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WEIGHTED INTEGRAL INEQUALITIES FOR MODIFIED

INTEGRAL HARDY OPERATORS

Duranta Chutia and Rajib Haloi

Abstract. In this article, we study the weak and extra-weak type inte-

gral inequalities for the modified integral Hardy operators. We provide
suitable conditions on the weights ω, ρ, φ and ψ to hold the following weak

type modular inequality

U−1

(∫
{|If |>γ}

U
(
γω
)
ρ

)
≤ V−1

(∫ ∞
0
V
(
C|f |φ

)
ψ

)
,

where I is the modified integral Hardy operators. We also obtain a nece-

sary and sufficient condition for the following extra-weak type integral

inequality

ω

({
|If | > γ

})
≤ U ◦ V−1

(∫ ∞
0
V
(
C|f |φ
γ

)
ψ

)
.

Further, we discuss the above two inequalities for the conjugate of the

modified integral Hardy operators. It will extend the existing results for
the Hardy operator and its integral version.

1. Introduction

We define the modified integral Hardy operators, I for a non-negative mea-
surable function f on the real line as

If(t) = h(t)

∫ t

0

K(t, τ)f(τ)w(τ)dτ,(1)

where h and w are two positive measurable functions on R, and let the kernel
K, defined on {(t, τ) : 0 ≤ τ ≤ t} satisfy the following conditions.

(i) K(t, τ) ≥ 0 for 0 ≤ τ ≤ t.
(ii) K(t, τ) is non-decreasing in t and non-increasing in τ.
(iii) For 0 ≤ τ ≤ z ≤ t there exists a constant M ≥ 1 independent of t, τ

and z such that

K(t, τ) ≤M [K(t, z) +K(z, τ)].(2)
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The kernel satisfying condition (2) is also known as Oinarov’s kernel. Par-
ticular examples of this type of kernel are (t − τ)µ and logµ

(
t
τ

)
, where µ ≥

0, t > τ > 0. For K = 1, the integral operator (1) is reduced to the modified
Hardy operators defined by

Hhf(t) = h(t)

∫ t

0

f(y)w(y)dy.(3)

For h = 1 = w, the operators (1) and (3) are usually termed as the inte-
gral Hardy and Hardy operators, respectively. Weighted inequalities for the
operators (1) and (3) have been studied substantially [6,10,12,13] due to their
considerable influence in spectral problem, fractional regularity, and in the
construction of energy estimates for partial differential equations, especially in
hyperbolic PDEs, etc. In [12], Mart́ın-Reyes and Salvador characterized the
pair of weights (ρ, ψ) such that(∫

{t∈(0,∞):Hhf(t)>γ}
γqρ(t)dt

) 1
q

≤ C

(∫ ∞
0

f(t)pψ(t)dt

) 1
p

(4)

holds for the range 1 ≤ p ≤ q < ∞. Through this article, we examine the
estimate (4) in the Orlicz space setting for the operators (1) and (3) and also

for their conjugates Ĩ and H̃h, respectively, defined by

Ĩf(t) = w(t)

∫ ∞
t

K(τ, t)f(τ)h(τ)dτ,(5)

H̃hf(t) = w(t)

∫ ∞
t

f(τ)h(τ)dτ.(6)

Among the various equivalent generalization of the estimate (4), we will
consider the following integral inequality

U−1

(∫
{t∈(0,∞):T f(t)>γ}

U
(
γω(t)

)
ρ(t)dt

)
(7)

≤ V−1

(∫ ∞
0

V
(
Cf(t)φ(t)

)
ψ(t)dt

)
,

where U and V are N -functions, defined in Section 2; ω, ρ, φ and ψ are positive
weights on R; T = I, Ĩ,Hh, H̃h.

In particular, if we consider V(t) = tp and U(t) = tq for 1 ≤ p ≤ q < ∞,
then the inequality (7) extends the estimate (4). In [3], Bloom and Kerman
addressed the estimate (7) for the Hardy operator and its integral version,
where the authors used the monotonic condition of the operator. They also
proved the following stronger version of (7) in the case h = 1 = w.

U−1

(∫ ∞
0

U
(
Hhf(t)ω(t)

)
ρ(t)dt

)
≤ V−1

(∫ ∞
0

V
(
Cf(t)φ(t)

)
ψ(t)dt

)
.(8)

It is again due to the monotonic property of the Hardy operator that the
estimates (7) and (8) are equivalent in the case of Hardy operator [3] but yet
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to be verified for the modified Hardy operators. The techniques of Bloom and
Kerman [3] do not work for the operators (1) and (3) as they do not possess the
monotone property for non-increasing h. Salvador [14] analyzed (7) with two
weights that is by considering ρ = 1 = φ. The main objective of this article is
to investigate conditions on the four weights ω, ρ, φ and ψ such that estimates
(7) and (8) hold for a suitable constant C > 0. We will also discuss a weaker
version of (7) of the form

ω

(
{t ∈ (0,∞) : T f(t) > γ}

)
≤ U ◦ V−1

(∫ ∞
0

V
(
Cf(t)φ(t)

γ

)
ψ(t)dt

)
.(9)

The inequality (9) is called as the extra-weak type integral inequality as it
follows from (7) but does not follow contrarily. One of the prime importance of
the extra-weak type mixed integral inequalities is to obtain exquisite bounds
for the strong type integral estimates [1,2]. We refer to [4,7–9,15] for a detailed
investigation on weighted integral inequalities for the Hardy operators and also
for maximal functions.

We organize the article as follows. In Section 2 we give some rudimentary
properties of N -functions and state the main results of the article. The proofs
of the results are given in Sections 3-5.

2. Preliminaries

In this section, we discuss some basics associated with the N -function [5].
After that, we state the weak and extra weak type results for the modified
integral Hardy operators.

An N -function U is continuous and convex on [0,∞) such that U(0) = 0

and U(t)
t → 0 (and ∞) when t → 0 (and ∞). It is always possible to write an

N -function U in the integral form as, U(t) =
∫ t

0
u(y)dy, where u is positive,

increasing and right continuous at each point and satisfies u(0) = 0, u(r) > 0 for

r > 0 and u(r)→∞ as r →∞. The complementary function Ũ corresponding

to a given N -function U is defined by Ũ(t) = supτ≥0(tτ−U(τ)) also verifies the

properties of N -functions. For t, τ > 0, the pair (U , Ũ) satisfies the following
relations [3]:

(10) tτ ≤ U(t) + Ũ(τ),

(11) U
( Ũ(t)

t

)
≤ Ũ(t),

(12) U(t) ≤ tu(t) ≤ U(2t).

Next, we state the main results of the article. We first state the weak type
result for the modified integral Hardy operators.

Theorem 2.1. Let V be an N -function with complementary N -function Ṽ
and U be a strictly increasing positive function such that V ◦ U−1 is countably
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subadditive. Suppose that the weights ω, ρ, φ and ψ are positive and locally
integrable functions on (0,∞). Let the function h be monotone on R. Then the
following conditions are equivalent.

(a) There exists C > 0 such that

U−1

(∫
{t∈(0,∞):If(t)>γ}

U
(
γω(t)

)
ρ(t)dt

)
(13)

≤ V−1

(∫ ∞
0

V
(
Cf(t)φ(t)

)
ψ(t)dt

)
holds for each γ > 0 and all non-negative functions f.

