J. Appl. Math. & Informatics Vol. 40(2022), No. 3 - 4, pp. 695 - 708
https://doi.org/10.14317/jami.2022.695

NEW GENERALIZATION FAMILIES OF HIGHER ORDER
DAEHEE NUMBERS AND POLYNOMIALS
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ABSTRACT. In this paper, we present a new definition and generalization
of the first and second kinds of Daehee numbers and polynomials with
the higher order. Some new results for these polynomials and numbers are
derived. Furthermore, some interesting special cases of the new generalized
Daehee polynomials and numbers of higher order are deduced.
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1. Introduction

The first kind of Daehee polynomials are defined by the generating function,
8,9, 10, 11, 12, 13, 14, 15, 16],

(k’?g(lm) (1+1)° = ZDn(w)g- (1)
n=0 ’

t

Th Daehee numbers, D,,, can be obtained, by setting 2 = 0 into (1),

| @aduola) = D @)
ZP

For k € Nand n € Z > 0, the first kind of Daehee numbers of order k is given
by, Kim [8]

D) = /Zp /Zp "'/Zp(ml + a2 + -z )ndpo(z1)dpo(z2) - - dpo(zr),  (3)
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The generating function of fo) are given as

> o (log(1+1)\"

ZDfP'_(Og(tH) , neZ>0,keN. (4)
n!

n=0

The first kind Daehee polynomials of order k are given by

D(k) / / / 1+ a2+ xp + ) ndpo(z1)dpo(x2) - - - duo(zk). (5)

For k € Z, the kth-order Bernoulli polynomials are defined by the generating
function to be, [1, 2, 3, 8],

k oo
t ; tn
(5) e =X Bt (©
n=0 :

Setting z = 0, into (6), the kth-order Bernoulli numbers, B,(lk), can be obtained.
Kim proved the following relation

n

= s(n. 0B (« (7)

£=0
and
O(2) = > S, 0D (@). (®)
£=0
The kth-order of the Daehee numbers have the following formula
k,k
Dﬁlk)m(,ﬁk)’), n>0,k>1, (9)
k

where s(n + k, k) are Stirling numbers of the first kind see [6, 7, 8].
Cauchy numbers of the first (second) kinds, Cy,, (C,,), are introduced by Comtet
[2] as follows

1
Co = [ (@)t (10)
én:/o (—x)pdx. (11)

The first and second generalized Comtet numbers, sg(n,;7), Sa(n,i;7), respec-
tively, are defined as follows, [2]

and

" = ZS* (n,i;7)(z;0,7);, (13)

where (z;@,7), = H?;Ol(x—ai)”, a= (ag,a1, - ,ap_1)and ¥ = (ro, 71, ,Tp-1)-
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2. Main results

2.1. Generalized first order multiparameters Daehee polynomials and
numbers of higher order. In this subsection, new definitions of the general-
ization families for the first kind of Daehee polynomials and numbers, D;l ()1 (),

P&

n:a,7 are introduced. Also, some new results and special cases are derived.

Definition 2 1 The generalized multi-parameters first order Daehee numbers

of order k, Dk are defined as follows

na'm

// /mez e — ;)" dpo (21 )dpo (22) - - - dpo(z). (14)

PzO

Some new results for D;lki 7 can be derived as follows.

Theorem 2.2. Forn € Z and k € N, we have

7] m m k
D(lft)i,‘?' = Z S&(”ﬂm;?) Z e Z HS(TT%[Z)D& (15)
m=0

£,=0 £,=01i=0

Proof. From Eq. (12) and (14)

S
—
&
| —
|

|

nia, 7 / / Z sa n,m; 'r xle )md,uo(xl) . --duo(wk)

PmO

nmr/ /3311‘2 )" dpio(x1) - - - dpo(zy)

\7\

= Y salnmir) [ @) dpatar) -+ [ (o) dpolin)

m=0 P Zyp
7| m

= Y sanmin) | 3 Sm.) [ @nduoln) ¢
m=0 £1=0 Zyp

EkZ:OS(mygk) /Zp(l’k)/kdﬂo(l’k)]
= Z sa(n, m;T) Z S(m,£1)Dy, -+ - Z S(m,fk)Dzk]

£1=0 £, =0
m k
= sa(n, lz Sy HS(m,ei)D&] : (16)

£1=0¢2=0 lr=01i=1

3

This completes the proof. O
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Theorem 2.3. Forn € 7Z >0, k € N, we have

D) —ZT:S nmrz ZH RCEIGRD) (17)
n;d,i_moa g—f—]. .

