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THE CHARACTERISATION OF BMO VIA
COMMUTATORS IN VARIABLE LEBESGUE SPACES
ON STRATIFIED GROUPS

Doncur Liu, JIAN TAN, AND JIMAN ZHAO

ABSTRACT. Let T be a bilinear Calderén-Zygmund operator,
be Uq>1Lq (G).

loc
We firstly obtain a constructive proof of the weak factorisation of Hardy
spaces. Then we establish the characterization of BMO spaces by the

boundedness of the commutator [b, T]; in variable Lebesgue spaces.

1. Introduction

The commutator of a Calderén-Zygmund operator T" and a function b is
defined by
[0, T)(f)(x) = b(z)T(f)(x) = T(bf) ().
In 1976, Coifman, Rochberg and Weiss [6] firstly established the character-
isation of BMO via the boundedness of commutators. They proved if b €
BMO(R™), then [b,T] is bounded on LP(R™) (1 < p < o0). They also ob-
tained

D lIb, Ry] : LP(R™) = LP(R™)]| ~ bl Broan),
j=1

where R; denotes the j'" Riesz transform. In [18], Janson proved it is sufficient
to show the boundedness of one of these commutators [b, R;]. Uchiyama [34]
characterized BMO in terms of the commutators of more general singular
integral operators. Chanillo [4] obtained the characterization of BMO by the
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commutators of fractional integral operators. Since then, the research on the
commutators has been paid much attention and has fruitful results on Euclidean
spaces (see [3,5,15,22,25,27,31]) and on various settings (see [1,2,13,17,20,
23,24,28,37]).

In 1931, Orlicz [30] introduced the variable Lebesgue spaces which are the
generalization of the classical Lebesgue spaces. In the variable Lebesgue spaces,
Cruz-Uribe et al. [8] studied the boundedness of some classical operators such
as maximal operators, fractional integral operators, singular integral operators
and commutators. Due to the applications to partial differential equations and
the calculus of variations, many authors focus on the study of variable function
spaces (see [7,9,19,29, 33,35, 36]).

Inspired by the above results, it is natural to ask whether the boundedness
of the commutators in variable Lebesgue spaces can characterize BMO. Tan,
Liu, and Zhao [32] gave an affirmative answer. The purpose of this paper is
to extend the above result to stratified groups. On the Euclidean spaces, the
authors [32] applied the techniques in Chaffee [3] and Janson [18] to prove the
function belongs to BMO. In this paper, we will use the weak factorisation of
Hardy spaces and the duality between BMO and the Hardy spaces to obtain
the desired results.

This paper is organized as follows. In Section 2, we recall some basic prop-
erties of stratified groups and variable Lebesgue spaces. In Section 3, we firstly
consider the properties of the characteristic functions in variable Lebesgue
spaces (Lemma 3.3). Next, for any H!(G) atom a, we prove there exist func-
tions f, g1 and g2 such that II;(f,g1,92) — a in the sense of H'(G) norm
(Lemma 3.6). Then we obtain the weak factorisation of Hardy spaces (The-
orem 3.7). Finally, we obtain the characterization of BMO spaces by the
boundedness of the commutator [b, T']; (Theorem 3.8).

Throughout this paper, the symbol A < B denotes there exists a constant
C > 0 such that A < CB, A = B denotes A < B and B < A. C always
denotes a positive constant that is independent of the main parameters and
may change from line to line. Constants with subscript will not change under
different conditions. For any set E C X, xg denotes its characteristic function.
Let L2°(G) be the space of bounded functions with compact support. p’ will
always denote the conjugate of p.

2. Preliminary

Firstly, we recall some basic properties concerning stratified groups [12].
A Lie group G is called stratified if it is nilpotent, connected, and simple
connected, and its Lie algebra g is endowed with a vector space decomposition
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where
V1,Vi]=Viyy for 1<i<m, and [V,V,]=0.

The group G is identified with its Lie algebra g via the exponential map which
is a diffeomorphism from g to G. The bi-invariant Haar measure p on G is
induced by the Lebesgue measure on its Lie algebra g.

