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A HIGHER ORDER SPLIT LEAST-SQUARES
CHARACTERISTIC MIXED ELEMENT METHOD FOR
SOBOLEV EQUATIONS

Mi RAy OHM AND JUN YONG SHIN®

ABSTRACT. In this paper, we introduce a higher order split least-squares
characteristic mixed element scheme for Sobolev equations. First, we use a
characteristic mixed element method to manipulate both convection term
and time derivative term efficiently and obtain the system of equations
in the primal unknown and the flux unknown. Second, we define a least-
squares minimization problem and a least-squares characteristic mixed
element scheme. Finally, we obtain a split least-squares characteristic
mixed element scheme for the given problem whose system is uncoupled
in the unknowns. We establish the convergence results for the primal
unknown and the flux unknown with the second order in a time increment.

1. Introduction

In this paper, we consider the following Sobolev equation

c(x)ur + d(x) - Vu— V- (a(u)Vug + b(u)Vu)

fw), (z,t) € 2 (0,T],
u(z,t) =0, (z,t) e Tp x (0,7], (1.1)
(a(w)Vug + b(u)Vu) -n =0, (z,t) € Ty x (0,77,
u(z,0) = up(x), x €,

where €2 is a bounded convex domain in R™, 1 < m < 3, with its boundary
N =TpUTN, I'pNTy =@ and c(x),d(x),a(u),b(u), f(u), and ug(z) are
given functions. The applications of Sobolev equations were studied in [2, 22, 23]
and the existence and uniqueness results of the solutions of (1.1) were given in
[8].
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When d(z) = 0, many numerical methods, such as mixed finite element
methods [12, 19, 21, 25|, least-squares methods [13, 21, 24, 25], and discontinu-
ous Galerkin methods [15, 16], were used to achieve the numerical results. And
if we use a conventional (least-squares) mixed finite element method, then we
will have the coupled system of equations in two unknowns and some difficulties
of solving the coupled system. So, in [21], a split least-squares mixed finite el-
ement method for reaction-diffusion problems was first introduced to avoid the
problem of solving the coupled systems of equations in the unknowns and in
[11], a split least-squares mixed element method for pseudo-parabolic equations
was introduced to avoid the problem of solving the coupled systems of equations
in the unknowns.

When d(z) # 0, we generally use a characteristic (mixed) finite element
method as one of the useful methods [1, 3, 4, 5, 6, 7, 10, 14] to reflect well the
physical character of a convection term and to treat efficiently both convection
term and time derivative term. Gao and Rui [9] introduced a split least-squares
characteristic mixed finite element method to approximate the primal unknown
u and the flux unknown —aVu of the equation (1.1). And Zhang and Guo
[26] introduced a split least-squares characteristic mixed element method for
nonlinear nonstationary convection-diffusion problem to approximate the primal
unknown and the flux unknown. In [17], Ohm and Shin introduced a split
least-squares characteristic mixed element method to approximate the primal
unknown u and the flux unknown o = —(a(z)Vus + b(z)Vu) and proved the
optimal order of convergence in L? and H' norms for the primal unknown and
the suboptimal order in L? norm for the flux unknown, with the first order in
a time increment. And in [18], Ohm and Shin extended their previous result to
the problem with the flux unknown o = —(a(u)Vus + b(u)Vu).

In this paper, we introduce a split least-squares characteristic mixed element
scheme based on the three point formula for the directional derivative and obtain
the optimal order of convergence in L? and H' norms for the primal v and the
suboptimal order in L? norm for the flux o, with the second order in a time
increment which improves the results in in [18]. The outline of this paper is
as follows. Section 2 is devoted to introduce some assumptions and notations
and Section 3 to introduce finite element spaces with approximation properties.
In Section 4, we construct a split least-squares characteristic mixed element
scheme to approximate the primal unknown and the flux unknown. In Section
5 and Section 6, the convergence results for the primal unknown and the flux
unknown are established.
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2. Assumptions and notations

For a nonnegative integer s and 1 < p < oo, we denote by W*P(Q) the
Sobolev space with the norm

1
(3 JolD*eldr) ", 1<p<os,
||¢||S,p = |k|<s

MAZT|g|<s €SS sup|D¥¢|, p = oo,

where k = (k1,ka, -+ ,km),k; > 0, is a multiindex of order |k| = ki + ko +
ootk and D¥¢ = ——20¢  When p = 2, we denote H*(Q) = W2(Q)

81’1@161;2-461’;}{"
and ||¢]|s = ||¢]ls,2. And we simply denote ||¢|| = ||¢||o for s = 0. Let H*(Q) =
{u = (ug,ug, - ,um) | v € H¥(Q),1 < i < m} with the norm |ju|s =

m 1/2
(Z ||ul|\§) .Andlet V. ={v e H(Q):v=0onTp} and W = {w €
i=1

H(_di”,Q) cw-n=0onTyN}.
When a function ¢(x,t) belongs to a Sobolev space equipped with a norm
| - | x for each ¢, we let

to
166010100 = [ 190Dl for 1< p < o,
[p(, )] Lo (0,t0:x) = €88 SUPg<i<y, P(, 1) x-

When ty = T, we write LP(X) = LP(0,T : X) and L>®(X) = L*(0,T : X),
respectively.

Assumptions on the coefficients and the function f in (1.1) are as follows:
(A1) There exist ¢, c*, and d* such that 0 < ¢, < ¢(z) < ¢* and 0 < |d(x)| <
d* for all z € Q, where |d(z)| = Y., dZ(z).

(A2) There exist a.,a*, b, and b, such that 0 < a, < a(p) < a* and 0 < b, <
b(p) < b* for all p € R.

(A3) ap(p), app(p), by(p), and by, (p) are bounded .

(A4) f(p) is Lipschitz continuous.

