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1. Introduction

The concept of convergence of sequences of points has been extended by sev-
eral authors to convergence of sequences of sets. The one of these extensions
considered in this paper is the concept of Wijsman convergence in [42, 43]. In
[22], Nuray and Rhoades presented definitions for statistical convergence of se-
quences of sets. Ulusu and Nuray [39, 40] studied the notion of Wijsman lacunary
statistical convergence of sequence of sets. Nuray et al. [23] studied the concepts
of Wijsman Cesaro summability and Wijsman lacunary convergence of double
sequences of sets and investigated the relationship between them. Various ap-
plications of this concept can be found in [4, 14, 24, 27, 28, 36, 37, 38].

Fast [7] presented a generalization of the usual concept of sequential limit
which is called statistical convergence. Salat [26] gave some basic properties of
statistical convergence. Various applications of this concept can be found in [9,
11,17, 30, 31, 33]. The idea is based on the notion of natural density of subsets of
N, the set of all positive integers which is defined as follows: The natural density
§(A) of a subset A of N is defined by 6 (A) = lim, e = [{k < n: k€ A}].
Generalizing the concept of statistical convergence, Kostyrko et al. introduced
the idea of Z-convergence in [15]. More investigations in this direction and more
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applications of ideals can be found in [5, 10, 12, 13, 21, 18, 19, 20, 34]. In
another direction, a new type of convergence, called Z-statistical convergence,
was introduced in [3]. Recently, various types of Z-statistical convergence for
sequences have been studied by many authors (see for example [29, 41]).

In this paper, we study Wijsman Z-lacunary statistically ¢-convergent, Wi-
jsman Z-lacunary statistically ¢-convergent and Wijsman strongly Z-lacunary
¢-convergent concepts for triple sequence of sets and discuss the relationships
between these new notions. We shall use lacunary triple sequence and Orlicz
function ¢ to introduce these concepts. In addition to these definitions, natural
inclusion theorems shall also be presented.

2. Definitions and Notations

First we recall some of the basic concepts which will be used in this paper.
By N and R, we mean the set of all natural and real numbers, respectively.

We say that a number sequence = = (), oy statistically converges to a point
L if for each € > 0 we have § (K (¢)) = 0, where K (¢) = {k € N: |z, — L| > ¢}
and in such situation we will write L = st-lim xy,.

On the other hand in [2] a different direction was given to the study of statisti-
cal convergence where the notion of statistical convergence of order o, 0 < a < 1
was introduced by replacing n by n® in the denominator in the definition of sta-
tistical convergence.

In several literary works, statistical convergence of any real sequence is identi-
fied relatively to absolute value. While we have known that the absolute value of
real numbers is special of an Orlicz function [25], that is, a function ¢ : R — R in
such a way that it is even, non-decreasing on R, continuous on R, and satisfying

¢(x) = 0 if and only if x = 0 and ¢(z) = oo as z — 0.

Further, an Orlicz function ¢ : R — R is said to satisfy the Ay condition, if there
exists an positive real number M such that ¢(2z) < M.¢(z) for every x € RT.

Definition 2.1. ([30]) Let ¢ : R — R be an Orlicz function. A sequence
x = (x,,) is said to be statistically ¢-convergent to L if for each £ > 0,

1
limEHkSn:q’)(xk—L) >e}|=0.

The notion of statistical convergence was further generalized in the paper
[15, 16] using the notion of an ideal of subsets of the set N. We say that a
non-empty family of sets Z C P (N) is an ideal on N if 7 is hereditary (i.e.
BC AeZ= BeZ)and additive (i.e. A, B €7 implies AU B € Z). An ideal
Z on N for which Z # P (N) is called a non-trivial ideal. A non-trivial ideal Z
is said to be admissible if Z contains every finite subset of N. If not otherwise
stated in the sequel Z will denote an admissible ideal. Let Z C P (N) be any
ideal. A class F (Z) = {M CN:3A € Z: M = N\ A} called the filter associated
with the ideal Z, is a filter on N.
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Let Z be an admissible ideal on N and = = (x) be a real sequence. We
say that the sequence x is Z-convergent to L € R if for each ¢ > 0, the set
A(e) ={neN: |z — L| > e} € Z. Take for T the class Z; of all finite subsets
of N. Then Z; is a non-trivial admissible ideal and Z;-convergence coincides
with the usual convergence. For more information about Z-convergent, see the
references in [18, 34].