A family of dilations on g is a family {0, : » > 0} of algebra automorphisms of
g of the form ¢, = exp(Alogr), where A is a diagonalizable linear operator with
positive eigenvalues. Without loss of generality, we can assume the smallest
eigenvalue of A is 1. The natural dilations on g are defined by

6r (in> = iTiXi,
i=1 =1

where X; € V; and r > 0. Moreover, let dy,ds,...,d, be the eigenvalues of A,
listed in increasing order and with each eigenvalue listed as many times as its
multiplicity. Then the homogenous dimension of G is defined by Q = Y., d;.
The homogenous norm on G is a continuous function  — p(z) from G to
[0,00). It is C*° on G\{o} and satisfies
(i) p(z™1) = p(z) for all x € G;
(ii) p(ra) =rp(z) for all x € G and r > 0;
(iii) p(x) =0 if and only if x = o.
Where 2~! denotes the inverse of x and o denotes the identity element of G.
Set
plz.y) = pla™y) = p(y~'z), Vaz,yeG.
Then there exists a constant Ag > 1 such that

plz,y) < Ao(p(x,2) +p(2,9),  Va,y,z€G.

With this norm, let B(z,r) := {y € G : p(x,y) < r} be the ball centred at
with radius r and B, := B(o,r). Clearly, we have |B(x,7)| = r® for all z € G.

Secondly, we recall the definition of variable Lebegue spaces on stratified
groups. The function p(-) : G — (0,00) is called the variable exponent. For a
measurable subset £ C G, set

pT(E) = supp(x),  p (E):= inf p(z).
z€E S

For conciseness, we abbreviate p*(G) and p~ (G) to p* and p~. Let &, (G) be
the set of measurable function p(-) such that

(2.1) l<p <p'<oo.

For a measurable function f,

1l = inf {A >0 /G ('fg”)” du(r) < 1} |

The variable exponent Lebesgue space LP() consists of those measurable func-
tions f for which || f[[,.) < oo.
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Let Q C G. p(-) is locally log-Holder continuous in 2 if for all 2,y € €,

1
(2.2) p(@) =P S e o))

p(+) satisfies the log-Holder decay condition with basepoint o € G if there exists
Poo € R such that for any z € €,

1
(2.3) Ip(x) =Pl S { e G

If (2.2) and (2.3) hold, then p(-) is log-Holder continuous in €.
In fact, if p(-) is log-Holder continuous in G, employing (2.2), then we have

(2.4) Ip(a) — p(y)] S ——

————  for p(z,y) < !
—log(p(x,y)) T2

and (2.3) is equivalent to

1
(2.5) P(®) =PI S et o)

Note that po = lim p(z) exists in view of (2.5).
r—00

for plo,y) > plo,x).

Definition 2.1. T is said to be a bilinear Calderén-Zygmund operator on
Gif T : LP(G) x L**(G) — LP(G) for some pi,p2 € (1,00), p € [1,00)
with % = p% + L and for all f, fo € L=(G) with bounded support, for all

x ¢ ﬂlesupp(f;))?’
(2.6) T(f1, fo)(x) = K(z,y1,y2) f1(y1) f2(y2)dp(y1)dp(y2),

GxG

where K is a locally integral function defined on G x G x G\{(z,y1,¥y2) : ¢ =
y1 = y2} and satisfies

1
(27) |K(y07y1ay2)| 5 9 2Q°
(Zk,z:o P(Yk, yl))
np
28) 1K (w0,v1.92) — Kl v1,92)| € —— LTS —
(Zk,l:o P(ykayl))
na
(29) |K(i‘/07y17y2) - K(y()vyl/va)‘ S./ 5 p(yhyl ) 2Q+8°
(Zk,l:o P(Yk, yz))
and
na
(2.10) |K (40, y1,y2) — K (yo, y1,92")| S Ply2: ')

)2Q+5 ’

(Zi,zzo P(Y, 1)

where 8 > 0 and p(y;,y;’) < %021132(2 p(yj,yx) for all j =0,1,2.
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In analogy with the Euclidean spaces, we define the commutators of the
bilinear Calderén-Zygmund operators as follows.

