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ON THE PROPERTIES OF POSITIVE BOOLEAN

DEPENDENCIES BY GROUPS IN THE DATABASE MODEL

OF BLOCK FORM†

TRINH NGOC TRUC∗, TRINH DINH THANG, TRAN MINH TUYEN

Abstract. The article proposed a new type of data relationship: Posi-

tive Boolean dependencies by groups on block and slice in the database
model of block form, where instead of considering value pairs, we consider

a group of p values (p ≥ 2). From this new concept, the article stated
and demonstrated the equivalence of the three types of deduction, namely:

deduction by logic, deduction by block with groups, deduction by block

has no more than p elements with groups. Operations on blocks or slices
performed for index attributes on blocks, the properties related to this new

concept as theorem the equivalen of the three types of deduction, closure of

set positive Boolean dependencies by groups and representation and tight
representation set of positive Boolean dependencies by groups when the

block degenerated into relation are true in the relational database model

and also stated and proven in this paper.
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1. Introduction

Currently, there are many models of database that are interested in reseach,
one of them is the relational database model proposed by E.Codd [1]. How-
ever, in practice wwith dynamic data, this model is still limited.There are many
research directions to extend relational data models, such as: data cube [2-3],
multidimensional data model [4-6], data warehouse [7-10],.... and the database
model of block form [11].
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In fact, not all data dependencies are limited to comparing two attribute val-
ues by equality. General positive Boolean dependencies and multi - valued posi-
tive Boolean dependencies have expandee the comparision of pairs of comparing
each group of values each time. For example, positive Boolean dependency in
groups as a natural extension of the general pasitive Boolean dependency class,
where instead of considering pairs, we consider a group of p values, (p ≥ 2).
With this new dependency class, researchers mainly consider them on relational
database model. This paper introduces some research results of positive Boolean
dependencies by groups on blocks and slices in the database model of block form.

2. THE DATABASE MODEL OF BLOCK FORM

2.1. The block, slice of the block.
Denfinition 2.1 [11]
Let R = (id;A1, A2, ...An) is a finite set og elements, where id is non-empty

finite index set, Ai, (i = 1...n) is the attribute. Each attribute Ai, (i = 1...n)
there is a corresponding value domain dom (Ai). A block r on R, denoted r(R)
consists of a finite number of elements that each element is a family of mappings
from the index set id to the value domain of the attributes Ai, (i = 1...n). In
other words: v ∈ r(R) ⇔ v = vi : id → dom(Ai)i=1...n.

Then, we denote the block as r(R) or r(id;A1, A2, ..., An), sometimes we
simply denoted r.

Denfinition 2.2 [11]
Let R = (id;A1, A2, ...An), r(R) is a block over R. For each x ∈ id we denoted

r(Rx) is block with Rx = (x;A1, A2, ..., An) such that:
vx ∈ r(Rx) ⇔ vx = {vix = vi|}i=1...n, where v ∈ r(R),

v = {vi : id → dom(Ai)}i=1...n, then r(Rx) is called a slice of r(R) at x.

2.2. Function dependence on the block. From now on for simplicity we
use the notation:

v(i) = (v;Ai); id
(i) = v(i)|v ∈ id.

and v(i)(v ∈ id, i = 1...n) is called an index attribute of schema
R = (id;A1, A2, ..., An)

Denfinition 2.3 [11]

Let R = (id;A1, A2, ...An), r(R) is a block, X,Y ⊆
n⋃

i=1

id(i), X → Y is a

notation of functional dependency. A block r satisfies X → Y if:
∀v1, v2 ∈ r such that v1(X) = v2(X) then v1(Y ) = v2(Y ).
Denfinition 2.4 [11]
Let block scheme α = (R,F ), R = (id;A1, A2, ...An), F is the set of functional

dependencies over R. Then, the closure of F denoted F+ is defined as folows:

F+ = {X → Y |F ⇒ X → Y }
.
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The block r satisfies u(m) → v(k) if ∀t1, t2 ∈ r such that t1(u
(m)) = t2(u

(m))
then t1(v

(k)) = t2(v
(k)), where: t1(u

(m)) = t1(u;Am), t2(u
(m)) = t2(u;Am);

t1(v
(k)) = t1(v;Ak); t2(v

(k)) = t2(v;Ak).

