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SUBCLASSES OF ANALYTIC FUNCTIONS DEFINED BY
LOMMEL OPERATOR

SAHSENE ALTINKAYA, RIZWAN SALIM BADAR, AND KHALIDA INAYAT NOOR

ABSTRACT. We use convolution techniques to define certain classes of
starlike functions which are associated with Lommel operator. Some in-
clusion results are investigated. It is also shown that these classes are
invariant under Bernardi integral operator.

1. Introduction

Let A denote the class of functions of the form
& [ =2+ ah,
k=2

analytic in the open unit disc F = {z : |z| < 1}.
Let f(z) be given by (1) and g(z) defined as:

g(z) =z + Z b2".
k=2
The Hadamard product (or convolution) of f and g is defined as:

(fxg)(z) =2+ Zakbkzk.
k=2

For f and ¢ analytic in F we say that f is subordinate to g, written as
f =< g, if there exists a Schwartz function w(z) analytic in F with w(0) = 0
and |w(z)| < 1 for z € E such that f(z) = g(w(z)). If g is univalent in F, then
f < gifand only if f(0) = ¢g(0) and f(E) C g(F). Using subordination concept
we generalize the class P(0) as: Let p(z) be analytic in E with p(0) = 1. Then
p € P(6),0< 4§ < 1if and only if Rep(z) > §, z € E. The class P(0) = P is well
known class of Carathedory functions of positive real part. Let p be analytic
in E with p(0) = 1. Then p € P(h) if p(z) < h(z). We note that p € P(4) if
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p(z) < @ = h(z). From [5], it m > 2, p € P, (h) if and only if there

exist pp, p2 such that
m 1 m 1 .
p(z) = <4 + 2) p1(z) — (4 - 2) p2(2), pi < h, i=1,2.

It is obvious that P» Gi‘;) =P

Let wy,,,(2) be a particular solution of the inhomogeneous Bessel differential
equation:

2w (2) + 2w (2) + (22 — VP)w(z) = 2#T,
which can be expressed as:
Zh L w—v+3 u—v+3 =22
2 v = F ) s )
() wlh (Z) (ILL7U+1)(M7U+1)2 1( 9 2 4 )
where o F) denotes hypergeometric function and p £+ v are not negative odd
integers. The function represented by (2) is called the Lommel function of the

first kind.
Let f,(2) be the normalized form of w,, , (z) which is expressed in [1,8] as:

Fu(2) = (=0 + 1) (g —v+1)205 ), (v2)

> —dyn—t +v+3
(3) - Z (u—u+3)(n41)(/t+;/+3)n1 Zn’ <u 2 . ¢ N) ’

n=1 2

where (v),, is Pochhamer symbol defined as:

=M+ (y+n-1).

Using (3) and convolution a linear operator L, , : A — A is defined in [7]
by:
ptv+3
W Lt @ =l 1), (P EN se B rea).

From (3) and (4) the following identity holds:

) #Cunon ) = (52 Lt (S5 ) L )

We now define the following classes:

F
C(p,vsh) :{fGA:Zf/ € S*(u,v;h), 2 € E}

F/
S*(p,v; h) = {feA:F:LW,(f);Z < h, zeE},

and

M,(n,v;h)=< feA: F=L,,(f); |(1-0) +o
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where o > 0 and F(z)-F'(z) # 0. It is clear that Mo (u, v;h) = S*(u, v; h) and
M (p,v;h) = C(p,v;h).

Let f € Aandlet L,, : A — A be defined by (3) and (4). Then f €
K., (g, v;h) (m > 2, h € P) if and only if there exists g € S*(u, v; h) such that
% € P,,(h). We note that F' = L, f is close-to-convex univalent in

FE for m = 2.

2. Preliminary results

We need the following lemmas to prove our results:

Lemma 2.1 ([4]). Let u = uy + iug, v = vy + vy with uy,uz,v1,v2 € R and
D C C?. Suppose v : D — C satisfies the following conditions:

(i) ¥(u,v) is continuous in D.

(ii) (1,0) € D and R {v(1,0)} > 0.

(iil) R{Y(fuz,v1)} <0 for all (iuz,v1) € D such that v; < —%.
Let p be an analytic function in E with p(0) =1 and (p(z), 2p'(2)) € D for all
ze E. If R{y(p(2), 20" (2))} > 0 in E, then R(p(z)) > 0.

Lemma 2.2 ([3]). Let h be conver univalent in E and hg be analytic in E
with R{ho(2)} > 0 in E. If p is analytic in E and p(0) = h(0), then the
subordination

p(2) + hol2) - 20/ () < h(2), 2 € B
implies that p(z) < h(z) in E.

Lemma 2.3 ([7]). Let n and v be real numbers such that p+v are not integers
with p > 2,

| =

(1) [+ ) (p+1) =0 >
and
{ =2 (=2 =3 (p—1)?=?) <0 if p<33,
—int i i (=12 =0?) <0 if p>%.
Then the function f,,(z) defined by (3) is convex in E.

Lemma 2.4 ([4]). Let h be convez in E with R [Sh(z) + ] > 0. If p is analytic

in E with p(0) = h(0), then p(z) + 521();()2427 < h(z) = p(z) < h(z).

3. Main results

Theorem 3.1. Let p and v be real numbers such that p £+ v are not negative
odd integers. If h is conver in E with R (h(2) +7) > 0, v = L2 then
(i) S*(u,vsh) C S*(p+ 1,0+ 1;h).