Definition 2.2. Suppose T is a bilinear Calderén-Zygmund operator on G.
Then we define

[0, T]1(f1, f2)(2) = b(x)T(f1, fo)(x) = T(bf1, f2) (@),

[b, T2(f1, f2) (@) == b(x)T'(f1, f2)(x) — T(f1,bf2)(2).
Definition 2.3. Suppose T is a bilinear Calderén-Zygmund operator on G.
Then T is said to be 2Q-homogeneous if for all z € B(xq, 1),

IT(xB, x8,) (@) Z M9,
where By = B(x1,7) and Bs = B(x2,7) denote two pairwise disjoint balls and
satisfy p(yo, 1) &= Mr for all yo € B(xg,r) and y; € Bi(l = 1,2), where r > 0
and M > 0.
Remark 2.4. On Euclidean spaces, according to [14] and [21], the bilinear Riesz
transform ]?; is a bilinear Calderén-Zygmund operator and 2n-homogeneous.
On stratified groups, for the linear case, Duong et al. [10] proved the Riesz
transform R; is ()-homogeneous.
Definition 2.5. A function a is called an L atom if it satisfies
(i) supp a C B(x,r);
(i) Jga(z)dp(z) = 0;
(ift) llallz~(@) < [BI7".

The Hardy space H'(G) is the set of functions of the form f = Z;’;l Aja; with
{)\;} € 1! and a; an L™ atom, the norm is defined by

oo

Hf”Hl(G) = inf Z |/\]| : f = Z)\jaj, {/\J} S ll,aj an LOO atom 5

j=1 j=1
where the infimum is taken over all decompositions of f = Zjoil Aja; above.

Similarly, one has the definition via L? atom, meaning that the atom a is
supported on a ball B C G, has mean value zero [, a(z)du(z) = 0 and has a

size condition ||al|2(q) < |B|7%.
In order to obtain the factorisation of H'(G) and inspired by [6,10,21], we
define the operator II;.

Definition 2.6. Suppose T is a bilinear Calderén-Zygmund operator on G.
Then we define

L (f, 91, 92) () == f(2)T (g1, 2)(x) — g1(x) T (£, 92) (),

I2(f, 91, 92) () := f(2)T (g1, 92)(x) — g2(2)T"* (g1, f)(2),
where T%7 is the j-transpose of T, that is, the kernel K*/ satisfying

K* (2, y1,92) = K(y1, 2, 2), K**(z,y1,92) = K(y2, 1, 2).
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3. The main results and proofs

In this section, we mainly use the techniques in [10, 11, 21] to obtain the
following lemmas which play important roles in obtaining the weak factorisation
of Hardy space H!(G). Finally, we will give our main results, Theorem 3.7 and
Theorem 3.8.

Lemma 3.1. Suppose p(-) satisfies (2.1), (2.4) and (2.5). If f € LPO) and
||f||p(‘) > 0, then

2 \P(@)
oL e

Proof. Tt follows from the Fatou’s lemma and the definition of LP(). O

Lemma 3.2. Let p(-) satisfy (2.1). Then the followings are equivalent:

(i) p(-) satisfies (2.4);
(ii) for a given ball B and x € B, we have

|B|p(r)—p+(3) <1, |BJp” (B)=p@) <.
Proof. Let B be the closure of B and r(B) be the radius of B. If r(B) >
employing 0 < p*(B) — p(z) < p* —p~, then
(3.2) |B|p(w)*p+(B) < (4AO)Q(p+(B)*p($)) < (4AO)Q(p+7P’) <1.

_L
4A07

If r(B) < ﬁ, then for any y € B, p(z,y) < 24or(B) < 3. Since p(-) is
continuous, then there exists y € B such that p(y) = pT(B). Employing the
fact that 0 < p™(B) — p(z) = p(y) — p(z) < p™ —p~ and (2.4), then we have

|B|P@)=r"(B) < (244)Qr@) =Wl (p(z, )~ @P@ PO

—QCo

(3-3) < [p(z, y)] ~estetom
—QCs
< exp {—log(p(w,y)) log(p(z, y))} <1,

where Cy is the constant such that (2.4) holds. Combining (3.2) and (3.3),
then we obtain the first inequality in (ii). The proof of the second is similar.