[10 ZkOZO

Proof. Substituting Eq. (9) into (15), we obtain (17). O
Remark 2.1.
/ / / H w129 - wp — ;)" dpo(1)dpo(22) - - - dpo (k)
Zp j=0
7| m m k
Lig\S(m, £;)
S ORI o o | o
m=0 1=0 r=013=0

Definition 2.4. The multi-parameter first order Poly-Cauchy numbers, CT(L &
are defined by, [5

15 1) Ly n 1
Cg%f / / / $1!B2 ~xp — o) dxydas - - - day, (19)

Theorem 2.5. Forn € Z and k € N we have

27 K1£2 0 )z+1 )
A ZS" n,;T) TaTE (20)

Proof. From Eq. (19), we have

0 ply 0, 7]
07(102:? = / / / (n,m;7)(z122 - xp) " dr1rdas - - - dy,
o Jo (I —
|T| [1 @2 lk
= sa n,m;r) / / / (129 - "dxidzs - - - dxy
m=0
7] 0
= Z Sa (n,m,r)/ (x1)™dxy - - / (zx)"dzy, (21)
m=0 0 0
then, (20) is obtained. O

Definition 2.6. The generalized first order Daechee numbers of order k, ng)

are defined by
D(k) —/ / / T1Tg - Vndpo(z1)dpo(x2) - - - dpo(zk). (22)

Theorem 2.7. Forn € Z and k € N, we have

D), = ZS . (23)
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Proof. Using Eq. (22), we have

I7|

¥, = / Y salnmi) s o) dpalen) - do(a)

Zp m=0

= (n,m; T / / T1To - )" dpo(z1) - - - dpo(a)

\r_|
= sa(n, S(m, €)(xy - xp)edpo(z1) - - - dpo(xg)
mZ::O / /p ;; K)edpo po (s,
|r m
= sa(n,m; S(m, ) edpio(x1) - - dpo (k).
2 7 Z; / / k)edpo o
(24)

Substituting from Eq. (22) into Eq. (24), we have

I7|

ZS n, m;T) mSmZD(k) ZZSanmr m,E)Dék).

m=0 £=0 =0 m=¢

Q\v

(k

D,

But,

7|

Z sa(n,m;7)S(m,t) = S(n, t; a,7),

m=£{
where S(n,¢;a,r) are the generalized second kind multiparameter non-central
Stirling numbers, see [2, Eq. (4.4)], hence, we obtain Eq. (23). O

The multiparameters first order Daehee polynomials of order k, Dfl ,)i #(x), can
be defined as follows.

Definition 2.8. For n € Z and k € N, Dfu)i,—n( ) are defined by

/ / H 1o xpx — o) dpg (1) - - dpo(zg). (25)

PzO

Definition 2.9. The generalized first kind Daehee polynomials of order k,
D%k)(x) are given as

O () = / / / (2122 - 252} ndpio (21)dpo(w2) - dpo(zs).  (26)
z, Jz, Zp

Theorem 2.10. Forn € Z and k € N, we have

D8 a(@) =" S(n, t;a,7) D (x). (27)
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Proof. From Eq. (25), we have

7|

n()ii / / Z sa(n,m;7)(x122 - - x) " dpg(z1) - - - dpo (k).

Zp ;=0

Using Theorem 2.7, hence, we obtain Eq. (27). O

Some special cases: The first kind Dachee polynomials and numbers, [7, 8, 11],
can be obtained from the new definition as a special cases.