3. Finite element spaces

To begin with, we let &, = {E1, Ea2, -+, En, } be a family of regular finite
element subdivision of 2. We let h denote the maximum of the diameters of
the elements of &,. If m = 2, then E; is a triangle or a quadrilateral, and if
m = 3, then E; is a 3-simplex or 3-rectangle. Boundary elements are allowed
to have one curvilinear edge (or one curved surface).

We denote by V,, x W, the Raviart-Thomas-Nedlec space of index & > 0
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associated with £,. And let P, xII;, : V x W — V}, x W}, denote the Raviart-

Thomas projection [20] which satisfies
(V-w—V-th,X):O, Vx € Vi,
(v — Pypu,x) =0, Vx € V.

Then, (V- w,v — P,v) = 0 holds for each v € V and each w € W) and

div II;, = Py, div is a function from W onto V},. The following approximation
properties are proved in [20]:

lv = Ppol|| + h|lv — Prollr < Kh" v, Vo e VN H"(Q),1 <r <k+1,
|lw—ITw| < Kh'[|wl|,, Vwe WNH"(Q),1<r<k+1, (3.2)
IV (w—Iw)|| < Kh|V-w|., Ywe WNH"(Q),0<r<k+1.

(3.1)

4. A split least-squares characteristic mixed element scheme
Let v = v(a,t) be the unit vector in the direction of (d(x), c(x)). Then, the
directional derivative of u in the direction of v is given as follows:

ou  c(z) Ou  d(x)

v~ b ot v(a)

1

where ¥(x) = (02(:1:) + \d(:c)|2)2 and |d(z)|*> = idf(m) So the problem
(1.1) becomes .
P(z) % — V- (a(u)Vuy + b(u)Vu) = f(u), in Qx (0,7,

u(z,t) =0, on I'p x (0,77, (4.1)
(a(uw)Vuy + b(w)Vu) -n =0, on 'y x (0,77, '
u(x,0) = up(z), in Q.

By denoting o = —(a(u)Vu; + b(u)Vu), we can rewrite the problem (4.1) as
follows:

V(X)L + Vo = f(u), in Q x (0,7,
o+ a(u)Vus + b(u)Vu =0, in Q x (0,77,
u(z,t) =0, on I'p x (0,7, (4.2)
o-n=0, on I'y x (0,77,
u(x,0) = uo(x), in Q.
To discretize the problem (4.2), let At = T/N be a time increment for a given
positive integer N and t" = nAt for n = 0,1,---, N. Discretizing 1/1(m)g—z at

(x,t™) by applying the backward three point formula along the direction of v,
we get

ou Su(z, t) — 2u(&, t" 1) + Ju(®, t"?)

U)o (@) = c(a) ~ ,
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where & = & — d(x)At and & = = — 2d(x)At with d(z) = %. Therefore,

from (4.2), we know that for n > 2, (u", o™) satisfies

c(x) %un_%n;tl—'r%ﬂnﬁ +V-.-o"
= f(Eu") + QF + Q3, in €2,
o™ + a(Eu™) gvu”—Qvu;:-s-%vu"*z + b(Eu™)Vu™ (4.3)
= Q5+ Q1 in €, '
u” =0, on I'p,
o"-n=0, on I'y,
where u" = u(z,t"), o" = o(z,t"), W1 = u(z, "), W"? = u(z,t"?),
n n—1 n—2 Jur—2an s yan ou n n
Eu™ = 2u —u , QF = c(x)=2 I 2 —ﬂ)(w)a,,(xt) Qy =

SV —2Vu" T 41 v 2
fu) = f(Eu), QF = a(Bu™)2 A —a(u")Vui, and Q) =
b(Eu™)Vu™ — b(u™)Vu™. Notice that we need u° and u! in (4.3), which will be
given later. For first and second equations of (4.3), we obtain the equivalent
system of equations

Sc(m)u + At V- o™ =2¢(z)u" ! — Le(m)a" 2 + At(f(Bu™) + QT + QY),
At o" + (3a(Eu™) + At b(Eu™))Vu"
= a(Bu™)(2Vu"~! — 3Vu"72) + At(Q% + QF)
and hence
Sc(m)u" + At V- o
= 2c(z)a" " — ge(@)a" " + At(f(Bu") + QF + Q3),

3 (4.4)
At 0" + 5 A(Eu™)Vu”
= a(Bu")(2Vu" ! = 3Vu"?) + AL(QF + QF),
where A(-) = a(-) + 2b(-)At. Therefore, from (4.4), we get
c(z) "2 [Ec(z)un —I—At V-om —2c(x)u"t
Fhel@)in? — AH(F(E") + Qf + Q3)] = W

A(Bum)~Y2[At o™ + 2A(Eu")Vur
—a(Bu™)(2Vun~t — 3Vu"?) — AHQ5 + Q)] =

For (v,7) € V x W, we define a least-squares functional J" (v, ) as follows:
J (v, T) = ||c(:c)_1/2[gc(w)v + AtV T = 2c(x)a" T+ %c(:c)ﬁ"_Q
—At(f(Bu") + Q1 + Q)
+|A(Eu™) "2 (At T + gA(Eu")VU

—a(Bu") (290" — SV ) - Ad(Q5 + Q]I
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Then the least-squares minimization problem corresponding to (4.5) is given as
follows: find (u™,0™) € V- x W, n > 2, such that

Tt o) = inf (v, 7).
(u 7 ) (v,‘r)lélVXW (U,T) (4'6>

Define the bilinear form B on (V x W)?2 by
Bw: u,o;v,7) = (c(a:)_l(gc(a:)u + At V-o), gc(w)v +At V- 7')

(4.7)

+ (A(w)_l(gA(w)Vu + Ato), gA(w)VU +arr).