Fix z,y € G such that p(z,y) < i, then there exists a ball B such that
z,y € B and r(B) < p(z,y) + ¢. Employing (ii), then we have

1> |B|—\p($)—p(y)| > (p(z,y) +€)—Q\p(w)—p(y)\
2 exp{=Qlp(z) — p(y)|log(p(z,y) +)}.
Let € — 0, then we obtain (2.4). O

Lemma 3.3. Suppose p(-) satisfies (2.1), (2.4) and (2.5). Then
(I) for the ball B = B(x,r) and |B| <1, we have

1 1
(3.4) |B|7=® ~ |B|7T® ~ |B|7® ~ 15 lp(-
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(IT) for the ball B = B(x,r) and |B| > 1, we have

_1
(3.5) IxBllpe) ~ [Bl7=.
Proof. (I) By Lemma 3.2, for the ball B and any y € B, we have
IBIP®) < |BPPTB), IBIP”(B) < |B]PW).
If |B| <1, then
|BIP®) ~ |B|p+(B) ~|B[P"®) ~ |BIP).
So we have

p(y)
/<|B|> iuts) = [, 1817 duto) ~ [ 191"Vt =1

Then by Lemma 3.1, we have

1
IxBllpey ~ [Bl7.

Then we obtain (3.4).

(IT) Cover G with a collection of balls of the same radius s < 1. Then
there exists a countable subcover which we denote by E. Now we pick one
ball from F and denote it by By. Then we can pick another ball B; from F
which does not intersect with By. Again, we can pick a third ball By which
does not intersect with By and B;. In the same way, we can pick a sequences
of balls B3, By, Bs, . ... By Zorn’s lemma, we know there is a maximal disjoint
subcollection of F, which can be written as

F={B;}*,CE.

By the construction of F', if we pick an arbitrary ball B’ € E, then we can find
a ball B; € F such that B; N B’ # @. Moreover, we have B’ C 3A2B;. For any
x € G, there exist B € E and By, € F such that © € B C 343 By, thus

G= | 343B; = 343B;.
BjeF §=0
Set F* = {3A(2)Bj}§?‘;0. For any point = € G, denote the set of balls that
belong to F* and contain = by G(z) = {3A3B;;}_,. It is easy to check
Bji C Byazs(z) and N < (4A3)%. So the set {3A43B;}32, covers any point
of G at most (443)? times. Let us denote the set of all balls that belong to
F* and intersect with B,.s(2) by {342B;;}}4,, where r is an arbitrary positive
constant. Then we have Bj; C B(yy,ya14(2) and M < [(4 + r)AR]?.
Now we rearrange the sequence of balls {342 B; }32¢ such that

dist(0,3A3B;) > dist(o,3A2B;) if i > j.
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For a sequence {g;}32 in (1, 00), define

S :
, i 1\ *
e}l =i 2> 0: 3 <A <1
7=0
For a sequence of measurable sets {£;}52, in G, write

1 fllp), (B, = H{”fHLP(')(Ej)}?iOH

Set ¢; = pT(342%B;) or p~(343B;) and ¢oo = Poo- We have discussed that
there are at most [(4 + j)A3]? balls satisfying dist(o,342B;;) < js. Then we
can find a number k to be large enough such that e*~1s > A3 and k > 1. Thus
for a positive constant m, we have

IPoo

1

e+ dist(0,3A5 B4y jyatj@+m))
< 1 < 1
~ log(e + js) ~ log(e + Ajj)2@+1
< 1
™~ log((e + A37)%9 + (e + A5j)*9)
< 1
~ log(e + (e + A5j2 + 2 A3j)?Q)
< 1 - ,
™~ log(e + (A5(j +5))9)

where j > 1. Hence for all [ € (((4 + 5)A$)?, ((5+ 7)A$)?] N N, we have

Cs
log(e +1)

|Q[(4+j)Ag]Q+m — ool S Tog(

|QZ _QO0| <

Let Cy =max{|g;—qoo|log(e+i) : i = 0,1,2,...,(544)?} and C =max{Cs, Cy}.
Then we have

9j — doo| for all j € N U{0}.