(b) Let 0 < t < α and γ > 0. Then there exists C > 0 such that∫ t

0

Ṽ

[
(inf(t,α) h)K(t, τ)w(τ)η(γ; t, α)

Cγφ(τ)ψ(τ)

]
ψ(τ)dτ ≤ η(γ; t, α)(14)

and for 0 < z ≤ t < y < α the following∫ z

0

Ṽ

[
(infy∈(t,α) h(y)K(y, z))w(τ)η(γ; t, α)

Cγφ(τ)ψ(τ)

]
ψ(τ)dτ ≤ η(γ; t, α)(15)

hold, where

η(γ; t, α) =
(
V ◦ U−1

)(∫ α

t

U
(
γω(τ)

)
ρ(τ)dτ

)
.

If we consider K ≡ 1, then the conditions (14) and (15) are the same and
reduced to the following:∫ t

0

Ṽ

[
(inf(t,α) h)w(τ)η(γ; t, α)

Cγφ(τ)ψ(τ)

]
ψ(τ)dτ ≤ η(γ; t, α).

We now state the weak type estimate for the modified Hardy operators as a
corollary of Theorem 2.1.

Corollary 2.2. Let U ,V, Ṽ,V ◦ U−1 and h satisfy all the assumptions stated
in Theorem 2.1. Then the following conditions are equivalent.

(a) There exists C > 0 such that

U−1

(∫
{t∈(0,∞):Hhf(t)>γ}

U
(
γω(t)

)
ρ(t)dt

)
≤ V−1

(∫ ∞
0

V
(
Cf(t)φ(t)

)
ψ(t)dt

)
holds for each γ > 0 and all non-negative functions f.

(b) There exists C > 0 such that∫ t

0

Ṽ

[
(inf(t,α) h)w(τ)η(γ; t, α)

Cγφ(τ)ψ(τ)

]
ψ(τ)dτ ≤ η(γ; t, α)

holds for each 0 < t < α and γ > 0.
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Next, we state the weak type result for the conjugate of the modified integral
operators.

Theorem 2.3. Let U ,V, Ṽ and V ◦ U−1 satisfy all the assumptions stated in
Theorem 2.1. Suppose the function w is monotone on R. Then the following
conditions are equivalent.

(a) There exists C > 0 such that

U−1

(∫
{t∈(0,∞):Ĩf(t)>γ}

U
(
γω(t)

)
ρ(t)dt

)
(16)

≤ V−1

(∫ ∞
0

V
(
Cf(t)φ(t)

)
ψ(t)dt

)
holds for each γ > 0 and all non-negative functions f.

(b) Let 0 ≤ ε < t < α and γ > 0. Then there exists C > 0 such that∫ α

t

Ṽ

[
(inf(0,t) w)K(τ, t)h(τ)η(γ; ε, t)

Cγφ(τ)ψ(τ)

]
ψ(τ)dτ ≤ η(γ; ε, t)(17)

and for 0 ≤ ε < t ≤ z < α the following inequality∫ α

z

Ṽ

[
(infy∈(ε,t) w(y)K(z, y))h(τ)η(γ; ε, t)

Cγφ(τ)ψ(τ)

]
ψ(τ)dτ ≤ η(γ; ε, t)(18)

hold, where

η(γ; ε, t) =
(
V ◦ U−1

)(∫ t

ε

U
(
γω(τ)

)
ρ(τ)dτ

)
.

Again the result for the conjugate of the modified Hardy operators can be
obtained from Theorem 2.3 by considering K ≡ 1.

Corollary 2.4. Let U ,V, Ṽ and V ◦ U−1 satisfy all the assumptions stated in
Theorem 2.1. Assume that the function w is monotone on R. Then the following
conditions are equivalent.

(a) There exists C > 0 such that

U−1

(∫
{t∈(0,∞):H̃hf(t)>γ}

U
(
γω(t)

)
ρ(t)dt

)
≤ V−1

(∫ ∞
0

V
(
Cf(t)φ(t)

)
ψ(t)dt

)
,

holds for each γ > 0 and all non-negative functions f.
(b) There exists C > 0 such that∫ α

t

Ṽ

[
(inf(ε,t) w)h(y)η(γ; ε, t)

Cγφ(y)ψ(y)

]
ψ(y)dy ≤ η(γ; ε, t)

holds for each 0 ≤ ε < t < α and γ > 0.

Next, we discuss the extra-weak type results.
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Theorem 2.5. Let U ,V, Ṽ,V ◦U−1 and h satisfy all the assumptions stated in
Theorem 2.1. Then the following conditions are equivalent.

(a) There exists C > 0 such that

ω

(
{t ∈ (0,∞) : If(t) > γ}

)
(19)

≤
(
U ◦ V−1

)(∫ ∞
0

V
(
Cf(t)φ(t)

γ

)
ψ(t)dt

)
holds for each γ > 0 and all non-negative functions f.

(b) Let 0 < t < α and γ > 0. Then there exists C > 0 such that∫ t

0

Ṽ

[
(inf(t,α) h)K(t, τ)w(τ)θ(t, α)

Cφ(τ)ψ(τ)

]
ψ(τ)dτ ≤ θ(t, α)(20)

and for 0 < z ≤ t < y < α the following∫ z

0

Ṽ

[
(infy∈(t,α) h(y)K(y, z))w(τ)θ(t, α)

Cφ(τ)ψ(τ)

]
ψ(τ)dτ ≤ θ(t, α)(21)

hold, where

θ(t, α) =
(
V ◦ U−1

)(∫ α

t

ω(τ)dτ

)
.

Considering K ≡ 1, we obtain the following result.

Corollary 2.6. Let U ,V, Ṽ,V ◦ U−1 and h satisfy all the assumptions stated
in Theorem 2.1. Then the following conditions are equivalent.

(a) There exists C > 0 such that

ω

(
{t ∈ (0,∞) : Hhf(t) > γ}

)
≤
(
U ◦ V−1

)(∫ ∞
0

V
(
Cf(t)φ(t)

γ

)
ψ(t)dt

)
holds for each γ > 0 and all non-negative functions f.

(b) There exists C > 0 such that∫ t

0

Ṽ

[
(inf(t,α) h)w(τ)

(
V ◦ U−1

)( ∫ α
t
ω
)

Cφ(τ)ψ(τ)

]
ψ(τ)dτ ≤

(
V ◦ U−1

)(∫ α

t

ω(τ)dτ

)
holds for each 0 < t < α.

Next, we state the extra-weak type result for the conjugate of the modified
integral operators.

Theorem 2.7. Let U ,V, Ṽ, and V ◦ U−1 satisfy all the assumptions stated in
Theorem 2.1. Suppose the function w is monotone on R. Then the following
conditions are equivalent.
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(a) There exists C > 0 such that

ω

(
{t ∈ (0,∞) : Ĩf(t) > γ}

)
(22)

≤
(
U ◦ V−1

)(∫ ∞
0

V
(
Cf(t)φ(t)

γ

)
ψ(t)dt

)
holds for each γ > 0 and all non-negative functions f.

