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A NOTE ON STATIC MANIFOLDS AND ALMOST RICCI
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ABSTRACT. In this short paper, we investigate the existence of non-trivial
almost Ricci solitones on static manifolds. As a result we show any com-
pact nontrivial static manifold is isometric to a Euclidean sphere.

1. Introduction

In [2], Corvino studied localized scalar curvature deformation of a Riemann-
ian metric and introduced the following definition:

Definition 1.1. A Riemannian metric g is called static on a manifold M if
the linearized scalar curvature map at g has a nontrivial cokernel, i.e., if there
exists a nontrivial function f on M such that

(1.1) — A(f)g + V2f — fRic = 0.

Here V2, A and Ric denote the Hessian, the Laplacian and the Ricci curvature
of g, respectively.

A nontrivial solution f to (1.1) has been called a static potential if it exists.
It is proved that a static metric (as defined above) must have constant scalar
curvature [2]. When this constant is zero (which is always the case for an
asymptotically flat, static metric), (1.1) becomes

(1.2) V?f = fRic and Af=0.

Some investigations around static manifolds can be found in [3,5,6].

On the other hand, the concept of almost Ricci soliton was introduced in
a recent paper due to Pigola et al. [4], where essentially they modified the
definition of Ricci solitons by adding the condition on the parameter A to be a
variable function. More precisely:

Received May 12, 2021; Accepted September 23, 2021.
2010 Mathematics Subject Classification. 53C21, 53C44, 53C25.
Key words and phrases. Almost Ricci solitons, constant scalar curvature, static manifolds.

(©2022 Korean Mathematical Society

631



632 R. AHMADZADEH AND H. GHAHREMANI-GOL

Definition 1.2. A Riemannian manifold (M, g) is an almost Ricci soliton if
there exist a complete vector filed X and a smooth soliton function A : M — R
satisfying:

1
(1.3) Ric+ §LXg = Ag,
where L x denotes the Lie derivative in the direction of X.

Almost Ricci soliton will be called expanding, steady or shrinking, respec-
tively if A < 0, A = 0 or A > 0. When the vector filed X is a gradient of
a smooth function f : M — R, the manifold will be called a gradient almost
Ricci soliton. In this case the solition equation (1.3) turns out to be:

(1.4) Ric+ V2f = \g.

Moreover, when X is a Killing vector filed, the almost Ricci soliton will be
called trivial, otherwise it will be a nontrivial almost Ricci soliton [4].
Barros et al. proved that:

Theorem 1.3 ([1]). Every compact nontrivial almost Ricci soliton with con-
stant scaler curvature is gradient.

2. Main results

In this section, we investigate the existence of gradient almost Ricci solitones
on static manifolds. As a result we prove any compact nontrivial static manifold
is isometric to a Euclidean sphere. At first, we show:

Theorem 2.1. Almost Ricci solitons on static manifold (M, g) are gradient.

Proof. Since static manifold (M, g) has constant scaler curvature, the result is
obtained from Theorem 1.3. ]

Finally, we obtain the following theorem:

Theorem 2.2. Every compact static manifold (M, g) with static potential f
has a gradient almost Ricci solitons.

Proof. Let (M, g) be a compact static manifold with static potential f. Taking
the trace of (1.1), we have

(2.1) Af —nAf—-fR=0,

where R is the scaler curvature of g. Thus we have

(2.2) (1-n)Af—fR=0.

Consequently

(2.3) Af = if.
1—n

On the other hand, computing the trace of equation (1.4) yields that
(2.4) R+ Af=nA
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Hence,
(2.5) Af=nA—R.

Then, from equations (2.5) and (2.3) we arrive at
R

2.6 A-—R+——f=0.

(2.6) " + n— 1f

Therefore we acquire the smooth function A as follows:

(2.7) A= (1 - f)> R.

n nn-1
So we proved on the compact static manifold (M, g) there exist a gradient

almost Ricci soliton with potential function f and a soliton function A as given
by equation (2.7). O

Corollary 2.3. Any compact nontrivial static manifold is isometric to a Eu-
clidean sphere.

Proof. Since we have shown every compact static manifold (M, g) with static
potential f has a gradient almost Ricci solitons, applying Corollary 1 in [1]
we conclude that the every compact nontrivial static manifold isometric to a
Euclidean sphere. (Il

References

[1] A. Barros, R. Batista, and E. Ribeiro, Jr., Compact almost Ricci solitons with constant
scalar curvature are gradient, Monatsh. Math. 174 (2014), no. 1, 29-39. https://doi.
org/10.1007/s00605-013-0581-3

[2] J. Corvino, Scalar curvature deformation and a gluing construction for the Einstein
constraint equations, Comm. Math. Phys. 214 (2000), no. 1, 137-189. https://doi.org/
10.1007/PL00005533

[3] J. Li and C. Xia, An integral formula for affine connections, J. Geom. Anal. 27 (2017),
no. 3, 2539-2556. https://doi.org/10.1007/s12220-017-9771-x

[4] S. Pigola, M. Rigoli, M. Rimoldi, and A. G. Setti, Ricci almost solitons, Ann. Sc. Norm.
Super. Pisa Cl. Sci. (5) 10 (2011), no. 4, 757-799.
[5] J. Qing and W. Yuan, On scalar curvature rigidity of vacuum static spaces, Math. Ann.

365 (2016), no. 3-4, 1257-1277. https://doi.org/10.1007/s00208-015-1302-0
[6] X. Wang and Y.-K. Wang, Brendle’s inequality on static manifolds, J. Geom. Anal. 28
(2018), no. 1, 152-169. https://doi.org/10.1007/s12220-017-9814-3

REIHANEH AHMADZADEH

DEPARTMENT OF MATHEMATICS

FACULTY OF SCIENCE

SHAHED UNIVERSITY

TEHRAN, 3319118651, IRAN

Email address: ahmadzadehreihaneh@gmail.com


https://doi.org/10.1007/s00605-013-0581-3
https://doi.org/10.1007/s00605-013-0581-3
https://doi.org/10.1007/PL00005533
https://doi.org/10.1007/PL00005533
https://doi.org/10.1007/s12220-017-9771-x
https://doi.org/10.1007/s00208-015-1302-0
https://doi.org/10.1007/s12220-017-9814-3

634

R. AHMADZADEH AND H. GHAHREMANI-GOL

HAJAR GHAHREMANI-GOL

DEPARTMENT OF MATHEMATICS

FACULTY OF SCIENCE

SHAHED UNIVERSITY

TEHRAN, 3319118651, IRAN

Email address: h.ghahremanigol@shahed.ac.ir