< -
~ log(e +j)
According to [16], then we have [(%) = 9. Next we will show that

(3.6) £ lpcy,3a2,) ~ L fllpey-

Let ¢; = p™(34%B;). Since || - lp(),(342;) 1s homogeneous and it is easy to
check that ||fll,c) = 0 = [[fllp),3428,) = 0. Thus we will only need to
consider the case || f|,) = 1. By Lemma 3.1 and the definition of ¢;, we have

2)|P®) 2)|P®)
/ MOy =1 < / HET e,

-
A§B; ||f‘|i:(-)(3,433j) A3 B, ||f||L]P(‘)(3A(2JBj)
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Then
Z 110z < G492 [ 15@Pduta) = @49)°

Thus
3 %
< (44D < [ fllcs-

1o, agisy ~ [0 428, Y 20 o) <

Let g; = p’(3A(2)Bj). Similarly, we have ||f\|p(,)’ (3A2B;) 2 2 I fllpey- So we
obtain (3.6). Let f = xp. Then have

(3.7) IXBllo) ~ IxBllp), 3428;)-
Finally, we will prove

_1
(3.8) ||XBHp(-), (342B;) ™ | B 7o

Note that G can be regarded as a doubling metric space, by the dyadic cubes
and the invariant properties of G under dilation and translations. If we fixed
a ball B with |B| > 1, then there exists a dyadic cube Q° such that

(1843C") 'B c Q" c (343)'B,

where C’ > 1. There also exists a sequence of dyadic cubes {Qk o and balls
Bj such that for all k € Z,

G=JQF and B;cQlcecC's,
=0
where {Q¥}52, are pairwise disjoint cubes and either Q¥ € Q% or Q¥NQ° =
It is obv1ous that \Qﬂ ~ |Bj| ~ |B| ~ s%. Let F = {B }320- We choose the
radius of B; to be small enough such that [342B;| < 1. By (3.4), we have
1
BAFB;TD ~ lIxsazm; lp() = I1Ullocrsa3,) ~ (3435 ),

Denote the sequence of cubes that include in Q° and belong to V = {Q;c padty
by W = {Q%,}1_,. Then

UM, QF, —Zl@ | = 1Q°| ~ N|Bju| ~ Ns©.

Since Bj, C Q%, € Q° C (343)7' B, we have

N

o0

Poo
> Ixsl250 3438,) 2 Z IS0 3428,.) ~ Y |33 B[P
j=0 u=1

u=1

(3.9) N

> S IQU [ ~ N 31525,
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On the other hand, suppose B = B,.(z), from our previous discussion. There
4\ Q@
are at most KW) J balls in F** that intersect with B, where | -] denotes

the floor function. Denote them by {3A3B;;}1X,. Then we have

0o M
Z ||XB||122°(->(3A33J) < Z HIHZZZC(')(&‘l%Bﬂ)
=1

(3.10) =0 0
4 Poo
< <(7’ i ;@AO) (3425) 57
Combining (3.9) and (3.10), we obtain (3.8). O

Lemma 3.4 ([10]) Letr >0, 0<n<1. Suppose f is a function satisfying

) fo f( =0;
( ) |f( )‘ S XB(acl,m“)( ) + XB(:EQ,’UT‘)(x)) where p(xlax2) =Tr.
Then we have

1
1l @) S n¥r@log .

Lemma 3.5. Let 1 < 5 < 2. Suppose T is a bilinear Calderon-Zygmund
operator. And forb € BM O( )s [b T); is bounded from LP*C)(G)x LP2()(G) —
LPON(G) for some pyi(-), p2(-) € P1(G) and p(-) satisfying

1 1 1
p(@)  pi(z) p2()

<1, VazoedG.

Moreover,
H[b’T]j () () Lp(-)H < |18l Baso-
Then for any fixed f € Lg°mLp’<'>, g1 € LXNLPO), gy € L NLP2O) | we have

(311) H](fmglvg?) EHl(G)

Moreover, there is a constant C, independent of the functions f,g1,g2, such
that

(3.12) ITL; (f5 91, 92) |0 < Cllfllporer lgill or lg2ll poaco -

Proof Since fi91,92 € L(G), for any q1,¢92 € (1,00) and ¢ € [1,00) with
: Ly q— we have that f € L9 (G), g1 € L9(G) and g5 € L%(G). Applying
the deﬁmtlon of I1;, the Holder’s inequality and the property of the Calderon-
Zygmund operators, we have

I3 (fy 915 92) e SNz 1T (g1, 92) | 2a + [lgallnon | T (F, 92) || o
Sl pa llgrllzar g2l noe -
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Similarly we obtain ||II2(f, 91, 92) |t S | fll e lg1]lLar |lg2||Le=. We also have
(313) (o) @)dutz) = .
In practice, IL;(f, g1, 92) € L?(G) and has compact support. Hence, I1;(f, g1, g2)

is a multiple of 2-atom in H'(G). Then we obtain (3.11).
For b € BMO(G), we consider the inner product

0, IL;(f, g1, 92)) /b i (f, 91, 92)(x)dp(x).