(b) Let 0 ≤ ε < t < α and γ > 0. Then there exists C > 0 such that∫ α

t

Ṽ

[
(inf(ε,t) w)K(τ, t)h(τ)θ(0, t)

Cφ(τ)ψ(τ)

]
ψ(τ)dτ ≤ θ(ε, t)(23)

and for 0 ≤ ε < t ≤ z < α the following∫ α

z

Ṽ

[
(infy∈(ε,t) w(y)K(z, y))h(τ)θ(ε, t)

Cφ(τ)ψ(τ)

]
ψ(τ)dτ ≤ θ(ε, t)(24)

hold, where

θ(ε, t) =
(
V ◦ U−1

)(∫ t

ε

ω(τ)dτ

)
.

Similarly, the extra-weak type result for the modified Hardy operators fol-
lows from Theorem 2.7 by considering K ≡ 1.

Corollary 2.8. Let U ,V, Ṽ, and V ◦ U−1 satisfy all the assumptions stated in
Theorem 2.1. Suppose the function w is monotone on R. Then the following
conditions are equivalent.

(a) There exists C > 0 such that

ω

(
{t ∈ (0,∞) : H̃hf(t) > γ}

)
≤
(
U ◦ V−1

)(∫ ∞
0

V
(
Cf(t)φ(t)

γ

)
ψ(t)dt

)
holds for each γ > 0 and all non-negative functions f.

(b) There exists C > 0 such that∫ α

t

Ṽ

[
(inf(ε,t) w)h(y)

(
V ◦ U−1

)( ∫ t
ε
ω(y)dy

)
Cφ(y)ψ(y)

]
ψ(y)dy

≤
(
V ◦ U−1

)(∫ t

ε

ω(y)dy

)
holds for each 0 ≤ ε < t < α.

We prove Theorem 2.1 in Section 3 and then Theorem 2.3 in Section 4. The
proofs of the extra-weak type results are almost similar to the corresponding
weak type results. We only sketch the proof of Theorem 2.5. For this, we use
the same notations and constructions from Section 3. We use the techniques
developed in [9, 11,13,14].



764 D. CHUTIA AND R. HALOI

3. Proof of Theorem 2.1

Proof. (b) =⇒ (a). Following the argument from [11], we assume that f is non-
negative with support (0, L) for some L > 0. We define a decreasing sequence
{ξm}m≥0 with the iteration ξ0 = L and given ξm, we consider

P (ξm) =

∫ ξm

0

K(ξm, τ)f(τ)w(τ)dτ = (M + 1)−mP (ξ0).(25)

Now, using the inequalities (2) and (25) we have

P (ξm) = (M + 1)2P (ξm+2)

= (M + 1)2

∫ ξm+2

0

K(ξm+2, τ)f(τ)w(τ)dτ

= (M + 1)2
[ ∫ ξm+3

0

+

∫ ξm+2

ξm+3

]
K(ξm+2, τ)f(τ)w(τ)dτ

≤ (M + 1)2

[∫ ξm+3

0

M
{
K(ξm+2, ξm+3) +K(ξm+3, τ)

}
+

∫ ξm+2

ξm+3

K(ξm+2, τ)

]
f(τ)w(τ)dτ

≤ (M + 1)3

[
K(ξm+2, ξm+3)

∫ ξm+3

0

f(τ)w(τ)dτ

+

∫ ξm+2

ξm+3

K(ξm+2, τ)f(τ)w(τ)dτ

]

+M(M + 1)2

∫ ξm+3

0

K(ξm+3, τ)f(τ)w(τ)dτ.(26)

From the construction of P (ξm), we have∫ ξm+3

0

K(ξm+3, τ)f(τ)w(τ)dτ = P (ξm+3) = (M + 1)−(m+3)P (ξ0)

= (M + 1)−3P (ξm).

Thus (26) implies that

P (ξm) ≤ (M + 1)4

[
K(ξm+2, ξm+3)

∫ ξm+3

0

f(τ)w(τ)dτ

+

∫ ξm+2

ξm+3

K(ξm+2, τ)f(τ)w(τ)dτ

]
.(27)
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For k = 1, 2, we define δk,m = inf Ωk,m and βk,m = sup Ωk,m, where

Ω1,m =

{
y ∈ (ξm+1, ξm) : h(y)K(ξm+2, ξm+3)

∫ ξm+3

0

f(τ)w(τ)dτ >
γ

2(M + 1)4

}
,

Ω2,m =

{
z ∈ (ξm+1, ξm) : h(z)

∫ ξm+2

ξm+3

K(ξm+2, τ)f(τ)w(τ)dτ >
γ

2(M + 1)4

}
.

Thus (25) and (27) gives(
V ◦ U−1

)(∫
{t:If(t)>γ}

U
(
γω(t)

)
ρ(t)dt

)
≤
∑
m≥0

{(
V ◦ U−1

)(∫
Ω1,m

U
(
γω(t)

)
ρ(t)dt

)

+
(
V ◦ U−1

)(∫
Ω2,m

U
(
γω(t)

)
ρ(t)dt

)}
.(28)

Next, we estimate the first sum of (28). For this, we define a cover sequence
{xk} for the interval (0, L) with the iteration x0 = L and∫ xk

0

f(τ)w(τ)dτ = 2

∫ xk+1

0

f(τ)w(τ)dτ.

Then {xk} is decresing and verifies∫ xk

0

f(τ)w(τ)dτ = 4

∫ xk+1

xk+2

f(τ)w(τ)dτ.

Using [9, Lemma 1] we construct a subsequence {x′n} from the sequence {xk}
with the iteration x′0 = x0 and if xk+1 ≤ ξm < xk, then x′n+1 = xk+1, oth-
erwise we delete the term xk+1 and continue the process. Thus, we get a

subsequence {x′n} of {xk}. Let δ̃1,n = inf Ω̃1,n and β̃1,n = sup Ω̃1,n, where

Ω̃1,n = ∪{m:x′
n+1≤ξm+3<x′

n}Ω1,m. Now, if xk+1 = x′n+1 ≤ ξm+3 < x′n, then by

construction ξm+3 ≤ xk and x′n+2 ≤ xk+2. Suppose that Ω̃1,n 6= φ. Then for

t ∈ Ω̃1,n, we have

γ

2(M + 1)4
< h(t)K(ξm+2, ξm+3)

∫ ξm+3

0

f(τ)w(τ)d(τ)

≤ h(t)K(t, ξm+3)

∫ xk

0

f(τ)w(τ)dτ.(29)

As the estimate (29) holds for each t ∈ Ω̃1,n, thus

γ ≤ 8(M + 1)4 inf
t∈(δ̃1,n,β̃1,n)

h(t)K(t, ξm+3)

∫ x′
n+1

x′
n+2

f(τ)w(τ)d(τ).(30)
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Let us denote

η(γ; δ̃1,n, β̃1,n) =
(
V ◦ U−1

)(∫ β̃1,n

δ̃1,n

U
(
γω(τ)

)
ρ(τ)dτ

)
.