We also recall that the concept of Z-statistically convergent is studied in [29].
A sequence (zy) is said to be Z-statistically convergent to L if for each € > 0
and § > 0,

1
{nEN:n{kgn:mk—L|2€}|25}€I.

In this case, L is called Z-statistical limit of the sequence (zj) and we write
T-st-limy_yoo v = L.

We now recall the following basic concepts from [27, 28, 32, 33, 35, 37, 39, 40]
which will be needed throughout the paper.

A function z : Nx N x N — R (or C) is called a real (or complex) triple
sequence. A triple sequence () is said to be convergent to L in Pringsheim’s
sense if for every € > 0, there exists ng (¢) € N such that |z, — L| < € whenever
j, /f, l > ng.

Definition 2.2. A subset K of N x N x N is said to have natural density d3(K)

if
| K i

n.k,l—oco nkl
exists, where the vertical bars denote the number of (n,k,l) in K such that
p <n,q <k, r <l Then, areal triple sequence * = (z,x) is said to be
statistically convergent to L in Pringsheim’s sense if for every ¢ > 0,
03 ({(n,k,1) e NX NXN: |z — L| > e}) =0.
Throughout the paper we consider the ideals of P (N) by Z; the ideals of
P (N x N) by Zy and the ideals of P (N x N x N) by Zs.

Definition 2.3. A real triple sequence (z,x;) is said to be Zz-convergent to L
in Pringsheim’s sense if for every € > 0,

{(n,k,1) ENXNxXN: |z, — L| >} €T;.

In this case, one writes Zs-limz,,.,; = L.

53(K) =P —

Let (X, p) be a metric space. For any point z € X and any non-empty subset
A of X, we define the distance d (x, A) from z to A is defined by

d(z,A) = ggij,o(x,a).

Definition 2.4. ([1]) Let (X, p) be a metric space. For any non-empty closed
subsets A; A C X; we say that the sequence (Ay) is Wijsman convergent to A
if

lim d(z, Ax) =d(z, A)

k—o0
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for each x € X.

Definition 2.5. Let (X, p) be a metric space and Z C P (N) be an admissible
ideal. For any non-empty closed subsets A, Ar C X, we say that the sequence
{Ar} is Wijsman Z-statistical convergent to A or S (Zy )-convergent to A if for
each € > 0,6 > 0 and for each x € X,

{n EN: % (k< ld(z, Ag) — d(z, A)] > £}| > 5}

belongs to Z. In this case, we write Ay — A (S (Zw)) .

By a lacunary 6 = (k,.);r = 0,1,2,..., where ky = 0, we shall mean an
increasing sequence of nonnegative integers with k. — k,._1 as r — oo. The
intervals determined by 6 will be denoted by I, = (kr—_1, k] and h, = k. — k,_1.

The ratio k’:il will be denoted by g,

Definition 2.6. Let (X, p) be a metric space, § be a lacunary sequence and
Z C P (N) be an admissible ideal. For any non-empty closed subsets A, A, C X,
we say that the sequence {Ay} is Wijsman Z-lacunary statistical convergent to
A or Sy (Zw )-convergent to A if for each € > 0,0 > 0 and for each x € X

{r eN: hi {k eI, :|d(z,Ay) — d(z, A)| > e} > 5}

belongs to Z. In this case, we write Ay — A (Sp (Zw)) .