Then the weak formulation of the minimization problem (4.6) is given as follows:
find (u™,0™) € V x W, n > 2, such that

B(Ew" : w",0™0,7) =
(cl@)™* e(@)in" = e(@)in=2 + At(F(Eu") + Q7 + Q).
Sel@+ ALY -7) (4.8)
+ (ABu") ! (@(Ba) @Vur ™ — L9 4 AHQS + Q3),
%A(Eu”)Vv + At‘r)

for any (v, 7) € V. x W. Based on (4.8), we derive the following least-squares
characteristic mixed element scheme: find (u}, o}) € Vi x Wy, n > 2 such that

B(Euy, : up,o;0h,Th) =
1
(e(@) ™ 2el@)i ™! = Se(@)ig = + Atf(Eup)),
3
§c(sc)vh + At V- Th) (4.9)
1
+ (A(Euﬁ)_l(Qa(EuZ)VuZ_l - §a(EuZ)VuZ_2),
3
SA(BuR) Vo + At Th)

for any (vp,Th) € Vi x W,

Lemma 4.1. For any (u,0), (v,7) €V x W, we have

Bw : u,o;v,7) :g(c(m)u, v) + (A)? (e(x)"'V -0,V - 7)

+ g(A(w)Vu, Vo) + (At)? (A(w) e, 7).
Proof. The proof is straightforward from the definition of of the bilinear form

B in (4.7). O
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Letting v, = 0 in (4.9) and applying the definition of the bilinear form B,
we have
(A1) ((c(2) "'V - a3,V - 71) + (A(Bupy) oy, 1))

:(c(:c)—l(zc(a;)v:u;*1 - %c( Vi 2 4 Atf(Eull)), AtV - Th)

+ (A(Euﬁ)_1(2a(EuZ)VuZ*1 - 5a(Eu;;)vuh*Z), At Th)

and hence
(e(2) 7V - 0,V - ) + (A(Bug) o, 77)
= 2@ V) — s (0 V) o+ (e() F(Bu), Vo)
F 2 (AGBR)  alBuf) V™!, 7) — 5 (ABug) a(Buf) V%, 71)
:é(wz*l—va;*l, h) — 22t(VuZ 2_vir?, 7)
- (VT )+ 5 (VR )+ (o) (), V)
—&-é(A(EuZ)_la(Euﬁ)VuZ’l,Th)—ﬁ(A(Euh) a(Eaf) V2, 7).
Since
— A(Bup)"a(Bu}) = A(Eu) " (A(Bup) - a(Eu}))
= %AtA(EuZ)’lb(Euﬁ),
we have

(c(x)'V o}y, V1) + (A(Buy) oy, 7h)

2 1
= (V™ = Vi ) - o (Ve = Vi 7
4 — 1 n\— n n—
— g(A(EuZ)flb(EuZ)Vuz L Th) + g(A(Euh) 1b(Euh)Vu}i 2 Th)
+ (c(=) " f(Bu}), V-141).

Letting 75, = 0 in (4.9) and applying the definition of the bilinear form B, we
have

9
Z<A<Euz>wz,wh>

g(zc - fc(m)ﬂz_z + ALF(BuR), vn)
3
2

(C(m)UZ,vh) +

1
+ <2a Eup)Vuy - ia(EuZ)VuZ_Q, Vvh)
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and hence

(c(z)uy,vp) + (A(Euy)Vuy, Vop)
_ %(ZC(m)ﬂZ_l _ %c( )2+ ALF(Buf), o)
+ ;(Qa(EuZ)VuZ_l - %a( up) V=2, Vvh>.
Therefore, we finally derive a split least-squares characteristic mixed element
scheme: find approximations {u},o}} € V;, x Wy, such that for n > 2

(c(z)uy,vp) + (A(Euy)Vuy, Vuop)
2 1
=3 (2c(m)uh - 56( x)ty, 24 Atf(Euy), ’Uh) (4.10)
2 1
+ 3 (QQ(EUZ)VUZ_l — ia(EuZ)VuZ_Q, Vvh), vp € Vp,

(c ( )TV o, V) + (A(Bup) T o, )

(Vu “tovapt ) -

B

1
2At(VuZ 2 VﬁZ‘Q, Th)

(A(Bup) 'o(Bup)Vuy ™', 1) (4.11)

4
3
+ 2 (ABu) BV, )

+ (e(x) " f(Buy), V-74h), Th € Wi

As we know, we need uj in the definition of Eu? and so we discretize ¢(x ) u

at (x, t2) by applying the centered difference formula along the direction of v
to get

where d(z) = %7 t=xz+dx)a, z=1a—d(x)4 and tz = (10 +¢h).
Then we have

()5 4V - o(t?) = f(u?) + By + Ey, in Q,

o(t2) + a(u?) VeVl | p(u3)Vus

= FE3+ FEy + Fs + Eg, in Q, (4.12)
u(tl) =0, on I'p,
o(t2) -n=0, on Iy,
where o (t2) = o(z,t2), @' = u(z,t'), ©° = wz,1°), u! = u(g; th), w0 =
%

Bu' +u0), By = c(@) U555 — () B (e, th), ultd) = u(@, t4),
)—a(u(t2))) LS, By = afu(t?)) (T
)Vuz, and Eg = b(u(t2))(Vuz — Vu(t2)).
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Therefore we define (u}, 0'%) € Vi, x W, as follows:

U 1 1
(C(iL') At avh) =+ (v : Uﬁvvfl) = (f(u}i)vvh)7 Vp € ‘/}u
Vu} — Vul
At ’
(uh,vn) = (uo,vn), vh € Vi,

1

(02, 74) + (a(u?) (4.13)

1 1
Th) + (b(uﬁ)vu}i7‘rh) = Oa Th € Wh7

1 _ _
where u? = 1(u}, 4+ u), @} = u} (%), and g = ud ().