We use (10) and (30) to obtain

2η(γ; δ̃1,n, β̃1,n) ≤
∫ x′

n+1

x′
n+2

[
16(M + 1)4Cf(τ)φ(τ)

]
[(

inft h(t)K(t, ξm+3)
)
w(τ)η(γ; δ̃1,n, β̃1,n)

Cγφ(τ)ψ(τ)

]
ψ(τ)dτ

≤
∫ x′

n+1

x′
n+2

V
(

16(M + 1)4Cf(τ)φ(τ)
)
ψ(τ)dτ

+

∫ x′
n+1

x′
n+2

Ṽ

[(
inft h(t)K(t, ξm+3)

)
w(τ)η(γ; δ̃1,n, β̃1,n)

Cγφ(τ)ψ(τ)

]
ψ(τ)dτ.(31)

Since K(t, τ) is non-increasing in τ, thus from (15) we get∫ x′
n+1

x′
n+2

Ṽ

[(
inft h(t)K(t, ξm+3)

)
w(τ)η(γ; δ̃1,n, β̃1,n)

Cγφ(τ)ψ(τ)

]
ψ(τ)dτ

≤ η(γ; δ̃1,n, β̃1,n).(32)

Combining (31) and (32), we have(
V ◦ U−1

)(∫
Ω̃1,n

U
(
γω(τ)

)
ρ(τ)dτ

)
≤
∫ x′

n+1

x′
n+2

V
(

16(M + 1)4Cf(τ)φ(τ)
)
ψ(τ)dτ.(33)

Applying sub-additivity of V ◦ U−1, we obtain∑
m≥0

(
V ◦ U−1

)(∫
Ω1,m

U
(
γω(τ)

)
ρ(τ)dτ

)

≤
∑
n≥0

(
V ◦ U−1

)(∫
Ω̃1,n

U
(
γω(τ)

)
ρ(τ)dτ

)
≤
∫ ∞

0

V
(

16(M + 1)4Cf(τ)φ(τ)
)
ψ(τ)dτ.(34)

We now estimate the second part of (28). We denote

η(γ; δ2,m, β2,m) =
(
V ◦ U−1

)(∫ β2,m

δ2,m

U
(
γω(τ)

)
ρ(τ)dτ

)
.
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If t ∈ Ω2,m, then we have

γ

2(M + 1)4
< h(t)

∫ ξm+2

ξm+3

K(ξm+2, τ)f(τ)w(τ)dτ.(35)

As the estimate (35) holds for each t ∈ Ω2,m, thus

γ ≤ 2(M + 1)4 inf
t∈(δ2,m,β2,m)

h(t)

∫ ξm+2

ξm+3

K(ξm+2, τ)f(τ)w(τ)dτ.(36)

Now, applying (10) and (36) we have

2η(γ; δ2,m, β2,m) ≤
∫ ξm+2

ξm+3

[
4(M + 1)4Cf(τ)φ(τ)

]
[(

inf h(t)
)
K(ξm+2, τ)w(τ)η(γ; δ2,m, β2,m)

Cγφ(τ)ψ(τ)

]
ψ(τ)dτ

≤
∫ ξm+2

ξm+3

V
(

4(M + 1)4Cf(τ)φ(τ)
)
ψ(τ)dτ

+

∫ ξm+2

ξm+3

Ṽ

[(
inf h(t)

)
K(ξm+2, τ)w(τ)η(γ; δ2,m, β2,m)

Cγφ(τ)ψ(τ)

]
ψ(τ)dτ.(37)

As ξm+2 ≤ δ2,m ≤ β2,m, thus from the condition (14) we have∫ ξm+2

ξm+3

Ṽ

[(
inf h(t)

)
K(ξm+2, τ)w(τ)η(γ; δ2,m, β2,m)

Cγφ(τ)ψ(τ)

]
ψ(τ)dτ

≤ η(γ; δ2,m, β2,m).(38)

Combining (37), (38) and then summing up in m, we obtain∑
m≥0

(
V ◦ U−1

)(∫
Ω2,m

U
(
γω(τ)

)
ρ(τ)dτ

)
≤
∫ ∞

0

V
(

4(M + 1)4Cf(τ)φ(τ)
)
ψ(τ)dτ.(39)

Thus from (28), (34) and (39) we obtain (15) with constant 32(M + 1)4C.
(a) =⇒ (b). Let 0 < t < α and for each N ∈ N we consider the set

EN = {0 < s < t :
1

N
≤ K(t, s), w(s) ≤ N}.

Applying Ṽ(s) ≤ sṽ(s) we obtain∫
EN

Ṽ
(

λ(inf h)K(t, y)w(y)

(φ(y) + 1/l)(ψ(y) + 1/k)

)(
ψ(y) + 1/k

λ

)
dy

≤ ltN2(inf h)ṽ(λ(inf h)lkN2) <∞.
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We choose λ > 0 such that for each µ > 0 we have∫
EN

Ṽ
(

λ(inf h)K(t, y)w(y)

(φ(y) + 1/l)(ψ(y) + 1/k)

)(
ψ(y) + 1/k

λ

)
dy = (1 + µ)Cγ.

We consider the function f as

f(y) =
1

C
Ṽ
(

λ(inf h)K(t, y)w(y)

(φ(y) + 1/l)(ψ(y) + 1/k)

)
ψ(y) + 1/k

λ(inf h)K(t, y)w(y)
χEN

(y),

where C is the constatnt in the etimate (13). Let t < β < α. Then

If(β) = h(β)

∫ β

0

K(β, y)
1

C
Ṽ
(

λ(inf h)K(t, y)w(y)

(φ(y) + 1/l)(ψ(y) + 1/k)

)
(

ψ(y) + 1/k

λ(inf h)K(t, y)w(y)

)
χEN

(y)w(y)dy

≥
∫
EN

1

C
Ṽ
(

λ(inf h)K(t, y)w(y)

(φ(y) + 1/l)(ψ(y) + 1/k)

)(
ψ(y) + 1/k

λ

)
dy

= (1 + µ)γ > γ.

This implies that

(t, α) ⊂ {y : If(y) > γ}.
Thus using (11) and (13) we obtain

η(γ; t, α)

=
(
V ◦ U−1

)(∫ α

t

U
(
γω(y)

)
ρ(y)dy

)
≤
(
V ◦ U−1

)(∫
{If>γ}

U
(
γω(y)

)
ρ(y)dy

)
≤
∫
EN

V

(
Ṽ
(

λ(inf h)K(t, y)w(y)

(φ(y) + 1/l)(ψ(y) + 1/k)

)(
ψ(y) + 1/k

λ(inf h)K(t, y)w(y)

)
φ(y)

)
ψ(y)dy

≤
∫
EN

Ṽ
(

λ(inf h)K(t, y)w(y)

(φ(y) + 1/l)(ψ(y) + 1/k)

)
ψ(y)dy

= (1 + µ)Cλγ.

As Ṽ(s)/s increases with s, thus we have∫
EN

Ṽ
(

(inf h)K(t, y)w(y)η(γ; t, α)

(1 + µ)Cγ(φ(y) + 1/l)(ψ(y) + 1/k)

)
ψ(y) + 1/k

η(γ; t, α)
dy

≤
∫
EN

Ṽ
(

λ(inf h)K(t, y)w(y)

(φ(y) + 1/l)(ψ(y) + 1/k)

)
ψ(y) + 1/k

(1 + µ)Cλγ
dy = 1.