3. POSITIVE BOOLEAN FORMULAS

3.1. Boolean formulas.
Denfinition 3.1 [12]
Let U = {x1, x2, ..., xn} is a finite set of Boolean variables, B is the set of

Boolean values, B = 0; 1. Then the boolean formualas (CTB) also known as
formulas are constructed as follows:

(i) Each value in B is a CTB.
(ii) Each variable in U is a CTB.
(iii) If u is a Boolean formula then (u) is a CTB.
(iv) If u and v are CTB then u and u → v are CTB.
(v) Only formulas created by rules from (i) - (iv) are CTB.
Then, we denote L(U) as a set of CTB building on U = {x1, x2, ..., xn} and

B = {0; 1}.
Denfinition 3.2 [12]
Each vector of elements v = {v1, v2, ..., vn} in space Bn = B × B × ... × B

is called a value assignment. Thus, with each CTB g ∈ L(U) we have
g(v) = g(v1, v2, ..., vn) is the value of formula g for v value assignments.

For simplicity, we understand the symbol P ⊆ U at the same time performing
for the following subjects:

- An attribute set in U .
- A set of logical variables in U .
- A Boolean fomula is the logical union of variables in P .
Further, if P = B1, B2, ..., Bn ⊆ U then we denoted.
∧P = B1 ∧B2 ∧ ... ∧Bn called the associational form.
∨P = B1 ∨B2 ∨ ... ∨Bn called the recruitmental form.
For finite set G = {f1, f2, ..., fm} in L(U), we consider G as a formatted

formula G = f1 ∧ f2 ∧ ...∧ fm. Then we have: G(v) = f1(v)∧ f2(v)∧ ...∧ fm(v).

3.2. Table of values and truth tables. With each formula f on U , table
of values for f , denote that Vf contains n + 1 colums, with the first n columns
containing the values of the variables in U , and the last column contains the
value of f for each values signment of the corresponding row. Thus, the value
table contains 2n row, n is the element number of U .

Denfinition 3.3 [13]
The truth table of f , denoted Tf is the set of assignments v such that f(v)

receive value 1:

Tf = {v ∈ Bn|f(v) = 1}
Then, the truth table TF of finite sets of formulas F on U , is the intersection

of the truth tables of each member formula in F .
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TF =
⋂
f∈F

Tf .

We have: v ∈ TF necessary and sufficient are ∀F : f(v) = 1.

3.3. Logical deduction.
Denfinition 3.4 [14]
Let f, g two CTB, we say fomula f derives fomula g and denoted f |= g if

Tf ⊆ Tg. We say f and g are two equivalent formulas, denoted f ≡ g if Tf = Tg.
With F,G in L(U) we say F derives G, denoted F |= G if TF ⊆ TG. Moreover,

we say F and G are equivalents, denoted F ≡ G if TF = TG.

3.4. Positive Boolean formula.
Denfinition 3.5 [15]
Formula f ∈ L(U) is called apositive Boolean formula (CTBD) if f(e) = 1

with the unit value assignment:e = (1, 1, ..., 1), we denoted P (u) is the set of all
positive Boolean formulas on U.

4. RESEARCH RESULTS

4.1. The truth block by groups of the data block.
Denfinition 4.1
Let block scheme α = (R,F ), R = (id;A1, A2, ..., An), r(R) is a block over

R, we convention that each value domain di of attribute Ai (is also of index
attribute x(i), x ∈ id, 1 ≤ i ≤ n) contains at least p elements. Then, with each
value domain di, we consider the mapping βi : (di)

p → B, (p ≥ 2) satisfies the
following properties:

(i) Reflectivity: ∀a ∈ (di)
p : βi(a) = 1, if in a contains at least two identical

components.
(ii) Commutation: ∀a ∈ (di)

p : βi(a) = βi(a
′), where a′ is permutation of a.