As in [15, 16], we define a projection @(z,t) of u(z,t) onto V}, satisfying

(c}(u)V(u — ’fL)t, VUh) + (b(u)V(u — ﬂ), Vvh) =0, Vv, € Vh, (4'14)
(@(0),v) = (ug,v), Yo € V.

Then, by the assumption (A2), it is obvious that there exists unique projection
(xz,t) € V. Let n = u— @ and £ = up, — @ and state the estimates of  below.
Hereafter a constant K denotes a generic positive constant depending on €2 and
u, but independent of h and At, and also any two K's in different places don’t
need to be the same.

Lemma 4.2 ([18]). Let ug € H*(Q), ut, uge, ugre € H* (), uy € L2(H*(Q)), and
s> 2. If ug,uye € L°(Q2 x [0,T1]), then there exists a constant K, independent
of h, such that

(1) lnll + Alnlly < KR*([Juell 2 ae(0)) + lluolls),

(i1) [lmell + Rllnells < KB*(Nuel 2= o)) + luolls + lluells),

(ii1) [|meells < KRP (el L2 e )y + luolls + Nuells + lueells),

(iv) [Imeeellr < Khufl(HUth(Hs(Q)) + luolls + llutlls + lJweells + llusells),
where p = min(r + 1, s).

Proof. The results except (iv) are given in [18] and the proof of (iv) is similar
to one of (iii). O

Lemma 4.3 ([18]). Let Ug € HS(Q), U, Ug, Ugt, Uttt € Lm(HS(Q))ﬂLOO(Wl’OO(Q)),
u, € L*(H*(Q)), and s > 2. If p = min(r + 1,s) > 1+ 2, then the following
statements hold:

max{|[nlloe, V7lloes IVhllocs [Vietlloo, [IVieeelloc} < K.

Proof. The results except ||Vt ||o are given in [18] and the proof of ||V oo
is similar to one of || Vnet || oo - O

Lemma 4.4. If u € WhHe(W3°(Q)) N W3 (Wh>(Q)), then
QI < K(At)?,i=1,2,3,4

and
| E:]| < K(At)Q,z’ =1,2,---,6.
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Proof. By applying Taylor’s expansion, these results can be obtained. O

For o = (01,00) € W, let & = (61,62) be a projection of o onto W,
satisfying

(c(£)"'V-(6-6),V-T)+ANo—6,7) =0, VT € Wy, (4.15)

where ) is a positive real number. The existence of & can be obtained from the
Lax-Milgram lemma.

Lemma 4.5 ([18]). Let o € WN H* (). Then there exists a constant K > 0
such that

IV (o —a)l+llo -6l < Kn'a].,

where p = min(k + 1, s).

1
5. Error analysis for uj and o}

1
In this section we will obtain the error estimates for uj and o} in (4.13)
which will be used in the next section to obtain the error estimates for uj and
oy .

Theorem 5.1. Assume that the hypotheses of Lemma 4.2, Lemma 4.3, and
Lemma 4.4 hold. If At = O(h), then

flu' —up | < K(h*~ ' 4 (At)?), 1=0,1,
where p = min(k + 1, s).
Proof. Using n =u — @ and & = up, — 4, we get from (4.3) and (4.4)

B -+ E N
(c(x) A yopR) + (V- (o (t2) — Uﬁ),vh) (5.1)

:(f(u%)_f(u}%)vvh)'F(El"‘EZ;'Uh); v € WV,

V' = Ve - Vi 4 VE°
At Th)

(o(t?) = oF,7h) + (a(uf)
+ (b(u})(Vn? — VED), 1)

1 1 ul — uo 1 1 1
=((auh) = a(wh) T ) + (b)) Tt 7)

+(E3+E4+E5+E6,Th), Th € W

(5.2)
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And so, we have

1_ ¢0 . N
(@)= ) — (V- ((t%) — o F), un)

At
Al 1 1_,0 0_ =0
=(e(@) o) + (el@) T on) + (@) T vn) 5
g g & o0

+(e(@) o ) + (e(a)

1 1 1 1 _wyeo 1
~(o(th) — af i) + () Y ) + (bl VEE 7
1V 1 -V 0 1 1
=(a(u) T + (6w ) Vo, ) 54)
Vaul — Vu

= ((aug) — a(uh) “ 1) = (Oug) — blub) Vub, )
— (B3 + Ey+ Es + Eg, Th), Th € Wi

Letting vy, = €' in (5.3) and 74, = V¢! in (5.4) and adding both sides together,
we get

At At At
1 1 :O, 0 1 1
+(ele) S € 4 (el S ) — () — fud) €)
. 1 v,.0 N
(1,8 — (B2, €) + () VY e + (b )Vt V)
Vul — Vu

_ 0 1 1 i 1
V€D~ ((0(uy) — b(ut)Vur, VE

Since £ = 0, we have

b, 16
cl€1® + a VP + S AL VE® < Aty Ri. (5:5)

i=1
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For Ry ~ Rg and Ry3 ~ R1g, we obtain the following bounds:

R <K
Ry < K
R; < K
Ry <K
Rs =0,
Re < K€Y+ In*1* + 1n°11%),
Ry < K((A)* +[1€1]%),
Ry < K((At)* +]1€"1%),
Riz < K((At)* + Ve ?
Riy < K((AH* + |veH|)?

((Ap)*

((At)*

I 1%+ 11€M1 + 7€ 1%),
g 1+ 116M11%).

I°11* + 11€H 1 + 7€ 1),
IVE® + 116M11%),

—~ o~ —~~

);
);
+IVE),
+IVE).