By the monotone convergence theorem, we have∫
EN

Ṽ
(

(inf h)K(t, y)w(y)η(γ; t, α)

(1 + µ)Cγ(φ(y) + 1/l)ψ(y)

)
ψ(y)

η(γ; t, α)
dy ≤ 1.
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Letting l, N →∞ and µ→ 0+, we get∫ t

0

Ṽ

(
(inf h)K(t, y)w(y)η(γ; t, α)

Cγφ(y)ψ(y)

)
ψ(y)dy ≤ η(γ; t, α).

Thus we obtain (14). Next we prove (15). For 0 < z ≤ t < α and N ∈ N let
us consider the set FN as

FN = {0 < s < z :
1

N
≤ w(s) ≤ N}.

Next we choose π > 0 such that for each κ > 0 the following inequality holds.∫
FN

Ṽ
(
π
(

inf h(y)K(y, z)
)
w(τ)

(φ(τ) + 1/l)(ψ(τ) + 1/k)

)(
ψ(τ) + 1/k

π

)
dτ = (1 + κ)Cγ,

where C is the constant of (13) and l, k ∈ N. Let us consider the function f as

f(τ)

=
1

C
Ṽ
(
π(infy∈(t,α) h(y)K(y, z))w(τ)

(φ(τ) + 1/l)(ψ(τ) + 1/k)

)
ψ(τ) + 1/k

π(infy∈(t,α) h(y)K(y, z))w(τ)
χFN

(τ).

If τ ∈ FN and t < β < α, then K(β, τ) ≥ K(β, z), which implies

h(β)K(β, z) ≥ inf
y∈(t,α)

h(y)K(y, z).

Thus for t < β < α, we have

If(β)

= h(β)

∫ β

0

K(β, τ)f(τ)w(τ)dτ

≥ h(β)

∫
FN

K(β, z)
1

C
Ṽ
(

π(inf h(y)K(y, z))w(τ)

(φ(τ) + 1/l)(ψ(τ) + 1/k)

)
ψ(τ) + 1/k

π(inf h(y)K(y, z))w(τ)
w(τ)dτ

≥ (1 + κ)γ > γ.

This implies that
(t, α) ⊂ {τ : If(τ) > γ}.

And then the rest of the proof proceeds similarly. Hence the proof is complete.
�

4. Proof of Theorem 2.3

Proof. (b) =⇒ (a). Let f be a non-negative function on R with support (0,∞).
We define an increasing sequence {ξm}m≥0 with the iteration ξ0 = 0 and given
ξm, we consider

Q(ξm) =

∫ ∞
ξm

K(τ, ξm)f(τ)h(τ)dτ = (M + 1)−mQ(ξ0).(40)

Now, using (2) and (40) we have

Q(ξm) = (M + 1)2Q(ξm+2)
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= (M + 1)2

∫ ∞
ξm+2

K(τ, ξm+2)f(τ)h(τ)dτ

= (M + 1)2
[ ∫ ξm+3

ξm+2

+

∫ ∞
ξm+3

]
K(τ, ξm+2)f(τ)h(τ)dτ

≤ (M + 1)2

[∫ ξm+3

ξm+2

K(τ, ξm+2)

+

∫ ∞
ξm+3

M
{
K(τ, ξm+3) +K(ξm+3, ξm+2)

}]
f(τ)h(τ)dτ

≤ (M + 1)3

[∫ ξm+3

ξm+2

K(τ, ξm+2)f(τ)h(τ)dτ

+K(ξm+3, ξm+2)

∫ ∞
ξm+3

f(τ)h(τ)dτ

]

+M(M + 1)2

∫ ∞
ξm+3

K(τ, ξm+3)f(τ)h(τ)dτ.(41)

From the construction of Q(ξm)∫ ∞
ξm+3

K(τ, ξm+3)f(τ)h(τ)dτ = Q(ξm+3) = (M + 1)−(m+3)Q(ξ0)

= (M + 1)−3Q(ξm).

Thus (41) implies that

Q(ξm) ≤ (M + 1)4

[∫ ξm+3

ξm+2

K(τ, ξm+2)f(τ)h(τ)dτ

+K(ξm+3, ξm+2)

∫ ∞
ξm+3

f(τ)h(τ)dτ

]
.(42)

For k = 1, 2, we define δk,m = inf Ωk,m and βk,m = sup Ωk,m, where

Ω1,m =

{
y ∈ (ξm, ξm+1) : w(y)

∫ ξm+3

ξm+2

K(τ, ξm+2)f(τ)h(τ)dτ >
γ

2(M + 1)4

}
,

Ω2,m =

{
z ∈ (ξm, ξm+1) : w(z)K(ξm+3, ξm+2)

∫ ∞
ξm+3

f(τ)h(τ)dτ >
γ

2(M + 1)4

}
.

From the construction of Q(ξm) and (42) we have(
V ◦ U−1

)(∫
{t:Ĩf(t)>γ}

U
(
γω(t)

)
ρ(t)dt

)
≤
∑
m≥0

{(
V ◦ U−1

)(∫
Ω1,m

U
(
γω(t)

)
ρ(t)dt

)
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+
(
V ◦ U−1

)(∫
Ω2,m

U
(
γω(t)

)
ρ(t)dt

)}
.(43)

We now estimate the first sum of (43). Now, if t ∈ Ω1,m, then we have

γ

2(M + 1)4
< w(t)

∫ ξm+3

ξm+2

K(τ, ξm+2)f(τ)h(τ)dτ.(44)

Since the inequality valids for each t ∈ Ω1,m, thus

γ ≤ 2(M + 1)4
(

inf
(δ1,m,β1,m)

w(t)
) ∫ ξm+3

ξm+2

K(τ, ξm+2)f(τ)h(τ)dτ.(45)

Let us denote

η(γ; δ1,m, β1,m) =
(
V ◦ U−1

)(∫ β1,m

δ1,m

U
(
γω(τ)

)
ρ(τ)dτ

)
.

Applying (10) and (45) we obtain

2η(γ; δ1,m, β1,m) ≤
∫ ξm+3

ξm+2

[
4(M + 1)4Cf(τ)φ(τ)

]
[(

inf w(t)
)
K(τ, ξm+2)h(τ)η(γ; δ1,m, β1,m)

Cγφ(τ)ψ(τ)

]
ψ(τ)dτ

≤
∫ ξm+3

ξm+2

V
(

4(M + 1)4Cf(τ)φ(τ)
)
ψ(τ)dτ

+

∫ ξm+3

ξm+2

Ṽ

[(
inf w(t)

)
K(τ, ξm+2)h(τ)η(γ; δ1,m, β1,m)

Cγφ(τ)ψ(τ)

]
ψ(τ)dτ.(46)

As ξm+2 ≥ β1,m ≥ δ1,m, thus from (17) we get∫ ξm+3

ξm+2

Ṽ

[(
inf w(t)

)
K(τ, ξm+2)h(τ)η(γ; δ1,m, β1,m)

Cγφ(τ)ψ(τ)

]
ψ(τ)dτ

≤ η(γ; δ1,m, β1,m).(47)

Combining (46), (47) and then summing up in m we get∑
m≥0

(
V ◦ U−1

)(∫
Ω1,m

U
(
γω(τ)

)
ρ(τ)dτ

)
≤
∫ ∞

0

V
(

4(M + 1)4Cf(τ)φ(τ)
)
ψ(τ)dτ.(48)

For the second sum of the inequality (43), we define a sequence {xk} on
(0,∞) with the iteration x0 = 0 and given {xk} we define {xk+1} as∫ ∞

xk

f(τ)h(τ)dτ = 2

∫ ∞
xk+1

f(τ)h(τ)dτ.