Case 1: (i) Setting r; = r,; = 7 in Eq. (25), we have

/ / H (122 -+ 2R —0) " dpo(21) - - - dppo ()

Zp =0

D) (2)

/ / (2122 w3 )nr dpio(21)) - dpo(zi). (28)
Zp Zyp

Replacing nr by n, the generalized first kind Daehee polynomials of order k, can
be obtained.

(ii) Setting r; = r,a; = in Eq. (14), we obtain

’Slkz)’r' / / 1% - Jnr dpro(w1) -+ - dpo (). (29)
Replacing nr by n, the first kind Daehee numbers of order k£ can be obtained.
Case 2: (i) Setting r; = 7, a; = o in Eq. (25), we obtain

DY, (2) = / / (0120 — @) dpolar) - dpoa)
/ / ZS (nr,0)(z1 -+ - xpx — a)pdpo(z1) - - - dpo(xg)

Zp y=0

= gs(nr,f)ép.../zp(xl..~xkxOé)gdpo(xl)...dﬂo(mk)

i S(nr, 0) D) (x). (30)
£=0

(ii) Setting r; = r,a; = a in Eq. (14), we obtain

D, = //"'/(901332"'9%—a)nrdﬂo(xl)dﬂo(m)"'dﬂo(xk)
z, )z Z,

Z S(nr, K)DZQ. (31)
=0
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At o; =0 in Eq. (30), we obtain

Sae = S(nr, 0D, (33)

Case 3: (i) Setting 7, = 1,; = a in Eq. (30), we have

n

D) ((2) =Y S(n, 0D (). (34)

£=0

(ii) Setting r; = 1,a; = a in Eq. (31), we obtain

b, Z (35)

(=
(iii) Setting r; = 1,; = 1 in Eq. (25), we obtain

DY 1 (w) /Z /Z (z122 - @px — 1)"dpo(@1)dpo(22) - - - dpo ()

= > S0P (). (36)
=0
(iv) Setting 7, = 1, = 1 in Eq. (14), we obtain
DY, = / / (2122 - 2k — 1)"dpo(21)dpo(z2) - - - dpto ()
= Zs (n, 0D, (37)
Case 4: (i) Setting r; = 1,; = 0 in Eq. (25), we obtain
D) (= / / / T1@2 -+ 2x) " dpo(w1)dpo (x2) - - - dpio ()
Z S(n, ) D (x). (38)
=0
(ii) Setting r; = 1,; = 0 in Eq. (14), we obtain
=Y S(n, 0D, (39)

=0
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Case 5: (i) Setting r;, =1,; =4, i =0,1,--- ,n— 1 in Eq. (25), we have

Dikz)l() = / /Hxlwz xpr —4)dpo(y) - - dpo (k)
Pz 0
= / / 1o -+ X )pdpo(x1) - - dpo(zy)
= DP(w), (40)

the Daehee polynomials of order k, which defined by Kim [8], is obtained.

(ii) Setting r; = 1,; =4, i =0,1,--- ,n— 1 in Eq. (14), we have

o)

il = // /H:mcz -k — i)dpo(1)dpo(x2) -+~ dpo (k)

PzO

(T1@2 - @k )ndpo(z1)dpo(w2) - - - dpo (k)

I
S~ 5
'GN\
N&

= D, (41)
the first kind Daehee numbers of order k, see [8], is obtained.

Case 6: Setting xq1xo -z, = x in Eq. (14), we obtain

Dnar = /Z (z — o)™ (z — )™ - (& — an1)"™dpo (). (42)

Case T7: Setting r; = 1 in Eq. (42), we obtain

Dra= [ (@ ao)a=an)--(z = ar1)dp(o) (13)

Which we define Dn;& by generalized first kind Daehee numbers.

Theorem 2.11.

n

o _.s(n+1,1
/ (= ag)(z — o) (2 — om_1)dpo(z) = Y S(n,z;a)%. (44)
Zp i=0 ( i )
Proof. Substituting Eq. (9) into Eq. (43), we obtain Eq. (44).
U
Case 8: Setting fZ fZ f = (fl 022 . f *in Eq. (14), the multiparameter

Poly-Cauchy numbers of the ﬁrst kind C’n . are obtained, see Eq. (19).
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2.2. Generalized second kind Daehee polynomials and numbers. In

this subsection, new definition of the generalized multiparameters of the second
= (k)
kind Daehee polynomials and numbers with order k, D, 57, are established.