Ri5 < K((At
Rig < K((At

For Ry 4+ Ryp, we can split into four terms:

+((b(u?) — b(u(t?)) V3, VEL)
=1+ o+ J3+ 4

For J; ~ J4, we obtain the following bounds:
Ji < K[V o (167 | + In? | + (A6)*)[|VE"|
S K(IE1P + IVE + Int 12 + 011 + (Ab)h),
Jo < K((A)* + Ve,
Js < K((At)* + Ve,
Ji < K|Vn2lleo(IE2 ] + [In7 || + (A1) VEY|
S K(IEP + IVE + Int 17 + 11 + (An)®),

Therefore we have

Ry + Rio < K(lE"7 + IVEZ + [l 1* + In°lI* + (An)*).
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Finally, for R1; and R;2, we obtain the following bounds:

Ruy < K€" + V€M1 + 1> + In°11% + (At)*),
Riz < K€" + V€M™ + ' 117 + 11 + (At)*).

Thus, by using these bounds for R; ~ R, we obtain from (5.5)

by
eI + aIVE* + 5 At Ve
< KA + IVEP + llmg 1 + Nl 2 + 1”1 + (A8)*).

Taking At sufficiently small and using Lemma 4.1, we get

1% + IVE* + At VE > <K At 2 + [l 1 + I°[1* + (At))

) A (5.6)
<KAt(h* + (At)h).

Thus, by triangular inequality and Lemma 4.1, we obtain the result of this
theorem. 0

Theorem 5.2. Assume that the hypotheses of Lemma 4.2, Lemma 4.3, and
Lemma 4.4 hold. If At = O(h), then

los ~ Mo s + |V - (o) —Mo?)| < Kb~ + (A1)°),
where p = min(k + 1, s).
Proof. From (4.12) and (4.13), we get

Vu}, — Vul 1 Vul — Vb
A TR

—
Q
S ol

I

Q

©

s‘

>
~

[

I
—
S
—~
<
IS
~—

1

2 _p(u2)Vuz, 7)) — (B3 + By + Es + Eg, T1)

I
—~
=
—~
<
ol
<
<
>

and
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So, we have

1 1 1 1
lo; =My |* + ||V - (o] — yo2)|?

:(a',% —a'%,aﬁ —I;o2) + (0'% —Hh0'2,a'; —Hha%)
+ (V- (02 —02),V- (6 —,07))
+(V- (0% ~,0%),V (07 —,0%))
% Vul —VUO 1 Vul —Vuo % 1
= () — o) T o~ Tot)
i 1

Notice that

[Vuelloo € K, |[Vu?|lo < K

and
1
V47 [loo < VU2 |loo + | V02 [|oo + KR VEY| < K.

For S; and S5, we obtain the following bounds:

1 1 1 1
S ZE((G(U;‘;)((% —u') = (up —u?)), V- (¢ —I0?))
1 1 1 1
- E(a’(uﬁ)VUﬁ ((up, —u') = (up —u°)),0f =0 2)
1 1 Vel = vl 1 1
~ (o) = a(ub) S o~ o)
1 1 1
SK[E(IIU}L —ul|+ lup — DIV - (67 —Tpo?)|

1 1 1
+ E(IIU}L —ut|| 4 up, =) o — oz,
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Sl
~

1 1 1
Sy == (b(up)V(ui —u?),0f —Muo?) — ((b(u
1 1 1
—b(u?))Vuz,0; —II02)
i 1
<K[(IV (uj, = u")[| + [V (uf — u®)|D]lof — Mpo2||
X 1
+ (lup, — | + llup, —u°|l) o — Loz ).
And for S3 ~ Sg, we obtain the following bounds:
S < K(AD||of — ot |,
1 1 1
Sy < Klo? — o3| |of — o7 |,
K 1 1
S5 < xz (luh = !l + g —u IV - o2 = M .
1 1 0 0 5 1
Se < K([lup, —u [+ |lup, —w" DIV -0 — oz |,
1
S < K(AL?(|V - (0} — Myo2)),
1
Ss < K|V (02 —I,0?)| ||V (07 —4o?)|.
Using all bounds for S; ~ Sg, (3.2), and Theorem 5.1, we have
1 1
lof —Myo? | + ||V - (o — Myo?)]|
1
< K[Kt(\lui —u'|| + [Jup, — u®)
+ (lup, = |+ lup = w®[) + IV (uj, = u) |+ [V (= u®)])
+o? — Mo |+ |V (0% — o ?)|| + (AL)?]

< K[Aith“ + R (A

307

and so, by triangular inequality and (3.2), we obtain the result of this theorem.

6. Error analysis for uj and o}

O

In this section, we will obtain the error estimates for v} and o} which are
given in (4.10) and (4.11) as the split least-squares characteristic mixed element

scheme.

Theorem 6.1. Assume that the hypotheses of Lemma 4.2, Lemma 4.3, and

Lemma 4.4 hold. If At = O(h), then
|u™ —uf|; < K(R* '+ (At)?),  forn > 2andl = 0,1

where p = min(k + 1, s).
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Proof. From (4.4), we get

(c(z)u™,v) + (A(Eu™)Vu"™, Vo)

(@)™ 0) — S (e(w)i"2,0) + 2 At (F(B") + Q% + Q4 0)

n n—1 1 n n—2 (61>
(a(Bu™)Vu™™ ", Vo) — g(a(Eu YVu™=2, V)

2
FAHQS + Q1L V)
for any (v, 7) € V x W. So, from (4.10) and (4.13), we get

(c(z)(u"™ —up),vp) + (A(Bu™)Vu"™ — A(Euy)Vup, Vo)

(@)@ — ), on) = 5 (@) (@2~ a2), )

+

A (F(B™) ~ F(Buf), o) + 20 (Qf + Q5. 1)

+
DN Wl — Wl ks Wl

(a(Bu™)Vu""! — a(Bul)Vu}~t, Vo)

(a(Bu™)Vu""?% — a(Bu})Vu} 2, Vo)

Since A(Eu™) = a(Eu™) + 3 At b(Eu™) , A(Euy) = a(Eu}) + 2At b(Euj), and
—Vuy = =Vu™ + V"™ — VE", we have