772 D. CHUTIA AND R. HALOI

Then {xk} is increasing and verifies∫ ∞
xk

f(τ)h(τ)dτ = 4

∫ xk+2

xk+1

f(τ)h(τ)dτ.

From the sequence {xk} we define a subsequence {x′n} with the iteration as
x′0 = x0 and if xk < ξm ≤ xk+1, then x′n+1 = xk+1, otherwise we delete the
term xk+1 and continue the process. Thus, we get a subsequence {x′n} of {xk}.
Let δ̃2,n = inf Ω̃2,n and β̃2,n = sup Ω̃2,n, where Ω̃2,n = ∪{m:x′

n<ξm+3≤x′
n+1}Ω2,m.

Now, if xk+1 = x′n+1 ≥ ξm+3 > x′n, then by construction ξm+3 > xk and

x′n+2 ≥ xk+2. Let us suppose Ω̃2,n 6= φ. Thus for t ∈ Ω̃2,n, we have

γ

2(M + 1)4
< w(t)K(ξm+3, ξm+2)

∫ ∞
ξm+3

f(τ)h(τ)d(τ)

≤ 4w(t)K(ξm+3, t)

∫ ∞
xk

f(τ)h(τ)dτ.(49)

As the estimate (49) holds for each t ∈ Ω̃2,n, thus

γ ≤ 8(M + 1)4 inf
(δ̃2,n,β̃2,n)

w(t)K(ξm+3, t)

∫ x′
n+2

x′
n+1

f(τ)h(τ)d(τ).(50)

Let us denote

η(γ; δ̃2,n, β̃2,n) =
(
V ◦ U−1

)(∫ β̃2,n

δ̃2,n

U
(
γω(τ)

)
ρ(τ)dτ

)
.

Using (10) and (50), we have

2η(γ; δ̃2,n, β̃2,n) ≤
∫ x′

n+2

x′
n+1

[
16(M + 1)4Cf(τ)φ(τ)

]
[(

inf w(t)K(ξm+3, t)
)
h(τ)η(γ; δ̃2,n, β̃2,n)

Cγφ(τ)ψ(τ)

]
ψ(τ)dτ

≤
∫ x′

n+2

x′
n+1

V
(

16(M + 1)4Cf(τ)φ(τ)
)
ψ(τ)dτ

+

∫ x′
n+2

x′
n+1

Ṽ

[(
inf w(t)K(ξm+3, t)

)
h(τ)η(γ; δ̃2,n, β̃2,n)

Cγφ(τ)ψ(τ)

]
ψ(τ)dτ.(51)

Since the kernel K is increasing in the first variable, thus from (18) we have∫ x′
n+2

x′
n+1

Ṽ

[(
inf w(t)K(ξm+3, t)

)
h(τ)η(γ; δ̃2,n, β̃2,n)

Cγφ(τ)ψ(τ)

]
ψ(τ)dτ

≤ η(γ; δ̃2,n, β̃2,n).(52)
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Combining (51) and (52) we obtain(
V ◦ U−1

)(∫
Ω̃2,n

U
(
γω(τ)

)
ρ(τ)dτ

)
≤
∫ x′

n+2

x′
n+1

V
(

16(M + 1)4Cf(τ)φ(τ)
)
ψ(τ)dτ.(53)

Thus, we have ∑
m≥0

(
V ◦ U−1

)(∫
Ω2,m

U
(
γω(τ)

)
ρ(τ)dτ

)

≤
∑
n≥0

(
V ◦ U−1

)(∫
Ω̃2,n

U
(
γω(τ)

)
ρ(τ)dτ

)
≤
∫ ∞

0

V
(

16(M + 1)4Cf(τ)φ(τ)
)
ψ(τ)dτ.(54)

Thus from (48) and (54) we obtain (16) with constant 32(M + 1)4C.
(a) =⇒ (b). For each m ∈ N, we consider the set

Em =
{
x ∈ (t, α) :

1

m
≤ K(x, t), h(x) ≤ m

}
.

We have ∫
Em

Ṽ
(

λ
(

inf w
)
K(y, t)h(y)

(φ(y) + 1/l)(ψ(y) + 1/k)

)(
ψ(y) + 1/k

λ

)
dy

≤ lm2(α− t)
(

inf w
)
ṽ(λlkm2 inf w) <∞

for each l, k ∈ N and λ > 0. Thus for each µ > 0 we choose λ > 0 suitably such
that ∫

Em

Ṽ
(

λ
(

inf w
)
K(y, t)h(y)

(φ(y) + 1/l)(ψ(y) + 1/k)

)(
ψ(y) + 1/k

λ

)
dy = (1 + µ)Cγ,

where C is the constant of (16). For 0 ≤ ε < t < α, we consider

f(y) =
1

C
Ṽ
(

λ
(

inf w
)
K(y, t)h(y)

(φ(y) + 1/l)(ψ(y) + 1/k)

)
ψ(y) + 1/k

λ
(

inf w
)
K(y, t)h(y)

χEm
(y).

If 0 ≤ ε < β < t, then

Ĩf(β)

= w(β)

∫
Em

K(y, β)

[
1

C
Ṽ
(

λ
(

inf w
)
K(y, t)h(y)

(φ(y) + 1/l)(ψ(y) + 1/k)

)
ψ(y) + 1/k

λ
(

inf w
)
K(y, t)h(y)

]
h(y)dy

≥
∫
Em

1

C
Ṽ
(

λ
(

inf w
)
K(y, t)h(y)

(φ(y) + 1/l)(ψ(y) + 1/k)

)(
ψ(y) + 1/k

λ

)
dy

= (1 + µ)γ > γ.
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This implies that

(ε, t) ⊂ {y : Ĩf(y) > γ}.
Thus applying (16) we obtain

η(γ; ε, t)

=
(
V ◦ U−1

)(∫ t

ε

U
(
γω(y)

)
ρ(y)dy

)
≤
(
V ◦ U−1

)(∫
{Ĩf>γ}

U
(
γω(y)

)
ρ(y)dy

)
≤
∫
Em

V

(
Ṽ
(

λ
(

inf w
)
K(y, t)h(y)

(φ(y) + 1/l)(ψ(y) + 1/k)

)
ψ(y) + 1/k

λ
(

inf w
)
K(y, t)h(y)

φ(y)

)
ψ(y)dy

≤
∫
Em

Ṽ
(

λ
(

inf w
)
K(y, t)h(y)

(φ(y) + 1/l)(ψ(y) + 1/k)

)
ψ(y)dy

= (1 + µ)Cλγ.