(iii) Sufficiency: ∃a ∈ (di)
p : βi(a) = 0.

Thus, we see the mapping βi is an evaluation on a group containing p (p ≥ 2)
values of di satisfying reflection and commutative properties. Equality relation
is a separate case of this relation.

Example 4.1
LetR = ({1, 2}, A1, A2, A3, A4), then U = 1(1), 1(2), 1(3), 1(4), 2(1), 2(2), 2(3), 2(4);

r is a block over R with elements are: u1, u2, u3, and u4:
- u1(1

(1)) = 1;u1(1
(2)) = 0;u1(1

(3)) = 2;u1(1
(4)) = e;

u1(2
(1)) = 2;u1(2

(2)) = 0;u1(2
(3)) = 4;u1(2

(4)) = g.
- u2(1

(1)) = 2;u2(1
(2)) = 1;u2(1

(3)) = 4;u2(1
(4)) = g;

u2(2
(1)) = 2;u2(2

(2)) = 1;u2(2
(3)) = 6;u2(2

(4)) = h.
- u3(1

(1)) = 3;u3(1
(2)) = 0;u3(1

(3)) = 6;u3(1
(4)) = h;

u3(2
(1)) = 3;u2(2

(2)) = 2;u3(2
(3)) = 6;u3(2

(4)) = e.
- u4(1

(1)) = 4;u4(1
(2)) = 1;u4(1

(3)) = 8;u4(1
(4)) = h;

u4(2
(1)) = 4;u4(2

(2)) = 3;u4(2
(3)) = 8;u4(2

(4) = q.
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Then, with p = 3, B = {0; 1}, we define the mappings: βi : (di)
p → B, (p ≥ 2)

as flollows: ∀a ∈ d
(3)
i : βi(a) = 1 if a has at least two odentical components,

ortherwise βi(a) = 0.
We have: β1(1, 2, 3) = 0, β2(0, 1, 0) = 1, β3(2, 4, 6) = 0, β4(e, g, h) = 0.
Denfinition 4.2
Let R = (id;A1, A2, ..., An), r(R) is a block on R, each value domain di of

attribute Ai (is also of index attribute x(i), x ∈ id, 1 ≤ i ≤ n, ) contains at least
p(p ≥ 2) elements, βi is an evaluation on groups containing p(p ≥ 2) values
ofx(i), x ∈ id, 1 ≤ i ≤ n). For each group of p elements: u1, u2, ..., up arbitrary
(not necessarily distinguish) on the block, we call β(u1, u2, ..., up) is the value

assignment: β(u1, u2, ..., up) = (tx1, tx2, ..., txn) with txi = βi(u1.x
(i), ..., up.x

(i)),
x ∈ id, 1 ≤ i ≤ n.

Then, for each block r, we denote the truth block by groups of r as T p
r :

T p
r = β(u1, u2, ..., up)|uj ∈ r, 1 ≤ j ≤ n.

From the definition we see the truth block by groups of block r is a binary
block.

In the case id = {x}, then the block degenerates into a relation and the
concept of the truth block by groups of the block becomes the concept of truth
table groups relation in the relational data model. In other words, the truth
block by groups of a block is to espand the concept of the truth table by groups
of relation in the relational data model.

Example 4.2:
LetR = ({1, 2}, A1, A2, A3, A4), then U = 1(1), 1(2), 1(3), 1(4), 2(1), 2(2), 2(3), 2(4),

r is a block over R with elements are: u1, u2, u3, and u4, p and the mappings:

βi : d
(3)
i → B, (1 ≤ i ≤ 4) as shown in example 4.1.