(c(x)(u" —up),vn) + (A(Eu™)Vu™ — A(Euy)Vuy, Vug)
=(c(®)(n" = &), vn) + ((@(Bu") — a(Eug))Vu", Vop)

+ (a(BEup)(Vn™ — V&™), Vup) + %At ((b(Eu"™) — b(Euy))Vu"™, Vo)

+ %At (b(Eu) (V" — VE™), Vop)
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and from (6.2), we get
(c(®)(n™ = £"),vn) + ((a(Bu") — a(Buy))Vu", Vos)
+ (a(Eup) (V™ = V&), Von)

+ ;At (b(Bu™) — b(Eul))Vu™, Vo)

+ A (b(Buf) (V" ~ VE"), Von)

=2 (el@) (" =€), 0) — 5(el@) (1" — €72), )
AL ((E) — [(Bug),on) + 550 (QF + Q% un)

+ = (a(Bu™)Vu" ™ — a(Bu})Vuy ™', Voy,)

— Wk Wl N

2
- g(a(Eu”)Vunf2 — a(Bul)Vu} =2, V) + gAt (Q5 + Q%, V).

Hence we have
(c(®)(€" =€ 1), on) + (a(Bup)(VE™ — VE), Vo)
+ %At (b(BEup)VE™, Vo)

(@)™ — ") o) + 2 (e@) (7 — ), )

3
(c(@) ("™ = 0"7%),vn) — S (c(@) ("2 =" 72), vp)
(c(@) (" =€) o) + 2 (e(@) (€72 = €77%) )

(c(z)(€" ! = €"7%),um)
a(Eu™) — a(Bul))(Vu" — Vu" 1), Vo)

+

Wl Wl —

((a(Bu™) — a(Bul))(Vu™ ! — Vu™"2), Voy,)

(a(Bup)(VE"™! = VE"™2), Vup)

+ + +
Wl Wl D Wl Wk W~

+

—~

4 1
(a(Eup) — a(u™))(Vn" — gvnnfl + gvn””), V)

4 1, 2 n
+ (a(u™)(Vn" — gvﬁn T+ gvﬂ e gAt vni'), Von)

2 2
- §At OW™)Vn", Vo) + §At (b(Eup)Vn"™, Vo)

+ gAt ((b(Eu™) — b(Bu}))Vu™, Vo) — %At (f(Eu") = f(Eup),vn)
A Q) + Q8 ) — 24 (5 + Q1. Vun).
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Letting vy, = 9:£™ in (6.3), we have

(@€~ &) — (€ — £, ")

+ (@B [(VE" V&) — Z(VE — Ve, VaLE)
2 A ((Bup)VE, VO

—(el@) (" 1), 0" + 5 ()" — ), ™)

(@) = "2, 08") 5 (e(@) "2 = "), ™)

+ o+
W X Wk W=

(@)@~ €71, + 5 (el@) (€7 — €72),0,6")
a(Bu™) — a(Bul))(Vu™ — Vu" 1), V&™) (6.4)

((a(Bu™) — a(Buf))(Vu™! — Vu"2), Vo™)

+

—~

(a(Buf) — (") (Vo" — 590" + V"), Va,E")

3

4 1 2
gvn”* + gvnH — gAt V), Vo,Em)

2 2
= SAL BNV, VOE") + AL (B(Buf) Vi, Vo)

+ (a(u™) (V" —

3
+ %At (B(Eu™) — b(Eu})Vu™, VO,E™) — %At Q7 + QB,0,¢™)

NGB~ (Bu), 0,67) ~ SA(QF + Q4 VL"),

Defining Eu,l1 = 0, we obtain lower bounds for terms in the left-hand side in
(6.4) as follows:

A 2¢, A
Ly 2 5 [IVe@ae P - IVa@ae ] + 22 o,

3
At _ ne
Ly > 7= (I a(Bup) Vo™ | = ||y a(Bu =) Vo™ |12
At n— n— n n—
+ 5 (I aBu Va2 = |ly/a(Bup) Vo~ )
2a,. At n
+ = va
Ly > 2 (/BB VE | - [/b(Ear ) ver|P?
s > 5 (I/o(Eug) Ve 2 - |1y /b(Bu ) v

1
+ < (I bEa Ve — ||y fo(Bug) Ve 2).
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Thus, from (6.4), we have

A *A
2 (V@0 - 1Ve@oe 2 I7) + 222 P

At n— n—
+ = (I a(Bup) Vo2 - |/ a(Eu; 1>vat£ 1)
Qa*At

+ 220w + 5 (Iy/oEa) Ve /o ver )

At — n— n—
< = (I a®Bup) Vo2 = |\ a(Bu =) V" |?)

+ 2 (/B Ve 12 = (B ver=1?)
(@) 0" =", 0" + S (el@) (" = "), 0"
(e(@)(n" ™ = "), 00") = 5 (c(@) ("2 = i7" %), Dhg")

+ o (e(@)(E =€), 0™ + 3(c(@)(€"” 2 £n72), 9,6
a(Bu™) — a(Bul))(Vu" — Vu” D), V™)

'—‘wh—l

+(c
1
BN
4
T3
+

/—\

S((alBu™) — a(Bup))(Vu" ™ — Vu'?), Vo,€")
4 1
+ (@(Bu) — a@) (V" — 590"+ L9 ), V08"
4 1 2
+ (a(u™)(Vn" — §V77"_1 + §V77"_2 - gAt Vi), Vorg™)

2 2
— AL BV VE") + SAL (B} V", V")

2N (") ~ HEGR) V", VO — ZAL(QF + Q5 0E")

C 2N (F(BU") — F(BW)), 0ET) — SAL(Q + QY VOEN).

