ς (symmetry),
(G5) dG(ι1, ζ, ς) ≤ dG(ι1, a, a) +G(a, ζ, ς) for all ι1, ζ, ς, a ∈ M.

Then the function dG is called a generalized metric, or a G-metric on M ,
and the pair (M,dG) is called a G-metric space.

From now on, (M,dG) stands for a G-metric space.
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Definition 4.10. ([23]) Let {ιn} be a sequence on (M,dG). Then we say that
{ιn} is G-convergent to ι′ ∈ M if lim

n,m→+∞
dG(ι′, ιn, ιm) = 0, that is, for any

ε > 0, there exists k ∈ N such that dG(ι′, ιn, ιm) < ε, for all n,m ≥ k.

Proposition 4.11. ([23]) The followings are equivalent in (M,dG):

(1) {ιn} is G-convergent to ι′ ∈M .
(2) dG(ιn, ιn, ι

′)→ 0 as n → +∞.
(3) dG(ιn, ι

′, ι′)→ 0 as n → +∞.

Definition 4.12. ([23]) A sequence {ιn} in (M,dG) is said to be G-Cauchy if
a given ε > 0, there is k ∈ N such that dG(ιn, ιm, ιl) < ε for all n,m, l ≥ k.

Proposition 4.13. ([23]) The following are equivalent in (M,dG):

(1) The sequence {ιn} is G-Cauchy.
(2) For every ε > 0, there is k ∈ N such that dG(ιn, ιm, ιm) < ε, ∀n,m ≥ k.

Definition 4.14. ([23]) A G-metric space (M,dG) is said to be G-complete
or complete G-metric if every G-Cauchy sequence in (M,dG) is G-convergent
in (M,dG).

The following theorem is a relation between G-metric spaces and metric
spaces.

Theorem 4.15. ([16]) Suppose there is (M,dG) and a function d : M ×
M → [0,+∞) is defined by d(ι1, ι2) = max{dG(ι1, ι2, ι2), dG(ι2, ι1, ι1)}. Also,
suppose (ιn) is a sequence in M . Then

(1) (M,d) is a metric space;
(2) {ιn} is G-convergent to ι′ ∈ M if and only if {ιn} is convergent to ι′

in (M,d);
(3) {ιn} is G-Cauchy if and only if {ιn} is Cauchy in (M,d);
(4) (M,dG) is G-complete if and only if (M,d) is complete.

Jleli and Samet [16] remarks in their clever paper that some fixed point
theorems in the setting of G-metric spaces can be deduced from proven results
in metric spaces in a smart way. In this section, we utilize our results to get
a consequence results in the concept of G-metric spaces using the method of
Jleli and Samet.

Definition 4.16. ([32]) Suppose there is (M,dG). A mapping f : M →M is
said to be a generalized (θ, φ)-contraction if there exist θ ∈ Θ and φ ∈ Φ such
that for any ι1, ι2, ι3 ∈M,

dG(fι1, fι2, fι3) 6= 0 ⇒ θdG(fι1, fι2, fι3) ≤ φθN(ι1, ι2, ι3), (4.8)
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where

N(ι1, ι2, ι3)

= max{dG(ι1, ι2, ι3), dG(ι1, fι1, fι1), dG(ι2, fι2, fι2),

1

2
dG(ι1, fι2, fι2),

1

2
dG(ι2, fι3, fι3),

1

2
dG(ι3, fι1, fι1),

1

3
[dG(ι1, fι2, fι2) + dG(ι2, fι3, fι3) + dG(ι3, fι1, fι1)]}.

(4.9)

We are in a position to give new proofs of the following two theorems in
[20, 32] by using the technique of Jleli and Samet together with our results.

Theorem 4.17. Let (M,dG) be complete and let f : M →M be a generalized
(θ, φ)-contraction. Then Ff has exactly one element ι′ such that the sequence
(fnι) converges to ι′ for every ι ∈M.

Proof. By letting ι2 = ι3 in (4.9), we get

N(ι1, ι2, ι2)

= max{dG(ι1, ι2, ι2), dG(ι1, fι1, fι1), dG(ι2, fι2, fι2),

1

2
dG(ι1, fι2, fι2),

1

2
dG(ι2, fι1, fι1),

1

2
dG(ι2, fι2, fι2),

1

3
[dG(ι1, fι2, fι2) + dG(ι2, fι2, fι2) + dG(ι2, fι1, fι1)]}.