Then, the truth block by by groups of a block r is determined as follows:

-β(u1,u2,u3) =

(
t11 t12 t13 t14
t21 t22 t23 t24

)
,

t11 = β1(u1.1
(1), u2.1

(1), u3.1
(1)) = β1(1, 2, 3) = 0;

t12 = β2(u1.1
(2), u2.1

(2), u3.1
(2)) = β2(0, 1, 0) = 1.

t13 = β3(u1.1
(3), u3.1

(3), u3.1
(3)) = β3(2, 4, 6) = 0;

t14 = β4(u1.1
(4), u2.1

(4), u3.1
(4)) = β4(e, g, h) = 0.

t21 = β1(u1.2
(1), u2.2

(1), u3.2
(1)) = β1(2, 2, 3) = 1;

t22 = β2(u1.2
(1), u2.2

(2), u3.2
(2)) = β2(0, 1, 2) = 0.

t23 = β3(u1.2
(3), u2.2

(3), u3.2
(3)) = β3(4, 6, 6) = 1;

t24 = β4(u1.2
(4), u2.2

(4), u3.2
(4)) = β4(g, h, e) = 0.

⇒ β(u1,u2,u3) =

(
0 1 0 0
1 0 1 0

)
Similarly we can identify elements of the truth block by groups of block r:

β(u1, u2, u4), β(u2, u3, u4), β(u2, u3, u3)...

4.2. The positive Boolean dependencies by groups of a data block.
Denfinition 4.3
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Let R = (id;A1, A2, ..., An), r(R) is a block on R, each value domain di of
attribute Ai (is also of index attribute x(i), x ∈ id, 1 ≤ i ≤ n, ) contains at least
p (p ≥ 2) elements, βi is an evaluation on groups containing p (p ≥ 2) values
of x(i), x ∈ id, 1 ≤ i ≤ n). We call each positive Boolean formula in P (U) with

U =
n⋃

i=1

id(i) is a positive Boolean dependency by groups.

We say block r is satisfying the positive Boolean dependency by groups (PTB-
DTNB) f and denoted rp(f) if T p

r ⊆ Tf .
The block r is satisfying set of positive Boolean dependency by groups F and

denoted rp(F ) if r satisfies all PTBDTNB f in F :

rp(F ) ⇔ ∀f ∈ F : rp(f) ⇔ T p
r ⊆ TF .

If rp(F ) then we say PTBDTNB f is right in the block r.
Proposition 4.1

Let R = (id;A1, A2, ..., An), r(R) is a block on R,U =
n⋃

i=1

id(i). Then:

i) If r is satisfying the positive Boolean dependency by groups f : rp(f) then
rpx(fx),∀x ∈ id.

ii) If r is satisfying set of positive Boolean dependency by groups F : rp(F )
then rpx(Fx),∀x ∈ id.

Proof:
i) Under the assumption we have:
rp(f) ⇒ T p

r ⊆ Tf ⇒ T p
rx = (T p

r )x ⊆ (Tf )x = T p
fx,∀x ∈ id.

So we have T p
rx ⊆ T p

fx,∀x ∈ id.

ii) Under the assumption:
rp(F ) ⇒ T p

r ⊆ TF ⇒ T p
rx = (T p

r )x ⊆ (TF )x = T p
Fx,∀x ∈ id.

Proposition 4.2

Let R = (id;A1, A2, ..., An), r(R) is a block on R,U =
n⋃

i=1

id(i), f =
⋃

x∈id

fx.

Then:
i) If rpx(fx),∀x ∈ id then r is satisfying the positive Boolean dependency by

groups f : rp(f).
ii) If rpx(Fx),∀x ∈ id then r is satisfying set of positive Boolean dependency

by groups F : rp(F ).
Proof:
i) Under the assumption we have:

rpx(fx),∀x ∈ id ⇒ T p
rx ⊆ Tfx,∀x ∈ id ⇒ (T p

r )x ⊆ (Tf )x,∀x ∈ id.

So we have T p
r ⊆ T p

f ⇒ rp(f).
⇒ r is satisfying the positive Boolean dependency by groups f .
ii) Under the assumption:
rpx(Fx),∀x ∈ id ⇒ T p

rx ⊆ TFx
,∀x ∈ id ⇒ (T p)x ⊆ (TF )x∀x ∈ id.