Since Ṽ(s)/s increases as s increases, therefore∫
Em

Ṽ
( (

inf w
)
K(y, t)h(y)η(γ; 0, t)

(1 + µ)Cγ(φ(y) + 1/l)(ψ(y) + 1/k)

)
ψ(y) + 1/k

η(γ; ε, t)
dy

≤
∫
Em

Ṽ
(

λ
(

inf w
)
K(y, t)h(y)

(φ(y) + 1/l)(ψ(y) + 1/k)

)
ψ(y) + 1/k

(1 + µ)Cλγ
dy = 1.

Using the monotone convergence theorem, we obtain∫
Em

Ṽ
((

inf w
)
K(y, t)h(y)η(γ; ε, t)

(1 + µ)Cγ(φ(y) + 1/l)ψ(y)

)
ψ(y)

η(γ; ε, t)
dy ≤ 1.

Letting l,m→∞ and µ→ 0+, we thus obtain∫ α

t

Ṽ

((
inf w

)
K(y, t)h(y)η(γ; ε, t)

Cγφ(y)ψ(y)

)
ψ(y)dy ≤ η(γ; ε, t).

Thus we obtain (17). Next we state the proof of (18). Let 0 ≤ ε < t ≤ z < α
and for m ∈ N we define the set Fm as

Fm = {s ∈ (z, α) :
1

m
≤ h(s) ≤ m}.

Given κ > 0 we choose π > 0 such that∫
Fm

Ṽ
(
π
(

inf w(y)K(z, y)
)
h(x)

(φ(x) + 1/l)(ψ(x) + 1/k)

)(
ψ(x) + 1/k

π

)
dx = (1 + κ)Cγ,(55)

where C is the constant of (16) and l, k ∈ N. Let us define the function f as

f(x) =
1

C
Ṽ
(
π
(

inf(ε,t) w(y)K(z, y)
)
h(x)

(φ(x) + 1/l)(ψ(x) + 1/k)

)
ψ(x) + 1/k

π
(

inf(ε,t) w(y)K(z, y)
)
h(x)

χFm(x).
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If x ∈ Fm and 0 ≤ ε < β < t, then

inf
y∈(ε,t)

w(y)K(z, y) ≤ w(β)K(x, β).(56)

Now, combining (55) and (56) and for 0 ≤ ε < β < t, we have

Ĩf(β) = w(β)

∫ ∞
β

K(x, β)f(x)h(x)dx

≥ (1 + κ)γ > γ.

This implies that

(ε, t) ⊂ {x : Ĩf(x) > γ}.
Thus applying the weak type boundedness of Ĩ, we obtain

η(γ; ε, t)

=
(
V ◦ U−1

)(∫ t

ε

U
(
γω(x)

)
ρ(x)dx

)
≤
(
V ◦ U−1

)(∫
{Ĩf>γ}

U
(
γω(x)

)
ρ(x)dx

)
≤
∫
Fm

V
(
Ṽ
(
π
(

inf w(y)K(z, y)
)
h(x)

(φ(x) + 1/l)(ψ(x) + 1/k)

)
ψ(x) + 1/k

π
(

inf w(y)K(z, y)
)
h(x)

φ(x)

)
ψ(x)dx

≤
∫
Fm

Ṽ
(
π
(

inf w(y)K(z, y)
)
h(x)

(φ(x) + 1/l)(ψ(x) + 1/k)

)
ψ(x)dx

= (1 + κ)Cπγ.

Since Ṽ(s)/s increases as s increases, therefore∫
Fm

Ṽ
( (

inf w(y)K(z, y)
)
h(x)η(γ; ε, t)

(1 + κ)Cγ(φ(x) + 1/l)(ψ(x) + 1/k)

)
ψ(x) + 1/k

η(γ; ε, t)
dx

≤
∫
Fm

Ṽ
(
π
(

inf w(y)K(z, y)
)
h(x)

(φ(x) + 1/l)(ψ(x) + 1/k)

)
ψ(x) + 1/k

(1 + µ)Cπγ
dx = 1.

Letting l, k,m→∞ and κ→ 0+, we thus obtain∫ α

z

Ṽ

((
inf w(y)K(z, y)

)
h(x)η(γ; ε, t)

Cγφ(x)ψ(x)

)
ψ(x)dx ≤ η(γ; ε, t).

Hence the proof is complete. �

5. Proof of Theorem 2.5

Proof. (b) =⇒ (a). Let f be a non-negative measurable function on R with
support (0, L) for L > 0. Let ξ0 = L and we define P (ξm) as

P (ξm) =

∫ ξm

0

K(ξm, τ)f(τ)w(τ)dτ = (M + 1)−mP (ξ0).(57)
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We recall the estimate (27)

P (ξm) ≤ (M + 1)4

[
K(ξm+2, ξm+3)

∫ ξm+3

0

f(τ)w(τ)dτ +

∫ ξm+2

ξm+3

K(ξm+2, τ)f(τ)w(τ)dτ

]
.

(58)

Considering Ω1,m and Ω2,m be the sets as defined in Section 3, thus we obtain(
V ◦ U−1

)(∫
{t:If(t)>γ}

ω(t)dt

)
≤
∑
m≥0

{(
V ◦ U−1

)(∫
Ω1,m

ω(t)dt

)

+
(
V ◦ U−1

)(∫
Ω2,m

ω(t)dt

)}
.(59)

Next, we consider the first sum of (59). Let x0 = L for each xk we define xk+1

as ∫ xk

0

f(τ)w(τ)dτ = 2

∫ xk+1

0

f(τ)w(τ)dτ.

Thus we obtain a decresing sequence {xk} with the following property.∫ xk

0

f(τ)w(τ)dτ = 4

∫ xk+1

xk+2

f(τ)w(τ)dτ.

Again we consider a subsequence {x′n} from {xk} with the iteration x′0 = x0

and if xk+1 ≤ ξm < xk, then x′n+1 = xk+1, otherwise we delete the term
xk+1 and continue the process. Thus, we get a subsequence {x′n} of {xk}. Let

δ̃1,n = inf Ω̃1,n and β̃1,n = sup Ω̃1,n, where Ω̃1,n = ∪{m:x′
n+1≤ξm+3<x′

n}Ω1,m.

Now, if xk+1 = x′n+1 ≤ ξm+3 < x′n, then by construction ξm+3 ≤ xk and
x′n+2 ≤ xk+2. Now, we have

γ ≤ 8(M + 1)4 inf
(δ̃1,n,β̃1,n)

h(t)K(t, ξm+3)

∫ x′
n+1

x′
n+2

f(τ)w(τ)d(τ).(60)

Let us denote

θ(δ̃1,n, β̃1,n) =
(
V ◦ U−1

)(∫ β̃1,n

δ̃1,n

ω(τ)dτ

)
.