(4.10)

Also, by exchanging ι1 and ι2, we get

N(ι2, ι1, ι1)

= max{dG(ι2, ι1, ι1), dG(ι2, fι2, fι2), dG(ι1, fι1, fι1),

1

2
dG(ι1, fι2, fι2),

1

2
dG(ι2, fι1, fι1),

1

2
dG(ι1, fι1, fι1),

1

3
[dG(ι1, fι2, fι2) + dG(ι1, fι1, fι1) + dG(ι2, fι1, fι1)]}.

(4.11)

Define d : M ×M → [0,+∞) by d(ι1, ι2) = max{dG(ι1, ι2, ι2), dG(ι2, ι1, ι1)}.
Then we have

θd(fι1, fι2) = θmax{dG(fι1, fι2, fι2), dG(fι2, fι1, fι1)}
= max{θdG(fι1, fι2, fι2), θdG(fι2, fι1, fι1)}
≤ φθmax{N(ι1, ι2, ι2), N(ι2, ι1, ι1)}
≤ φθΛ(ι1, ι2).

(4.12)

Hence, f is a strong (θ, φ)-contraction and so the result follows from Theorem
4.2 and Theorem 4.15. �
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Theorem 4.18. Let (M,dG) be complete and let f : M → M be a self-
mapping which satisfies the following condition for all ι1, ι2 ∈M .

dG(fι1, fι2, fι2)

≤ max{adG(ι1, ι2, ι2), b[dG(ι1, fι1, fι1) + 2dG(ι2, fι2, fι2)],

b[dG(ι1, fι2, fι2) + dG(ι2, fι1, fι1) + dG(ι2, fι2, fι2)]},
(4.13)

where 0 ≤ a < 1 and 0 ≤ b < 1
3 . Then Ff has exactly one element.

Proof. From condition (4.13), we have

dG(fι1, fι2, fι2)

≤ max{adG(ι1, ι2, ι2), b[dG(ι1, fι1, fι1) + 2dG(ι2, fι2, fι2)],

b[dG(ι1, fι2, fι2) + dG(ι2, fι1, fι1) + dG(ι2, fι2, fι2)]}.
(4.14)

If k = max{a, 3b}, then

dG(fι1, fι2, fι2)

≤ kmax{dG(ι1, ι2, ι2),
1

3
[dG(ι1, fι1, fι1) + 2dG(ι2, fι2, fι2)],

1

3
[dG(ι1, fι2, fι2) + dG(ι2, fι1, fι1) + dG(ι2, fι2, fι2)]}.

(4.15)

By the same argument, we have

dG(fι2, fι1, fι1)

≤ kmax{dG(ι2, ι1, ι1),
1

3
[dG(ι2, fι2, fι2) + 2dG(ι1, fι1, fι1)],

1

3
[dG(ι1, fι2, fι2) + dG(ι2, fι1, fι1) + dG(ι1, fι1, fι1)]}.

(4.16)

Define d : M ×M → [0,+∞) by d(ι1, ι2) = max{dG(ι1, ι2, ι2), dG(ι2, ι1, ι1)}.
Then we have

d(fι1, fι2)

= max{dG(fι1, fι2, fι2), dG(fι2, fι1, fι1)}

≤ kmax{dG(ι1, ι2, ι2),
1

3
[dG(ι1, fι1, fι1) + 2dG(ι2, fι2, fι2)],

1

3
[dG(ι1, fι2, fι2) + dG(ι2, fι1, fι1) + dG(ι2, fι2, fι2)],

dG(ι2, ι1, ι1),
1

3
[dG(ι2, fι2, fι2) + 2dG(ι1, fι1, fι1)],

1

3
[dG(ι1, fι2, fι2) + dG(ι2, fι1, fι1) + dG(ι1, fι1, fι1)]}

(4.17)
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≤ kmax{d(ι1, ι2),
1

3
[d(ι1, fι1) + 2d(ι2, fι2)],

1

3
[d(ι2, fι2) + 2d(ι1, fι1)],

1

3
[d(ι1, fι1) + d(ι2, fι1) + d(ι2, fι2)],

1

3
[d(ι1, fι1) + d(ι2, fι1) + d(ι1, fι1)]}

≤ kΛ(ι1, ι2).

Hence, the result follows from Corollary 4.4 and Theorem 4.15. �
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