So we have T p
r ⊆ TF ⇒ rp(F ).

⇒ r is satisfying set of positive Boolean dependency by groups F .
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From the proposition 4.1 and 4.2 we have the following necessary and suffcient
conditions:

Theorem 4.1

Let R = (id;A1, A2, ..., An), r(R) is a block on R,U =
n⋃

i=1

id(i), f =
⋃

x∈id

fx.

Then:
i) rpx(fx),∀x ∈ id ⇔ r is satisfying the positive Boolean dependency by groups

f : rp(f).
ii) rpx(Fx),∀x ∈ id ⇔ r is satisfying set of positive Boolean dependency by

groups F : rp(F ).
For the set PTBDTNB F and PTBDTNB f , we say:
- F deduced f by the block with groups and denoted:
F ⊢p f if: ∀r : rp(F ) ⇒ rp(f).
- F deduced f by the block with groups, block contains no more than p

elements and denoted F ⊢p
p f if: ∀rp : rp(F ) ⇒ rpp(f).

We have the following equivalent theorem:
Theorem 4.2
Let R = (id;A1, A2, ..., An), r(R) is a block on R, each value domain di of

attribute Ai (is also of index attribute x(i), x ∈ id, 1 ≤ i ≤ n) contains at least
p (p ≥ 2) elements, βi is an evaluation on groups containing p (p ≥ 2) values
of x(i), x ∈ id, 1 ≤ i ≤ n, ) the set PTBDTNB F and PTBDTNB f . Then the
following three propositions are equivalent:

(i) F ⊨ f (deduction by logic),
(ii) F ⊢p f (deduction in groups by block),
(iii) F ⊢p

p f (deduction in groups by block has no more than pelements ).
Proof:
(i) ⇒ (ii): Under the assumption we have: F ⊨ f ⇒ TF ⊆ Tf (1).
Let r be an arbitrary block anf rp(F ), then by definition: T p

r ⊆ TF (2).
From (1) and (2) we infer: T p

r ⊆ Tf , so we have: rp(f).
(ii) ⇒ (iii): Obviously, because inference by the block has no more than p

elements is the special case of inference by block.

(iii) ⇒ (i): Suppose t = (t
(1)
x , t

(2)
x , ..., t

(n)
x )x∈id, t ∈ TF , we need proof: t ∈ Tf .

Indeed, if t = e then we have t ∈ Tf because as we know f is a positive
Boolean formula.

If t ̸= e, we built the block r including p elements as follows:
According to the properties of the mapping:
βi : (di)

(p) → B then ∃ai = (ai1, ai2, ..., aip), βi(ai) = 0.

Then, with each value domain di of the index attribute x(i) in U =
n⋃

i=1

id(i),

we take an eletment aij ∈ {ai1, ai2, ..., aip}.
If txi = 1 then we fill in the column of the index attribute x(i) of block r with

p equal value and equal to aij . If txi = 0 then we fill in the column of the index

attribute x(i) of block r with p value ai1, ai2, ..., aip.
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By the way build that r block, we have: T p
r = {e, t} ⊆ TF with e is the unit

value assigment. Thus r is a block with p elements and satisfying PTBDTNB
F . Under the assumption that if r satisfies F then r will satisfy f , this means:
T p
r = {e, t} ⊆ Tf , infer: t ∈ Tf . □
Consequence 4.1
Let R = (id;A1, A2, ..., An), r(R) is a block on R, each value domain di of

attribute Ai (is also of index attribute x(i), x ∈ id, 1 ≤ i ≤ n) contains at least
p (p ≥ 2) elements, βi is an evaluation on groups containing p (p ≥ 2) values of
x(i), x ∈ id, 1 ≤ i ≤ n) the set PTBDTNB F and PTBDTNB f . Then on rx the
following three propositions are equivalent:

(i) F ⊨ fx (deduction by logic),
(ii) F ⊢p fx (deduction in groups by slice rx),
(iii) F ⊢p

p fx (deduction in groups by slice rpx has no more than pelements ).
In the case id = {x}, then the block degenerates into a relation and the

above equivalence theorem becomes the equivalent theorem in the relational
data model. Speccifically, we have the following consequences.