New results are derived. Also, some special cases are introduced.

=~ (k)
Definition 2.12. Forne€ Z, k€ N, D are defined by

nar
V(k)
/ | T — 0y duoen) - dyole). (49
Zp =0
Theorem 2.13. Forn € Z and k € N, we have
~ (k) | m 14 4 k
Dygr= > Saln,m;r)> L(m,0) Y - ZHSM (46)
m=0 =0 01=0 =01i=0

Proof. Using (45), we have

= (k)
D, s —/ / Z Sa(n,m;7)(—x122 - T )mdpo(x1) - - - dpo(zk).

PmO

From the definition of Lah numbers,

(—x122 - Tk)m = Z L(m, &) (z1z2 - - Tk,

£=0
hence
i m
= (k )
/ 3 Salnmin) Y- Llm (e midedlar) - dpofan).
Zp m=0 =0
(47)
Substituting from Eq. (15) into (47), we obtain (46). O

Definition 2.14. The multiparameter of the second kind Poly-Cauchy numbers
C%) _ are defined by

n;o,r
41 o Ly n—1
= / / / H(—x1x2-~-mk — ;)" dxydxs - - - dag. (48)
0o Jo 0 2o

Theorem 2.15. Forn € Z and k € N, we have

Ak i (0105 £),)+1
7(1;%'? _ZZSO‘ nalvr m g)w (49)
=0 £=0
Proof. From Eq. (47), we have
. 2 £ \rl
T(”‘%‘”_’ / / (n,m;7)(—z122 - )" d2y - - - dy,

m=0
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£ Lr m
= / / Zsa(n,m;F)ZL(m,E)(:rlxz~~:17k)gdz1~~dxk..
0 0

Then, we obtain (49).

= (k)
Definition 2.16. For n € Z and k € N, D,, 4 () are defined by

(k) .
nar / / H —T1x2:TET — Oéi) ’duo(l’l) dluo(xk) (50)
Zp =0

Theorem 2.17. Forn € Z and k € N, we have

~ ( m 14 4 k

Do ZSnerLmEZ D TS )De (). (51)

El 0 Zk 0:=0
Proof. From Eq. (50), we have

I7|

Dy () / Y Sl ) s mdo() - dpa(an)

PmO
/Z

¥

/ Z Sa(n, m;T) Z L(m, €)(xy - - xp)edpo(z1) - - - dpo(xk).

By using Theorem 2.13, the proof is completed. (]

Definition 2.18. The second kind of generalized Dahee polynomials with order
= (k)
k, D,, (x) are defined by
A(k)

/ / 1wy wa)udpo(wn) - dpo(wr).  (52)

Theorem 2.19. Forn € Z and k € N, we have

~ (k) 7l 3
z) =Y (-1)'S(n, t;a,7) D (2). (53)
£=0

Proof. From Eq. (50) and using Eq. (12) and Eq. (16), we have

n;d,i‘(

|7l

ViLkz)xr / / Z Sa n,m; r)(m1x2~~mkx)mdu0(m1)~~-d,u0(xk).

Zp m=0

By using Theorem 2.15, the proof is completed. O
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Some special cases: The second kind Daehee polynomials and numbers, [7, 8,
11], can be obtained from the new definition as a special cases.

Case 1: (i) Setting r; = r,; = 7 in Eq. (50), we have
= (k)
Dris) = [ TT-outa- o0 - 7o) o)

P7.0

/ / (—1‘1.132"'Z‘kx)nrdMO(xl)"'d.uO(xk)' (54)
Ly Zp

The second kind of the generalized Daehee polynomials, can be obtained by re-
placing nr by n.