Definition 2.7. Let (X, p) be a metric space and Z C P (N) be an admissible
ideal. For any non-empty closed subsets A, A, C X, we say that the sequence
{A.} is Wijsman Z-statistical convergent of order a to A or S (Zy)“-convergent
to A, where 0 < a < 1, if for each € > 0, 6 > 0 and for each x € X,

{n eN: 1 {k <n:|dz,Ar) — d(z,A)| > e} > 5}
na
belongs to Z. In this case, we write Ay — A (S (Zw)“).

3. Main results

Following the above definitions and results, we aim in this section to intro-
duce some new notions of Wijsman Z-statistical convergence with the use of
Orlicz function, lacunary sequence and triple sequences of sets and obtain some
analogous results from the new definitions point of views.

Throughout the paper, we let (X, p) be a metric space and A, Aji; be any
non-empty closed subsets of X.

Definition 3.1. Let ¢ : R — R be an Orlicz function. We say that the triple
sequence (Ajkl)j ey 18 Wijsman Zs-statistically ¢-convergent to A, if for each
€ > 0,9 >0 and for each =z € X,

1
{(r,s,t)ENXNXN:t|{j§r,k§5,l§t:
rs



On lacunary statistical ¢-convergence 437

¢ (d(z, Ajr) — d(x, A)) > e}| > 6}
belongs to Z3. In this case we write Z3-st-limy () Ajr = A.
The set of Wijsman Z3-statistically ¢-convergent triple sequences will be de-
noted by
WgS (Ig — (,25) = {{Ajkl} : Ig—St— th(S) Ajkl = A} .
Furthermore, a new type of sequence called triple lacunary sequence was
introduced in Esi and Savag [6]. The triple sequence 03 = 6,5 = {(jr, ks, lt)}
is called triple lacunary sequence if there exist three increasing sequences of
integers such that
jo=20, hy = j, — jr—1 — 00 as r — 00,
ko=0, hy =ks — ks_1 — 00 as s — 00,
and
lo=0, hy =1l; —l;_1 w00 ast — oo.
Let k. s+ = jrksls, hr st = hrhshy and 0, ; is determined by
Lise = {0, k1)t Gro1 < J <jrks—1 <k <ksand [,y <1<},

jr ks lt
Gr =", s = , @¢ = 7 and gr st = ¢rqsqs-
Jr—1 ks—1 le—q
Let D € N x N x N. The number
1
6%(D) = lim H(, k1) € 15t : (4, k,1) € DY

r,8,t .8t

is said to be as the 6, ; ;-density of D, provided the limit exists.

Definition 3.2. Let ¢ : R — R be an Orlicz function and 63 = 6, ,;: =
{(Jr, ks, 1)} be alacunary triple sequence. We say that the triple sequence {A;z; }
is Wijsman Zz-lacunary statistical ¢-convergent to A, if for each € > 0,6 > 0
and for each x € X,

1

hr,s,t
belongs to Z3. In this case, we write we write Zz-st-limyy, (s,) Ajx = A.

{(r,s,t) eENxNxN: H(, k1) € Lse - ¢ (d(x, Ajgr) — d(x, A)) > e}| > 6}

The set of Wijsman Zs-lacunary statistically ¢-convergent triple sequences
will be denoted by
W9359 (Ig — gb) = {{Ajkl} . Ig—st— the(Se) Ajkl = A} .
Definition 3.3. Let ¢ : R — R be an Orlicz function. We say that the triple

sequence {A;} is Wijsman Zs-statistical ¢-convergent of order « to A, where
0 < a<1,if for each € > 0,6 > 0 and for each z € X,

rosate {i<rk<sl<t:

¢ (d(x; Ajw) — d(x, A)) > e}| > 6}

belongs to Z3. In this case we write Z3-st-limyya sy Aju = A.