3
=Y n
i=1
Notice that
|Bupy — Bup =t = At 20,6771 — 9,772 + 20,01 — 90",
Eun _ EU,Z — 27771—1 n 2 gn 1 gn—Q’
10hi oo < 10!l + [0 oo < K, 1=1,2,--- ,n—1,

and

10 |0 < K206 < K, 1=1,2,--- ,n— 1.
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Therefore we can estimate bounds for R; ~ Rqg as follow:
Ry < K(At)? Vo, 112,
Ry < KAt Ve,
Ry < KA [l ~|* + eAt [|9,€"|*,
Ry < KA [l ~H|(10:€7 ]| + VO™ )
< KA [ 7P + et 0,677 + eAt [ VO£,
Rs < KAt [~ H[[10:£7 | < KA [l ~H|* + eAt[|a:€™ 1%,
Rs < KAt [l 2(|(10:€" | + VO™ )
< KA [0 72|17 + At 0,67 |” + eAt VO£,
Ry < KAt [VE 10,67 | < KAt [VE ™ + eAt]| 0, |1%,
Ry < KAL [ VE2[[[[0:£7|| < KAL[|[VE"2|* + eAt[|a:¢™ 1%,
Ry < KAt [V ™o Bu™ — Bujy[[[|[V,£" |
< KA (€M A+ €217 + ™12 + " 72117 + eAt]| 9" ||,
Rig < KAt [Vuy 2| o[ Bu™ — Bujy[[|[VO€" |
< KA (€M + 12117 + I =12 + " 211%) + eAt]| 9™ ||,
Riy < KAt (Vo™ | + Vo~ )IVoe" |
< KA ([[Vo"||” + VO™ %) + eAt]| 0,77,
Riz < K(At) || Vi, |* + eAt|[VoE" |,
Riz + Rug < KA [V [VO.£7|| < KAt |V [|* + eAt|[ VO£ ||,
Ris < KAL [Vu" || Eu™ — Eup[[[|VOE" |
< KA (€7 17212+ ™I+ "2 1%) + eAt||Vae™ |,
Rig < KAt (AD)?[0,6"] < K(AY)® + eAt]|9,€" |1,
Ri7 < KAt ||[Bu™ — Eug|[[VO.£" |
< KA (€2 1212 + " HIP + " 211%) + eAt]| 0.7 |12,
Ris < KAt (At)?]0,£"| < K(At)® + eAt| VO£ |2

Thus, using all bounds for Ry ~ Rig, we obtain from (6.5)
At n e 2c.At n
o (V@ = | Ve(@ae 1) + 5= 9" |”

2a. At
3

At _ n— n
+ = (I a(Bup) Va2 = 1y a(Bup = )\Vore ) + 5= Vo™

1
+ = (I oEup) Ve 12 = 1y (B ve )
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< KAl 7P+ 7202 g =P+ e =202 1P+ 1™
+HIVE T+ [IVE" [ + (At)'] + 15eAt VO™ ||?

and so, for sufficiently small € > 0, we have
At (V@)™ I = I1v/e(@)aie" 2) + At 0"

+ At(|ly/a(Bu) Vo2 ~ ||y a(Bup ™) V")

6.6
+ A [voe|2+ (I /oEu) ver 2 - o werE) OO

< KAl M2 + =212+ 12 + 202 + e 2
€2+ IVE T2+ [[VER 1P + (At)Y).

Now, summing both sides of (6.6) from n = 2 to k and using the assumptions
on a and b, we get

k
At(l0H > + 190€HP) + a3 (a2 + Vo) + [Ver P
n=2

< K[at(j0€ 1P + V0" |2 + 12 + V€' ?)

‘ (6.7)
+ Y (2 + g1 + (an)?)

n=1
k
+ Aty (g2 + 1ver)?)] + KIve'
n=2

Since ||€%)|2 < K||VEF||?, by applying Gronwall’s inequality, Lemma 4.2, and
(5.6), we have
€512 + V€8] < K[n? + (At)?). (6.8)
Thus, by the triangular inequality and Lemma 4.2, we obtain the result of this
theorem.
O

Remark 6.1. From Theorem 6.1, we know that the approximations uj has higher
order of convergence in a time increment which improves our previous result in
[18].

For our error analysis, welet # = o0—0 and p = 6—0. Then o—0o = w+p.

Theorem 6.2. Assume that the hypotheses of Lemma 4.2, Lemma 4.3, and
Lemma 4.4 hold. Let 0 € WN H?®(QY). Then we have

IV (" o)l +llo" —opl < KW'+ (AY?),  n>2.
where p = min(k + 1, s).
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Proof. First, we will prove that
IV-p"[[+ o™l < KR+ (A1)?),  n>2.
By applying Lemma 4.1 to (4.8) with v = 0, we get

(A1)? (c(z) "'V o™, V-7)+ (At)? (A(Bu™)to™

o™, T)

:<c(:c)_1(2c(:c)11"_1 - %c(w)ﬁ"_2 + At(f(Eu") + Q7 + Q3%)), At V- T)

+ (A(Eu")_1 (a(Bu™)(2Vu™! — %VU"_Q) +AHQE + Q1)) AtT)

and so, we get

(o) V0™ 1) + (A(EW) o™ 7)
A b —2v. -r) + <C(£c)—1(f(Eu”) T QY. VT
+ o (AB) ta(Be) @Vt - % vir) )
+

A(Ba") @) + Q1) T).

A(Bu)"La(Bu™) = A(Eu")~\(A(Eu™) — %Atb(Eu")))

2
=1- gAtA(Eu")flb(Eu”),
we have from (6.9)

(c(@)'V - 6™, V- 7) + (A(Bu™) '™, 7)
- )
+ (c T )+ QT +QY),V )
-2 (A(Eu ) Ib(Eu) @Vt - Lgun?),x)
+ (AB) Q) + Q1))
é (WH % 2 —2un 4 %u””,v : 7')
.