Consequence 4.2
Let R = (id;A1, A2, ..., An), r(R) is a block on R, each value domain di of

attribute Ai (is also of index attribute x(i), x ∈ id, 1 ≤ i ≤ n, ) contains at least
p (p ≥ 2) elements, βi is an evaluation on groups containing p (p ≥ 2) values
of x(i), x ∈ id, 1 ≤ i ≤ n) the set PTBDTNB F and PTBDTNB f . Then, if
id = {x}, then the block r degenerates into a relation and in the relational data
model the following three propositions are equivalent:

(i) F ⊨ f (deduction by logic),
(ii) F ⊢p f (deduction in groups by relation),
(iii) F ⊢p

p f (deduction in groups by relation has no more than pelements).
Definition 4.4
Let R = (id;A1, A2, ..., An), r(R) is a block on R, each value domain di of

attribute Ai (is also of index attribute x(i), x ∈ id, 1 ≤ i ≤ n) contains at least
p (p ≥ 2) elements, βi is an evaluation on groups containing p (p ≥ 2) values of
x(i), x ∈ id, 1 ≤ i ≤ n). Σ is the set PTBDTNB considered on groups with p
elements. Then the closure Σ+ of the set PTBDTNB Σ is determined as flollows:

Σ+ = {f |f ∈ P (U),Σ |= f} = {f |f ∈ P (U), TΣ ⊆ Tf}

Definition 4.5
Let R = (id;A1, A2, ..., An), r(R) is a block on R, each value domain di of

attribute Ai (is also of index attribute x(i), x ∈ id, 1 ≤ i ≤ n) contains at least
p (p ≥ 2) elements, βi is an evaluation on groups containing p (p ≥ 2) values
of x(i), x ∈ id, 1 ≤ i ≤ n).Then we denote NBD(r) is the set of PTBDTNB
satisfying in block r, meaning: NBD (r) = {f |f ∈ P (U), rp(f)}.

Theorem 4.3
Let R = (id;A1, A2, ..., An), r(R) is a block on R, each value domain di of

attribute Ai (is also of index attribute x(i), x ∈ id, 1 ≤ i ≤ n) contains at least
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p (p ≥ 2) elements, βi is an evaluation on groups containing p (p ≥ 2) values of
x(i), x ∈ id, 1 ≤ i ≤ n). Then we have: (NBD(r))+ = NBD(r).

Proof:
By definiton, we have:

(NBD(r))+ = {f |f ∈ P (U), NBD(r) |= f} = {f |f ∈ P (U), TNBD(r) ⊆ Tf}.

So inferred: (NBD(r))+ ⊇ NBD(r). (3)
on the other hand, suppose we have:
g ∈ (NBD(r))+, we need proof g ∈ NBD(r).
Indeed, under the assumption:
g ∈ (NBD(r))+ = {f |f ∈ P (U), TNBD(r) ⊆ Tf} ⇒ g ∈ P (U), TNBD(r) ⊆ Tg.
Which according to the definition of NBD(r) we have:
T p
r ⊆ TNBD(r) ⇒ T p

r ⊆ Tg (according to the transitive property)⇒ r satisfies
PTBDTNB g.

From there we have: g ∈ (NBD(r) ⇒ (NBD(r))+ ⊆ NBD(r). (4)
From (3) and (4) we infer: (NBD(r))+ = NBD(r) □
Consequence 4.3
Let R = (id;A1, A2, ..., An), r(R) is a block on R, each value domain di of

attribute Ai (is also of index attribute x(i), x ∈ id, 1 ≤ i ≤ n) contains at least
p (p ≥ 2) elements, βi is an evaluation on groups containing p (p ≥ 2) values of
x(i), x ∈ id, 1 ≤ i ≤ n ). Then on rx we have:

(NBD(rx))
+ = NBD(rx),∀x ∈ id.