(ii) Setting r; = r,; = i, in Eq. (45), we obtain

Aikz,,- / / / —Z1Ta -+ Tk )nrdpto (1) dpo(22) - - - dpo (k). (55)

Replacing nr by n, the second kind of Daehee numbers with order k£ can be
obtained.

Case 2: (i) Setting r; = 7, ; = a in Eq. (50), we obtain

f?q(:i,r(ff) = /'”/(—:Er”xkx—a)”duo(fﬂl)~~duo(ﬂck)

/ / ZS nr, £)( s xpr — ) pdpo (1) - - dpo (k)

Zp 4=0

ZS nr,{) / / o — o) pdpo(21) - - - dpo (k)

ZS’ nrﬂbzi( ). (56)

£=0

(ii) Setting r; = r,a; = a in Eq. (45), we obtain

= (k)
Dn;a,r = / / (—1'1$2'~-1'k _a)nrdﬂo(ml)"'dMO(ﬁk)
ZP ZP
o = (k)
= Y _ S(nr,0)D,,,. (57)
=0
At o; =0 in Eq. (56), we obtain
= (k) il = (k)
Dyop(@) = S(nr,0)D, (). (58)

£=0
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At o; =0 in Eq. (57), we obtain

= (k) s = (k)
Dn;O,r = Z S(nr, E)DK
£=0

Case 3: (i) Setting r; = 1 and o; = a in Eq. (50), we obtain

A(k) "
Doy ( ZSnEDM x).
=

(ii) Setting r; = 1,a; = a in Eq. (45), we obtain

= (k) < (k)
DM_ZSn 0Dy 4.
=0
(iii) Setting ; = 1,; = 1 in Eq. (50), we obtain
= (k)
D,qq(z) = / / (—z129 - xpe — 1)"dpo(x1) - - - dpo (k)
ZP ZP

n = (k)
ZS(n, E)D“ (x).
£=0

(iv) Setting 7, = 1,; = 1 in Eq. (45), we obtain

- (k)
Doy, = / / (—arzy 2, — 1) o) - dpo (i)

/\(k;

= Zs n,0)Dy ;.
Case 4: (i) Setting r; = 1,; = 0 in Eq. (50), we obtain

= (k)

Do) = / / (—r2 - 2x)"dpio (1) - dpo()

- zn: S, 0D, ().
£=0

(ii) Setting r; = 1,; = 0 in Eq. (45), we obtain

ORI .
n01—ZSn€Dé ),

Case 5: (i) Setting r;, =1, a; =4,i=0,1,--- ,n— 1 in Eq. (50), we have

= (k)
Dn;i,l(m) = /
Zp

= // (—x1x2~--xk$)nduo(331>"'duo($k>
7z z

D P

/Z ﬁ(—l‘le..-J;kx—i)d’u,o(xl)...d‘uo(mk)

P §=0
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= 3w, (66)

The Daehee polynomials of order k, which defined by Kim [8] are obtained.

(ii) Setting r; = 1,; = 4,4 =0,1,--- ,n — 1 in Eq. (45), we have

~ (k) n-l
D, = / / H(—$1CC2 g —4)dpo(z1) - - - dpo ()
Z, Z

P =0

= /Zp e /Zp(xlxg g )ndpo(wr) - - - dppo ()

= (k)
= D, , (67)

The second kind Daehee numbers with order k, see [8], is obtained.

Case 6: Setting xq1x9 -2, = x in Eq. (45), we obtain

~

Dnas = / (— = o) (— — )"t o (—2 — @) o). (68)

D

Case T: Setting r; = 1 in Eq. (68), we obtain

Bn;& = /Z (—x —ap)(—x —aq) - (=2 — ap—1)duo(z). (69)

P

Which is defined Dn;a by generalized Daechee numbers of the second kind.

Case 8: Setting [, [, --- [, = bl fe’“ in Eq. (45), the multiparameter

»  Jo Jo 0
Poly-Cauchy numbers of the second kind CT(L]%; are obtained, see Eq. (48).

Acknowledgement : The researcher wishes to extend his sincere gratitude
to the Deanship of Scientific Research at the Islamic University of Madinah for
the support provided to the Post-Publishing Program 1.