(c(a:)*l(f( u")+ Q7 +Q3),V- T)
% (A(Eu")‘lb(Eu")(QVu"‘l - %Vu”‘z),f)
+ (A(Ba") Q) + Q) 7))
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Similarly, we have

_i ~n—1 lAn 2 n—1 1 n—2
=7 (2uh 2uh 2u;” "+ 2uh ,V Th)
Lo (6.11)
+ (c(@) " F(Bup), V- 71
2 1
-3 (A(Eu}f)_lb(EuZ)@VuZ’l -5V ), Th).
Therefore, from (6.10) and (6.11), we have
(c(x)" 'V - (6" —a}),V-74) + (A(Bu™) L™ — A(Bu}) tell, T1)
ii vnflilAn72 n—1 1 n—2
Y <2u 2u 2u + 2u VvV ‘rh)
1 ~n—1 - an—-2 n—1 1 n—2
*E(Qh o Un Zup, "+ Sy, ’VTh)
+ (el@) T (F(BU") = F(Bui), V- 7h)
+ (c(z)7tQT, V - ‘rh) + (c(m)*lQS,V . Th)

1
A(Eu™)~Lb(Bu™) (2Vu ! — §Vu"_2),7)

1
A(BuR) " b(Bup) 2V~ = SV %), 7

Bu)"'Qg. ) + (A(Ba) Qi)

+ o+

|
AN WINWIN TN TN
~~

2

and hence
(c(®)™'V - (6" = o}),V - Th) + (A(Eup) " (0" — a}y), Th)
=((A(Bup)™t = A(Bu™) Yo", )

e (Y ) g (Y )

s 2 (g v L (et v )

+ (@) (F(Bu") — f(BR), V- 7) (6.12)
+ (c@) Q1Y 7n) + (el2) Q8 V )

2 (A 6BV~ AB) BT )
+ % A(B™) BBV — A(Bug)~ b(Buf) Va2, 7
+ (A Q5 ) + (AB) Q1 ).
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Letting o™ — o = ®" — p” in (6.12) with 7, = p" and using (4.15), we obtain

(c(®)™'V - p", V- p") + (A(Eup) ' p", p")
:)\(Tr",pn) _ (A(EUZ)_lﬂ'n,pn)
+ ((A(Bup) ™! = A(Eu™)"H)e™, p")
— é (n”_l —p" LV p") + ﬁ (77"_2 — A"V P")
2 (57”_1 . gn—17v . pn) _ ﬁ (é-n—2 _ én—Q’V . pn)
2) " (f(Bu") - f(Eu}), V - p")
)7Q1. V- p") + (ela) Q3. V ")

(A(B") " b(Bu”) — A(Bup) " b(Bup)) V(" —u"2), p"

+ o+ o+
ook

(6.13)

+
[ Qb W~/ /N

A(BuR) T b(EBug) (V" = V" 2), ")

N N TN

A(Buit) " b(Bu) (VE" ! = VE"2), p")
— ((A(Bu™)~'0(Bu™) — A(Bul) " b(Eul))Vu" 2, p")
A(BuR) o(Bug) V"2, p")

A(Bup)~ b(Bug)VE" 2, p")

+ A(EU”)_lQQ,p”) + (A(EU")_lQLp”)

+
AN TN TN TN W

1 4 1
< - <
c* () < Cy’
1 1
Al -1 _
©) a(-) + 2Atb(-) ~ a* + b’
1 1
A(N)1 = < —
©) a(-) + 2Atb(-) ~ a.’

and
A(Eum) — A(EuD)
A(Eu})A(Eum)
SK[E T+ " 412+ IR

A(EUZY1 — A(BEu™) ™ =
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For Ty ~ Ti9, we obtain the following bounds
Ty < K=" | + €|l o™,
T < K|="|* + €| o™,
T3 < K€M+ "= 12+ 12012 + [l ~211%) + ell ™17,
Ty S K|IVn" P + €|V - |12,
T5 < K|IVn" 2| + €|V - |12,
Ts < K|IVEH? + €|V - p"?,
Tr < K|IVE 2| + €|V - p"|?,
Ty < K€M+ I 12+ 17212 + 1" 2 11%) + €|V - o2,
Ty < K(A)" + €[V p"|J%,
Tio < K(At)* + €| p™|2.

w

Since
’A(Eu”)*lb(Eun) — A(Eu}) " 0(EuD)
B ‘A(Euﬁ)b(Eun) — A(Eu™)b(Eu})
A(Eu})A(Eum)
<K€+ I 182+ I
bounds for 77, and 174 are given as follows:
Tun < K€M+ I 12 + 1212 + [l 211%) + ell o112,
Tig < K(IEHP A+ "2+ 1772012 + 1" 72)1%) + ell ™.
And bounds for Tys, T3, and T15 ~ Tig are given as follows:
Tz < K(|V0"H2 + IV 72 )1%) + el o™ |12,
Tis < K(IVE T+ IVE2?) + ellp™|I?,
Tis < K" | +ellp” |,
Tis < K[I€"2]% + el ]1%,
Ti7 < K(At) +¢l|p"||?,
Tis < K(A)* +¢l|p"|*.

Thus, by using estimates for T} ~ Tig and taking € > 0 sufficiently small, we
get from (6.13)

IV p" 12 + [l I
SK(IIW"II2 "I "2+ VT (VR

T+ 2P + IVE TP + (Ve 2% + (At)4)-
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Therefore, by Lemma 4.2, Lemma 4.5, (5.6), and (6.8), we get

IV o712 + lp"]1? < K (h200) + (an)?)

and so

IV - o™ + llp™] < K (W + (A)2).

Thus by the triangular inequality and Lemma 4.5, we obtain the result of this
theorem.

O

Remark 6.2. From Theorem 6.2, we know that the approximations o} has
higher order of convergence in a time increment which improves our previous
result in [18].
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