Without loss of generality, we assume supp(IL;(f, g1, 92)) C B;. Thus

/G b@)TL, (1, 91, g2) (2)du(x)| <

Hence, (b,IL;(f, g1,92)) is well defined for j = 1,2. In fact, we have

/G b()g1 ()T (f, 92) (@)du(z) = {F, T(bgn. 42)).

S 1B 12 bl sarolITL (f, 91, 92) 2 (,) < o0

Thus
(0,111 (f, 91, 92)) = (f,bT(g1,92)) — (f, T(bg1,92)) = (f.[6,T]1 (91, 92))-
Similarly, we also obtain (b,II5(f, g1, 92)) = (f, [0, T]2(g1, 92)). So we have
(0, 11;(f, 91, 92| < bl Bazoll fll Lo s lgall Lo lgzll zraco-
By the duality between H'(G) and BMO(G), we have

||Hj(f7gl792)||H1(G) ~ sup ‘<b7H](fagla.92)>|
beBMO(G): bl aro <1

S Ao lgilleso g2l eac - O

Lemma 3.6. Suppose T is a bilinear Calderdn-Zygmund operator which is 2Q-
homogeneous. Let p1(-), p2(-) € Z1(G) and be log-Hdlder continuous. Let p(-)
satisfy
1 1 1
= +

p(x)  pi(z)  pa(x)
For every H'(G) atom a and for alle > 0, for all j = 1,2, there exist functions
feLrnr?’O, g e L nNLPO), gy e L N LP2O) and a number M = M(e)
such that

<1, VzreQgQG.

(314) Hai]'_'[j(faglagQ)”Hl(G) <§g,

and

(3.15) £l gl oo g2l oo S M22.
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Proof. Let a be an H'(G) atom, supported in By = B(zo,r) C G, satisfying
[ a@int) =0 andali=o) < |Bal

For xg, select z1 € G such that p(xg,x1) = Mr, and then select x5 € G such
that p(za,21) = 2A4¢r. Let By = B(x1,1), Bo = B(x2,7). Then By N By = &.
For any yo € Bo, y1 € By and ya € Bs, if M > 5A3, then for | = 1,2,
p(yo,y1) = Mr. Since T is 2Q-homogeneous, for any x € By,

(3.16) T (x5, xB,) ()] 2 M9,

Set g1(x) = xB,(x), 92(2) = xB,(z) and f(x) = m7 then we have

a(x) — Ui (f, 91, 92) ()

~ (ot - 2ol rn )
T(XBl y XBQ)(ZE())

(3.17) .

+ <XBl ()T (T(XBl7XBz)($0)7XB2> (ff))
— Wi (2) + Wa(a).

It is easy to verify that if M > 1043, then for all yo € By, we have p(yo, y2) >
2r. Since the atom a is supported in the ball By, for x € By, we have

1
p($0,$) <r S §P($0a112)-
Employing (2.8), we have

p(xo, )P P
K -K < < .
| (anylayQ) (xvyh 2/2)| ~ P(1'07y1)2Q+ﬁ ~ (Mr)2Q+IB

By (3.16), the properties of the atom a and the above inequality, we obtain
[Wh(z)]

\a(x)| ‘ T(XB1 ) XBg)(Jfo) — T(X31 ; XBQ)(x)
T(xB,, XBs) (o)

(3.18)

A

747@‘]\4'2QXB(;80,'r) (.T)

/ |K (z0,y1,92) — K (2,91, y2) |dp(yr)dp(y2)
By x B

A

T_QM_BXB(:D(),T) (l‘)
Similarly, if M > 1043, then p(y1,20) < r < $p(y2, x0). By (2.9), we have

P

K (20, ,y2) — K(y1,2,92)| S (Mr)2a+s
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Applying the above inequality, the properties of atom a and (3.16), we have