Using the estimates (10) and (60) we obtain

2θ(δ̃1,n, β̃1,n) ≤
∫ x′

n+1

x′
n+2

[16(M + 1)4Cf(τ)φ(τ)

γ

]
[(

inf h(t)K(t, ξm+3)
)
w(τ)θ(δ̃1,n, β̃1,n)

Cφ(τ)ψ(τ)

]
ψ(τ)dτ

≤
∫ x′

n+1

x′
n+2

V
(16(M + 1)4Cf(τ)φ(τ)

γ

)
ψ(τ)dτ
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+

∫ x′
n+1

x′
n+2

Ṽ

[(
inf h(t)K(t, ξm+3)

)
w(τ)θ(δ̃1,n, β̃1,n)

Cφ(τ)ψ(τ)

]
ψ(τ)dτ.(61)

Using non-increasing property of the kernel K with respect to its second vari-
able and thus from (21) we get∫ x′

n+1

x′
n+2

Ṽ

[(
inf h(t)K(t, ξm+3)

)
w(τ)θ(δ̃1,n, β̃1,n)

Cφ(τ)ψ(τ)

]
ψ(τ)dτ ≤ θ(δ̃1,n, β̃1,n).(62)

Combining (61) and (62), we obtain(
V ◦ U−1

)(∫
Ω̃1,n

ω(τ)dτ

)
≤
∫ x′

n+1

x′
n+2

V
(16(M + 1)4Cf(τ)φ(τ)

γ

)
ψ(τ)dτ.(63)

Using sub-additivity of V ◦ U−1, we obtain∑
m≥0

(
V ◦ U−1

)(∫
Ω1,m

ω(τ)dτ

)
≤
∑
n≥0

(
V ◦ U−1

)(∫
Ω̃1,n

ω(τ)dτ

)

≤
∫ ∞

0

V
(16(M + 1)4f(τ)φ(τ)

γ

)
ψ(τ)dτ.(64)

Next, we estimate the second part of (59). For this, let us define δ2,m =
inf Ω2,m and β2,m = sup Ω2,m and we denote

θ(δ2,m, β2,m) =
(
V ◦ U−1

)(∫ β2,m

δ2,m

ω(τ)dτ

)
.

Thus we obtain

γ ≤ 2(M + 1)4 inf
(δ2,m,β2,m)

h(t)

∫ ξm+2

ξm+3

K(ξm+2, τ)f(τ)w(τ)dτ.(65)

Now, using the conditions (10) and (65) we have

2θ(δ2,m, β2,m) ≤
∫ ξm+2

ξm+3

[4(M + 1)4Cf(τ)φ(τ)

γ

]
[(

inf h(t)
)
K(ξm+2, τ)w(τ)θ(δ2,m, β2,m)

Cφ(τ)ψ(τ)

]
ψ(τ)dτ

≤
∫ ξm+2

ξm+3

V
(4(M + 1)4Cf(τ)φ(τ)

γ

)
ψ(τ)dτ

+

∫ ξm+2

ξm+3

Ṽ

[(
inf h(t)

)
K(ξm+2, τ)w(τ)θ(δ2,m, β2,m)

Cφ(τ)ψ(τ)

]
ψ(τ)dτ.(66)

As ξm+2 ≤ δ2,m ≤ β2,m, thus from the condition (20) we have∫ ξm+2

ξm+3

Ṽ

[(
inf h(t)

)
K(ξm+2, τ)w(τ)η(γ; δ2,m, β2,m)

Cφ(τ)ψ(τ)

]
ψ(τ)dτ



778 D. CHUTIA AND R. HALOI

≤ θ(δ2,m, β2,m).(67)

Combining (66), (67), and then summing up in m, we get∑
m≥0

(
V ◦ U−1

)(∫
Ω2,m

ω(τ)dτ

)

≤
∫ ∞

0

V
(4(M + 1)4Cf(τ)φ(τ)

γ

)
ψ(τ)dτ.(68)

Thus, combining the inequalities (59), (64) and (68) we obtain (19) with con-
stant 32(M + 1)4C.

(a) =⇒ (b). For each N ∈ N we consider the set

EN = {0 < s < t :
1

N
≤ K(t, y), w(y) ≤ N}.

We have ∫
EN

Ṽ
(

λ(inf h)K(t, y)w(y)

(φ(y) + 1/l)(ψ(y) + 1/k)

)(
ψ(y) + 1/k

λ

)
dy

≤ ltN2(inf h)ṽ(λ(inf h)lkN2) <∞
for each l, k ∈ R and λ > 0. We choose λ > 0 such that∫

EN

Ṽ
(

λ(inf h)K(t, y)w(y)

(φ(y) + 1/l)(ψ(y) + 1/k)

)(
ψ(y) + 1/k

λ

)
dy = (1 + µ)C,

where C is the constant in (19). For each γ > 0 we consider

f(y) =
γ

C
Ṽ
(

λ(inf h)K(t, y)w(y)

(φ(y) + 1/l)(ψ(y) + 1/k)

)
ψ(y) + 1/k

λ(inf h)K(t, y)w(y)
χEN

(y).

If t < β < α, then

If(β) = h(β)

∫ β

0

K(β, y)
γ

C
Ṽ
(

λ(inf h)K(t, y)w(y)

(φ(y) + 1/l)(ψ(y) + 1/k)

)
(

ψ(y) + 1/k

λ(inf h)K(t, y)w(y)

)
χEN

(y)w(y)dy

≥
∫
EN

γ

Cλ
Ṽ
(

λ(inf h)K(t, y)w(y)

(φ(y) + 1/l)(ψ(y) + 1/k)

)(
ψ(y) + 1/k

)
dy

= (1 + µ)γ > γ.

This implies that

(t, α) ⊂ {y : If(y) > γ}.
Thus using the assumption (19) we obtain

θ(t, α) ≤
(
V ◦ U−1

)(∫ α

t

ω(y)dy

)
≤
(
V ◦ U−1

)(∫
{If>γ}

ω(y)dy

)
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≤
∫
EN

V
(
Ṽ
(

λ(inf h)K(t, y)w(y)

(φ(y) + 1/l)(ψ(y) + 1/k)

)(
ψ(y) + 1/k

λ(inf h)K(t, y)w(y)

)
φ(y)

)
ψ(y)dy

≤
∫
EN

Ṽ
(

λ(inf h)K(t, y)w(y)

(φ(y) + 1/l)(ψ(y) + 1/k)

)
ψ(y)dy

≤ (1 + µ)Cλ.

Using the increasing property of Ṽ(s)/s with respect to s, we obtain∫
EN

Ṽ
(

(inf h)K(t, y)w(y)θ(t, α)

(1 + µ)C(φ(y) + 1/l)(ψ(y) + 1/k)

)
ψ(y) + 1/k

θ(t, α)
dy

≤
∫
EN

Ṽ
(

λ(inf h)K(t, y)w(y)

(φ(y) + 1/l)(ψ(y) + 1/k)

)
ψ(y) + 1/k

(1 + µ)Cλ
dy = 1.

By the monotone convergence theorem, we get∫
EN

Ṽ
(

(inf h)K(t, y)w(y)θ(t, α)

(1 + µ)C(φ(y) + 1/l)ψ(y)

)
ψ(y)

θ(t, α)
dy ≤ 1.

Letting l, N →∞ and µ→ 0+, we thus obtain∫ t

0

Ṽ

(
(inf h)K(t, y)w(y)

(
V ◦ U−1

)( ∫ α
t
ω
)

Cφ(y)ψ(y)

)
ψ(y)dy

≤
(
V ◦ U−1

)(∫ α

t

ω(y)dy

)
.

We skip the proof of (21) as it proceeds similarly. Hence the proof is complete.
�
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