Consequence 4.4
Let R = (id;A1, A2, ..., An), r(R) is a block on R, each value domain di of

attribute Ai (is also of index attribute x(i), x ∈ id, 1 ≤ i ≤ n) contains at least
p (p ≥ 2) elements, βi is an evaluation on groups containing p (p ≥ 2) values of
x(i), x ∈ id, 1 ≤ i ≤ n). Then, if id = {x}, then the block r degenerates into a
relation and in the relational data model we have: (NBD(r))+ = NBD(r).

Theorem 4.4
Let R = (id;A1, A2, ..., An), r(R) is a block on R, each value domain di of

attribute Ai (is also of index attribute x(i), x ∈ id, 1 ≤ i ≤ n, ) contains at least
p(p ≥ 2) elements, βi is an evaluation on groups containing p(p ≥ 2) values of
x(i), x ∈ id, 1 ≤ i ≤ n ). Then we have: T p

r = TNBD(r).
Proof:
By definiton of the set PTBDTNB NBD(r), we have:
if f ∈ NBD(r) ⇒ block r satisfies PTBDTNB f ⇒ T p

r ⊆ Tf .
According to the properties of the Boolean formula and the truth block, from

the truth block T p
r , we find a Boolean formula h such that: Th = T p

r . On the
other hand, because e ∈ T p

r = Th ⇒ h is a positive Boolean formula.
From the equality T p

r = Th, we deuce the block r satises PTBDTNB h, mean:
h ∈ NBD(r).

So infer: NBD(r) |= h. Hence we have:
TNBD(r) ⊆ Th = T p

r ⇒ TNBD(r) ⊆ T p
r (5)
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From the definition of NBD(r) we have: T p
r ⊆ TNBD(r) (6)

From (5) and (6) we infer: T p
r = TNBD(r) □

Consequence 4.5
Let R = (id;A1, A2, ..., An), r(R) is a block on R, each value domain di of

attribute Ai (is also of index attribute x(i), x ∈ id, 1 ≤ i ≤ n) contains at least
p (p ≥ 2) elements, βi is an evaluation on groups containing p (p ≥ 2) values of
x(i), x ∈ id, 1 ≤ i ≤ n). Then on rx we have: T p

rx = TNBD(rx),∀x ∈ id.
Consequence 4.6
Let R = (id;A1, A2, ..., An), r(R) is a block on R, each value domain di of

attribute Ai (is also of index attribute x(i), x ∈ id, 1 ≤ i ≤ n) contains at least
p (p ≥ 2) elements, βi is an evaluation on groups containing p (p ≥ 2) values of
x(i), x ∈ id, 1 ≤ i ≤ n). Then, if id = {x}, then the block r degenerates into a
relation and in the relational data model we have: T p

r = TNBD(r).
Definition 4.6
Let R = (id;A1, A2, ..., An), r(R) is a block on R, each value domain di of

attribute Ai (is also of index attribute x(i), x ∈ id, 1 ≤ i ≤ n) contains at least
p (p ≥ 2) elements, βi is an evaluation on groups containing p (p ≥ 2) values of
x(i), x ∈ id, 1 ≤ i ≤ n).

We say block is representation by groups set PTBDTNB Σ if NDB(r) ⊇ Σ+

and block r is tight representation by groups set PTBDTNB Σ if NDB(r) = Σ+.
If block r is tight representation set PTBDTNB Σ then we say r is the Arm-

strong block of the set PTBDTNB Σ. We denoted Σx = Σ∩
n⋃

i=1

x(i) is the subset

PTBDTNB Σ on rx.
Theorem 4.5
Let R = (id;A1, A2, ..., An), r(R) is a block on R, each value domain di of