{(r,s,t)eNxNxN:



438 I.A. Demirci and M. Giirdal

The set of Wijsman Z3-statistically ¢-convergent triple sequences of order «
will be denoted by

W??S (I3 - ¢) = {{Ajkl} : Zg—St— limwa(s) Ajkl = A} .

Definition 3.4. Let ¢ : R — R be an Orlicz function and 63 = 0, ,; =
{(Jr,ks,1:)} be a lacunary triple sequence. We say that the triple sequence
{Ajri} is Wijsman Zz-lacunary statistically ¢-convergent of order v to A, where
0 < a<1,if for each € > 0,6 > 0 and for each z € X,

{(r,s,t) ENXNxN: hal H(, k1) € L sy s ¢ (d(x, Ajir) — d(x, A)) > e}] > (5}

r,8,t

belongs to Zs. In this case, we write we write Z3-st-limye (s,) Ajm = A.

The set of Wijsman Zs-lacunary statistically ¢-convergent triple sequences of
order « will be denoted by

Wé);Sg (Ig — d)) = {{Ajkl} . Ig—St— limW:(Sg) Ajkl = A} .

Theorem 3.5. Let 0 < oo < < 1. Then WS (I — ¢) C WgﬁS (Zs — ¢) .
Proof. Let 0 < a < 8 < 1. Then

1 .
Baagp sk <sist:d(dz, Aju) —d(z, A) 2 €}

Hi<rk<si<t:o(dx,Ajr)—dz, A) > e}

and so for any 6 > 0,

1 .
{(r,s,t)ENXNXN:W{jgr,kgs,lgt.

¢ (d(x, Ajri) — d(x, A)) = e} = 6}

C{(r,&t)GNXNXN:
,

6 (d(x, Ajra) — d (z, 4)) > €} > 5}.

Hence if the set on the right hand side belongs to the ideal Z3 then obviously the
set on the left hand side also belongs to Z3. We obtain the desired result. O

Hi<rk<sl<t:

Corollary 3.6. If a triple sequence is Wijsman Zs-statistically ¢-convergent of
order a to A for some 0 < o < 1 then it is Wijgsman Is-statistically ¢-convergent.

Similarly we can show that

Theorem 3.7. Let 0 < a < < 1. Then Wg. Sy (Z3 — ¢) C Weng (I3 — ¢) and
in particular Wy Sp (I3 — ¢) C Wy, S (I3 — ¢) .
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Definition 3.8. Let ¢ : R — R be an Orlicz function and 63 = 6, ,;: =
{(Jr,ks,1:)} be a lacunary triple sequence. We say that the triple sequence
{Aj} is Wijsman strongly Zs-lacunary ¢-convergent to A, if for each € > 0 and
for each = € X,

(r,s,t) e Nx NxN:

Y dldlz, Aju) —d(w,A) > €
(Gokl)ELr a0

belongs to Z3. In this case, we write we write Zz-limy, (n,) Ajk = A.

r,8,t

The set of Wijsman strongly Zs-lacunary ¢-convergent triple sequences will
be denoted by

Wo,No (I3 — ¢) = {{Aju1} - Ts-limyy, () Ajrr = A} .
Theorem 3.9. Let ¢ : R — R be an Orlicz function and 03 = 0, s+ = {(jr, ks, l¢)}
be a lacunary triple sequence. Then,
I3-limyy, (n,) Ajr = A implies Iz-st-limyy, (s,) Aju = A.
Proof. 1f € > 0 and Z3-limyy, (n,) Ajr = A, we can write, for each x € X

Y o(dz, Aju) —d(w, A))

(jvkvl)elr,s,t

> 3 6 (d(x, Ajia) — d(x, 4))
(jvkvl)elr,s,t
o(d(z,Ajk)—d(x,A))>e

> e {4k, 1) € L syt ¢ (d(z, Ajir) — d(x, A)) > e}

and so
— 6 (d(z, Aj) - d(a, A)
Gk D€L s
> MG kD) € Do 0 (e, Ap) = (o, 4)) 2 )],
Then, for each z € X and for any § > 0,
{(r,s,t) ENxNxN: hrlst G kD) € Tpay

¢ (d(z, Ajrr) — d (2, A)) > e}| > 6}

Cq(rst)e NxNxN: Z o (d(x, Ajgy) — d(z, A)) > e y € Ts.