[Wa ()]
_ - - a(y1)XB, (y2)
- XBI( ) GxGK(yl’ ’yz)T(XBl7X132)(l‘o)du(y1)du(y2)
(3.19) -/ GK(xo,x,ya)mdu(yl)d#(yz)
< xs (x)r’QMQQ/ K (20, %, y2) — K (y1, 2, y2) |dp(y1 ) dpa(y2)
By X Ba

< xB, (@)r M P,
Combining (3.17), (3.18) and (3.19), we obtain
|a(x) - Hl(f, g1, 92)(x)| 5 T_QM_B(XB(zO,r) (1’) + XB(z1,r) (‘77))

By (3.13) and the fact that the atom a has mean value zero, we have

/G fa(e) — T (f, g1, 92) (@) du(z) = 0.

log M
M#B

By Lemma 3.4 and choosing M large enough such that < Ce, we obtain

la —T1(f, 91, 92)l () < e

Next we will consider the case j = 2. For z, select x5 € G such that p(zg, z2) =
Mr, and then select z; € G such that p(z1,22) = 2A¢r. Let By = B(xy,7),
By = B(xa,r). Then By N By = &. For any yo € By, y1 € By and y2 € Bo,
if M > 5A3, then for | = 1,2, p(yo,y1) ~ Mr. Thus (3.16) holds. Set g;(z) =

x5, (%), g2(x) = xB,(z) and f(z) = % Then

a(z) —a(f, g1, 92)(x)

= (ot - e mxn o))
T(XBl y XBZ)((E())

(3.20) a

(o0 e )

=: Wi (x) + Wa(z).
Similarly we can obtain

(W ()]

(3.21) gr_QwaBo(;v)/B 5 K (20, y1,y2) — K (2, y1,y2) |du(yr)dp(y2)
1X 52

< T_QM_/RXBO (x).
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(W ()]

(3.22) SXBz(x)T‘QMZQ/B N K (y2,91,2) — K (20, y1, ) |dp(y1 ) dpu(y2)
1 X 5o
< X, (@)r~OM P
Therefore, combining (3.20), (3.21) and (3.22), we obtain

la(z) = Ta(f, 91, 92)(@)| S 7~ OM P (xg, (2) + X8, (2)).
Similarly, if M is large enough, then we have

la —Ta(f, g1, 92) |2 (c) < e

Therefore we obtain (3.14).
Moreover, by Lemma 3.3, we have

g1l zrrcr = IXBy | Lor ) ~ |Bl|ﬁ ~ (TQ)ﬁ7
lg2llLr2cr = IxBs I Lr2t) ~ |Bz|ﬁ ~ (rQ)ﬁ’
and
[fllre S T_QMZQ”XBOHLP’M ~ T_QMQQ(TQ)i.
Thus we obtain (3.15). 0

Now we will give our main results.

Theorem 3.7. Let 1 < j < 2. Suppose T is a bilinear Calderon-Zygmund
operator which is 2Q-homogeneous. Let p1(-), p2(+) € P1(G) and be log-Hélder
continuous. Let p(-) satisfy

L1
p(z)  pi(z)  pa(a)

Then for each f € H'(G), there exist a sequence {\F} € I' and functions
gb e L NP0, bk e L N I1O) and hE, € L N LP20) such that

<1, VxedGqG.

(323) f = ZZAEHj(gfahlsc,hh?Q)

k=1s=1

in the sense of H'(G). Moreover, we have

o o0
(3.24)  inf {ZZ INSIgE 1l oo 15 4

k=1s=1

Lr1() ||h’]:,2

Lpz<->} S ey

where the infimum is taken over all decomposition of f such that (3.23) holds.
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Proof. For any f € H*(G), according to the atomic decomposition, there exist
a sequence {\l} € I! and atoms {al} such that

f=> Mal and Z|Ai|§0||f||m.
s=1 s=1

By Lemma 3.6, for each al, there exist g}, hs 1 hl 2 such that

lag =10 (gs, he s he o)l < and lggll o llhg ) S M.
So
f= Z)‘l a, — gsvhsl’h;Z +Z>\H gsvhihhiz) =: A1 + By,
s=1
and
[ Al 1 <Zl>\ [ las = 105095, hg 1 b 2) || o < Cell flln-