attribute Ai (is also of index attribute x(i), x ∈ id, 1 ≤ i ≤ n) contains at least
p (p ≥ 2) elements, βi is an evaluation on groups containing p (p ≥ 2) values
of x(i), x ∈ id, 1 ≤ i ≤ n). Then block r is tight representation by groups set
PTBDTNB Σ if and only if T p

r = TΣ.
Proof:
Use the results of proposition 4.3 and proposition 4.4, we have:
(NBD(r))+ = NBD(r) and T p

r = TNBD(r).
Consequence 4.7
Let R = (id;A1, A2, ..., An), r(R) is a block on R, each value domain di of

attribute Ai (is also of index attribute x(i), x ∈ id, 1 ≤ i ≤ n) contains at least
p (p ≥ 2) elements, βi is an evaluation on groups containing p (p ≥ 2) values of
x(i), x ∈ id, 1 ≤ i ≤ n), Σ =

⋃
x∈id

Σx. Then rx is tight representation by groups

set PTBDTNB Σ if and only if T p
r = TΣx,∀x ∈ id.

Consequence 4.8
Let R = (id;A1, A2, ..., An), r(R) is a block on R, each value domain di of

attribute Ai (is also of index attribute x(i), x ∈ id, 1 ≤ i ≤ n) contains at
least p (p ≥ 2) elements, βi is an evaluation on groups containing p (p ≥ 2)
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values of x(i), x ∈ id, 1 ≤ i ≤ n). Then, if id = {x} then the block degenerates
into a relation and in the relational data model we have: relation r is tight
representation by groups set PTBDTNB Σ if and only if T p

r = TΣ.
Theorem 4.6
Let R = (id;A1, A2, ..., An), r(R) is a block on R, each value domain di of

attribute Ai (is also of index attribute x(i), x ∈ id, 1 ≤ i ≤ n) contains at least
p (p ≥ 2) elements, βi is an evaluation on groups containing p (p ≥ 2) values of
x(i), x ∈ id, 1 ≤ i ≤ n),Σ =

⋃
x∈id

Σx.

Then block r is tight representation by groups set PTBDTNB Σ if and only
if rx is tight representation by groups set PTBDTNB Σx,∀x ∈ id.

Proof:
⇒) Suppose r is tight representation by groups set PTBDTNB Σ we need

proof rx is tight representation by groups set PTBDTNB Σx,∀x ∈ id.
Indeed, under the assumption we have: r is tight representation by groups

set PTBDTNB Σ, using the results of theorem 4.5 we have: T p
r = TΣ.

Thence inferred: (T p
r )x = (TΣ)x,∀x ∈ id.

Which we have: T p
rx = (T p

r )x = (TΣ)x = TΣx,∀x ∈ id ⇒ T p
rx = TΣx,∀x ∈ id.

⇐) Suppose rx is tight representation by groups set PTBDTNB Σx,∀x ∈ id
we need proof r is tight representation by groups set Σ.

Indeed, under the assumption rx is tight representation by groups set
Σx,∀x ∈ id ⇒ T p

rx = TΣx,∀x ∈ id.
Inferred: (T p

r )x = T p
rx = (TΣ)x,∀x ∈ id ⇒ (T p

r )x = (TΣ)x.
Which we have: Tr =

⋃
x∈id

(T p
r )x, TΣ,m =

⋃
x∈id

(TΣ)x ⇒ T p
r = TΣ.

So r is tight representation by groups set Σ □

5. CONCLUSION

The research results presented in the article have shown some properties of
positive boolean dependencies by groups. The equivalence of the three types of
deduction still holds true for positive boolean dependencies by groups on block
and slice. The necessary and sufficient condition for a block is tight represen-
tation by groups set Σ, a slice is tight representation by groups set Σx. In
addition, if id = {x} then the block degenerated into a relation and the results
found for positive boolean dependencies by groups on the block are still true on
the relation in the relational data model.

The study of new types of logical dependencies and their relationships in the
database model of block forms is still of great interest. Further research results
will also contribute to enrich the design theoory for the database model of block
form.
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