(4,k,0)ETr s ¢
This proof is completed. O

7,8,t

Definition 3.10. Let ¢ : R — R be an Orlicz function. A triple sequence
(Ajgi) is said to be bounded if there exists M > 0 such that ¢ (A;x) < M for
all j,k,1 € N. We denote the space of all bounded triple sequences by ¢3_.
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Theorem 3.11. Let ¢ : R — R be an Orlicz function and 03 = 0,5 =
{(Grs ks, lt)} be a lacunary triple sequence. If (Ajr) € €3, and (Ajg) is Wijs-
man Is-lacunary statistical ¢-convergent to A, then (Ajw) is Wijsman strongly
Is-lacunary ¢-convergent to A.

Proof. Suppose that (A;;) belongs to the space £3, and Is-st-limyy, (s,) Ajr =
A. Then, we can assume that

¢ (d(z, Ajgy) — d(z, A)) < M, for each x € X and all j, k and [.
Given ¢ > 0, for each z € X we have

Y b A — d(z, 4)

r,8,t , .
(]1kvl)€I7‘,s,t

_ Z ¢ (d(x, Ajr) — d(x, A))

hr s,t .
w Gk D)€L, s 1
¢(d(x,Ajr1)—d(z,A))>5
1
i Prs,t : 2. ¢ (d(z, Aji) — d(z, A))
” Gk ) ETrs e

¢(d(z,Ajrr)—d(z,A))<§

{G0) € s s 6 (d(z, Ajrg) — d(, 4)) >

<

i

N ™
N ™

r,8,t

Consequently, we have

(r,s,t) ENXx NxN: S bldlx, Ajw) —d(z, A) > €

TS Gk ) €L

e
& (d(x, Ajr) — d(z, A)) > g}‘ > —} € Zs.

Therefore, Z3-limyy, (n,) Ajr = A. 0

C {(r,s,t)eNxNxN: K, k1) € Lsy

From Theorem 3.9 and Theorem 3.11, we have following Corollary.

Corollary 3.12. Let ¢ : R — R be an Orlicz function and 03 = 6, ,; =
{(r, ks, 1)} be a lacunary triple sequence. Then, the following statements hold:

Wo, So (Zs — ¢) N L3, = Wy, Ng (T5 — ¢) N £3..

We will now investigate the relationship between Wijsman Zs-statistical ¢-
convergence and Wijsman Zz-lacunary statistical ¢-convergence for triple se-
quence.

Theorem 3.13. Let ¢ : R = R be an Orlicz function and 03 = 0,5 =
{(Gr ks, 1)} be a lacunary triple sequence with liminfg, s, > 1. Then, Z3-st-
hmw(s) Ajkl =A 'implies Ig —St—liInWe(Sg) Ajkl = A.
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Proof. Suppose that liminfgq,,; > 1. Then, there exists a v > 0 such that
Gr,s,t > 1 4y for sufficiently large 7, s, ¢, which implies

hr,s,t Z Y )

kr,s,t 1 + Y

If Z3-st-limyy () Ajrr = A, then for every ¢ > 0, for each z € X and for suffi-
ciently large 7, s, t, we have

1

kr,s,t

i <drik < ks, U<l ¢ (d(x; Ajp) — d(z, A)) = e}

> Gk D) € T 6 (dlar, Agss) — dlar A)) > €}

r,8,t

0% 1

>
1 + Y hr,s,t
Then, for each € X and for any § > 0, we get

{0, k1) € L+ ¢ (d(@, Ajrr) — d(w, A)) > e}

{(ns,t) ENxNxN: H, k) € Lsi: ¢ (d(x, Ajpr) — d(z, A)) > e}| > 5}

7,8,

1

g{(T78’t)€NXNXN:k |{j§]’ﬁk§ksal§lt

T,8,t

¢(d($,Ajkl) —d(z,A)) >e} > lfyjfy} € I3.