REFERENCES

1. L. Carlitz, A note on Bernoulli and Euler polynomials of the second kind, Scripta Math.
25 (1961), 323-330.

2. L. Comtet, Advanced Combinatorics, Reidel, Dordrecht, 1974.

3. D.V. Dolgy, T. Kim, B. Lee and S.-H. Lee, Some new identities on the twisted Bernoulli
and Euler polynomials, J. Comput. Anal. Appl. 14 (2013), 441-451.

4. B.S. El-Desouky, The multiparameter non-central Stirling numbers, Fibonacci Quart. 32
(1994), 218-225.

5. B.S. El-Desouky and R.S. Gomaa, Multiparameter Poly-Cauchy and Poly-Bernoulli num-
bers and polynomials, Int. J. Math. Anal. 9 (2015), 2619-2633.

6. B.S. El-Desouky and A. Mustafa, New results and matriz representation for Daehee and
Bernoulli numbers and polynomials, Appl. Math. Sci. 9 (2015), 3593-3610.

7. B.S. El-Desouky and A. Mustafa, New results on higher-order Daehee and Bernoulli num-
bers and polynomials, Adv. Diff. Egs. 2016:32 (2016), DOI 10.1186/s13662-016-0764-z.



708 A. Mustafa, F.M. Abdel Moneim and B.S. El-Desouky

8. D.S. Kim, T. Kim, S.-H. Lee and J-J. Seo, Higher-order Daehee numbers and polynomials,
Int. J. Math. Anal. 8 (2014), 273-283.

9. D.S. Kim, T. Kim, S.-H. Lee and J-J. Seo, A note on the lambda Daehee polynomials, Int.
J. Math. Anal. 7 (2013), 306-3080.

10. D.S. Kim, T. Kim, S.-H. Lee and J-J. Seo, A note on twisted A\- Daehee polynomials, Appl.
Math. Sci. 7 (2013), 7005-7014.

11. D.S. Kim and T. Kim, Daehee numbers and polynomsals, Appl. Math. Sci. 7 (2013), 5969-
5976.

12. T. Kim and Y. Simsek, Analytic continuation of the multiple Daehee g-l-functions asso-
ciated with Daehee numbers, Russ. J. Math. Phys. 15 (2008), 58-65.

13. N. Kimura, On universal higher order Bernoulli numbers and polynomials, Report of the
Research Institute of Industrial Technology, Nihon University, 70 (2003), ISSN 0386-1678.

14. G.-D. Liu and H.M. Srivastava, Ezplicit formulas for the Norlund polynomials By (z) and
bn(z), Comput. Math. Appl. 51 (2006), 1377-1384.

15. H. Ozden, N. Cangul and Y. Simsek, Remarks on gq-Bernoulli numbers associated with
Dacehee numbers, Adv, Stud. Contemp. Math. 18 (2009), 41-48.

16. W. Wang, Generalized higher order Bernoulli number pairs and generalized Stirling num-
ber pairs, J. Math. Anal. Appl. 364 (2010), 255-274.

Abdelfattah Mustafa received Ph.D. from Mansoura University. He is currently associate
professor at Masoura university. Since 1997 he has been at Mansoura University. His research
interests include reliability engineering, estimation theory and combinatorics.

Home address: Department of Mathematics, Faculty of Science, Mansoura University, Man-
soura 35516, Egypt.

Current address: Department of Mathematics, Faculty of Science, Islamic University of
Madinah, KSA.

e-mail: amelsayed@mans.edu.eg

F.M. Abdel Moneim received Ph.D. from Mansoura University. His research interests
are computational mathematics and combinatorics.

Department of Mathematics, Faculty of Science, Mansoura University, Egypt.

e-mail: fatmakasem1982@gmail.com

B.S. El-Desouky received Ph.D. from Aswan University. He is currently a professor at
Mansoura University. His research interests are probability and Combinatorics.

Department of Mathematics, Faculty of Science, Mansoura University, Egypt.
e-mail: b_desouky@mans.edu.eg