Since A; € H'(G), we can find a sequence {\?} € I! and atoms {a2} such that

oo

Ay = Z)\iai and Z N2 < Ol A1)l < C2e|| fllan-

s=1 s=1

For each a? and the same e, by Lemma 3.6, there exist g2, h?l, h§,2 such that

||a§ - (gsvhilv )HHl <e and ”gsHLp()”h ?,2“1;1720) S M9
Then

Z)\ al —TLi(g2, h2 1, h3 +Z)\2 (93, h31,h%2) =2 A2 + B,
and

[Az2)lm < ZIAZ\ a3 = T0(92, h2 1. B2 ) || o < (C)[If Nl

Thus we have

f A2+ZZ)‘k gs'? slah§2)'

k=1s=1
Repeating this step, then for 1 < k < K, we obtain

f AK+ZZ>‘k gs? 517}7’ )

k=1s=1

Moreover, we have

g8 oo 1 sl Lor o IS 2l oo € M2 and | Axllzn < (C) ™| flzro-
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Let K — oo. Then

o0

E k
GHJ gsa 917h 2)

1s=1

aet

f

>
Il

in the sense of H'(G). And

oo o0

ZIA’“ < Z Vellfllm =

Thus
k M
(3.25) ZZ\A gl oo PG 1l oo 1S 2l poacr S = ||f||H 1f 12
k=1 s=1
Then we complete the proof. O

Theorem 3.8. Let 1 < j < 2. Suppose T is a bilinear Calderén-Zygmund
operator and T : L' x L' — LY2. Let p1(-), po(-) € 21(G) and be log-
Hoélder continuous. Let p(-) satisfy

1 1
= +
p(x)  pi(x)  pa(x)
If b € BMO, then [b,T); is bounded from LP*C)(G) x LP*()(G) — LPO(Q).

Moreover,

<1, VzeQG.

(3.26) 2,71, L7 5 120 = 120 < b gavo.

Conversely, forb € Ugs1L] (G), if T is 2Q-homogeneous and [b,T); is bounded
from LP1O)(G) x LP20)(G) — LPU)(G), then b € BMO(G). Moreover,
(3.27) I8l Baco < H [b,T); : LP'©) x LP2() 5 Lo >H

Proof. We have proved the inequality (3.26) in [26]. It suffices to prove (3.27).
Since b € Ugs1 L] (G), we can assume b € L] (G) for some ¢ > 1. For any

loc

f € H' N L, according to Theorem 3.7, there exist a sequence {\F} € ! and
functions g¥ € L N L' (), hE, e L NLP*C) and ht, e L N LP20) such that

ZZ gsa sl’hI:Z)
k=1 s=1

in the sense of H1(G) and

oo oo
DD INGE N o IS sl o 1S 2l oa s S 1 F L

k=1 s=1

Since f € L°(@), we can assume suppf C E. So f € LY (E). Thus

(b, f) = /G () f () du(x)
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is well defined. Set b;(x) = b()X{zeq: |p(x)|<i} (%). Then we have

(3.28) [ @ s @duta) = 1 [ b 5@)dnte).
G 1— 00 G
Since g*, h’; 1) h’;z € L%, then by the boundedness of Calderén-Zygmund op-

erators, we know that II;(g¥, h* |, hE ) € LY(G). Thus (b;, IL; (g, k%1, hE,))
is well defined. According to the definition of b;, we have b; € L*°, and hence
b; € BMO(G). Therefore, for each i, we obtain

| v f@ana) = [ b 303 AT b (o)

G —1 s—
(3.29) oo e
= ZZ)\EQ)’L?HJ(gs?hs 1»hls€2)>
k=1 s=1

y (3.28) and (3.29), we have

=3 AR, gk RE L RE ).

k=1s=1

Then by Holder’s inequality and the boundedness of [b,T];, we have

0, 1) = [0 D_ ALlge. 0. T);(h% 1 bt o)
k=1s=1
S ZZ Ak\HgsHme || b T hl:la s,2 HLp()
k=1 s=1
(oo} o0
S DD INEGE N o IS L oo 1S 2 e
k=1s=1
« H[b’ T, i) p2() LP(')‘
S Il || 12,705 L s 1020 5 1200
Therefore
Blloe ~  swp [ AIS |B.T)y L0 s Lm0 1O
FEHYN(G): I fll 1<
Applying the fact H' N LS is dense in H', then we obtain (3.27). O
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