This completes the proof. O
Theorem 3.14. Let I3 = Ti® = {J : J is a finite set} be a non-trivial ideal,

and let 03 = {(jr, ks, 1)} be a lacunary sequence with limsup ¢, s; < co. Then,
the following statements hold:

I3-st-limyy, (s,) Ajr = A implies Ts-st-limyy(s) Aju = A .

Proof. If limsup,. ; ; ¢ s+ < oo, then without loss of generality, we can assume
that there exists a D > 0 such that ¢, s+ < D for all r,s,¢ > 1. Suppose that
Is-st-limyy, (s,) Ajr = A and for € > 0, 6 > 0 and for each x € X define the sets

FT,S,t = |{(]7k7l) € Ir,s,t : d)(d(xaAjkl) - d(JZ,A)) 2> 5}|

and

1
{(r,s,t) eNxNxN: o K, k1) € I sy @ (d(z, Ajir) — d(x, A)) > e}] > 5}

7,8,

E,
z{(r,s,t)eNxNxN:’s’tzé}eIg,

and, therefore, it is a finite set. We choose integers r, sg, tg € N such that

F,
ﬁ<5forallr>ro, § > sg, t > tp.

T,8,t
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Let F=max{F.s::1<r<rp,1<s<sp,1<t<ty}and p,q,r be any three
integers with j,_1 <p < j,, ks_1 < q < ks and l,_1 < r <l;, then we have

LG <nk<al<r:é(dr Ap) — d(z, A) = €}

bgr
1 . .
<————— i <ir b <kl <l : ¢ (d(z, Ajig) — d(z, A)) > €}
Jr—1ks—1li—1
1 .
= ———{{U, k1) € Ling: ¢ (dz, Ajig) — d(z, A)) > €}
Jr—1ks—1li—1
1 .
bt e R € Lo 0o, ) — dlo 4)) 2 2} )
Jr—1ks—1li—1
1
=———{Fii1+Fooo+ ...+ Frysoto + Fro+1s041,0041 + oo + Frst}
]rflksflltfl
= 7T030t0 —|— _— {h 1 41 tg+1 (FW>
Jr—1ks—1li—1 Grotke 1l | OTheethto Prgt1,50+1,t0+1
Fr t
ot hys 25
+ + ot hr,s,t }
= —— 7pSot
]r—lks—llt—l 07070
1 F,
+ ( sup Ht) {h’f0+1’50+1,t0+1 + .o+ hT’S,t}
]r—lks—llt—l r>710,8>50,t>10 hr,s,t

ksl — Jroksol
T030t0—|—5<]r stlt ]o S0 t(])

<—F -
Jr—1ks—1li—1 Jr—1ks—1li—1

< —————"0Soto + G st
]r—lks—llt—l

S _77"080150 + 0D.

Jr—1ks—1li—1
Since j,_1 — 00, ks—1 — 00, l;_1 — 00 as p — 00, ¢ — 00, T — 00, respectively,
it follows that Z3 — st — limy(g) Aju = A. This completes the proof of the
theorem. O

From Theorem 3.13 and Theorem 3.14, we have following Corollary :

Corollary 3.15. Let ¢ : R — R be an Orlicz function and 03 = 0,,; =
{(Gr ks, 1)} be a lacunary triple sequence with 1 < infg, s, < supg,s; < 00.
Then, the following statements hold:

Ig—st—limwe(se) Ajkl = Ig—st—hmw(s) Ajkl-
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