570 S. ALTINKAYA, R. S. BADAR, AND K. I. NOOR

.. . . * 14+(1-28)z
(i) In particular, if f € S (u, v; %) and 2B+p+v+1 >0, 5 € [0,1),
then f € S* (u—i— 1,v+1; W) , where

B 21+ 28y) o
(6) R 02+8(1+26’y)’072’y 2+

Proof. (i) Let f € S*(u,v;h). Define

z (L1041 (2)
7 s = H(z),
@ L1011 f(2) ®
where H(z) is analytic in F with H(0) = 1.
Using identity (5) in (7) we get:

Lo f(2) 2 vl
8 ) = H(z)+
®) Lyviwirf(2)  p+o+3 ) 2

After applying logarithmic differentiation on (8) and with some simple com-
putations and the supposition f € S*(u,v;h) it follows that,

zH'(2) ptov+1
9 H(z) + ——2L AT
©) S T 2
Applying Lemma 2.4 to (9), it follows that H(z) < h(z). Consequently by
virtue of (7), f € S*(u+1,v+1;h) in E and (i) is established.
(ii) Let h(z) = 2H4=20% Then

z

€ P(h), v

zH'(2)

HE+7

With H(z) = (1 — a)p(z) + «, we have
R{(1 - al) + (0 9)+ D

We now construct the functional ¢ (u,v) in Lemma 2.1 by taking u = p(z),
v =zp'(z) as:

H(z) + P(B).

}>0,z€E.

v

U+ 7?'_‘_;

Y(u,v) = (1—a)u+ (a—B) +

The first two conditions of Lemma 2.1 are easily verified. We check condition
(iii) as follows:

R A{P(iug,v1)} = (= B) + R (@)

aty 2
192 (1 +u3) 1
<(a-p) - L asu < —(1+u})
23 + (57)? 2
2(a = B) [ud +9f] —m(l +u3 o+
(10) _ ( )[2 1} ( 2)’%: g

2 [u3 + 3]
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Let A=2(a—B8)yi —71, B=2(a— ) — v and C = u3 + 7. So from (10)

we have
. A+ Bu3
(1) Rz, 01)} < S5

Left hand side of inequality (11) is negative if both A < 0, B < 0. From

A < 0 we get a as given by (6) and B < 0 ensures that o € [0,1). We now
apply Lemma 2.1 to conclude that H € P(«a) and hence

1+(1—20¢)z).

fesr <u+1,v+1;
1—2z

Corollary 3.2. S* (/J,,U' ﬁ) c S* (u-i— 1,v+1; M), where

»1—2 1—-2
2 p+v+1
a1 = 5 Y = D) .
2yv+1)+4/(2y+1)"+8

For pn=3, v=1 we have

g (371'1—1—2) c g <472;1—i—(1—2oz2)z>7

"1—2 1—=2

where ag = STV

Corollary 3.3. S* (1,0; ij) s (2,1; H(ll—f%zs)) where ag = 2.

By virtue of the linearity of the operator L, ., it follows f € C(u,v;h) &
zf" € S*(u,v;h). Using this fact and Theorem 3.1 we have:

Theorem 3.4. Suppose u,v are real numbers and h(z) be convex in E with
h(0)=1, p+v+1>0 and p £ v are not negative odd integers. Then

C(p,vih) C C(p+1,v+15h).
Theorem 3.5. For o >0, M,(u,v;h) C S*(u,v;h).

Proof. The case 0 = 0 is trivial. Let us consider ¢ > 0 and suppose L, ., f = F'.
Then f € M, (u,v;h) implies

{(1 _oy ) a(ZF/(Z”/} < h(2).

Let @
2F' (2
Fooy - 1)
Then
CFE) o HE)
e e
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and therefore
2F'(2) (zF'(2)) zH'(z)
1— = :
=) 5y T @+
Now using a well known result due to Miller and Mocanu [4, p. 103], it
follows that

1) = 222 < a0) < (o)

where ¢(z) is the best dominant and is given by ¢(z) = [ f((é))] , where

k(z) = zexp/oz

K(z)zi(/ozkflr(t)t_ldt>o, o> 0. .

Theorem 3.6. For o > 1, M,(u,v;h) C C(u,v;h).

) -1,

and

Proof. Let L, ,f = F. Then we can write
F F'(2))
F(2) | (F(2)

(170) F(Z) g F/(Z) :p(Z),p-<h
That is,

CFE) (D e L o

pe = (1= 2 ) e+ 2o o2 .

As H(z) < h(z) by Theorem 3.5 and p(z) < h(z) by given hypothesis.
Therefore

O—l)H@+iM2<M&

g

which completes the proof. O

Theorem 3.7. The class S*(u,v; h) is preserved under the Bernardi operator

given as:

c+1
ZC

(12) P(z) =

/ tLf(t)dt, ¢ =1,2,3,....
0

Proof. We can write (12) as:

1 z
F@U@):lWWF@):c+;(A 1L, o f(t)dt

z

o0

c+1

= z:l n+cz" * Ly o f(2).
n—
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n=1 n+c
S*(h). It follows from the result in [6] that F},, € S*(h) in E. This completes
the proof. O

It has been shown in [2] that (ZOO e+l z”) is convex in E and since L, ,, f €

Theorem 3.8. For m > 2,
K, (pv;h) C Ky (p+ 1L, v+ 1;h).

Proof. Let f € K, (1, v; h) . Then there exists g € S*(u, v; h) such that
2 (L ()
Lywg(z)

Using identity (5) in (13) we get

Z(LM,,,f(z))/ 2L, (2f'(2))
Lyuwg(2) Lyuwg(2)
2Ly (2f(2) + (“5) Ly (2f'(2))
 2(Lurw19(2) + () Lugwag(2)

2Lpt1,041(2f(2)) I (M+y+1) Lyt1,v41(2f(2))
(14) - Lyt1,0+19(2) 2 Lyut1,0+19(2)
2(Ly+1,0+19(2)) + (M+V+1)
Lyt1,0419(2) 2

(13) € Pu(h).

Set
a e = (Fo 3= (- 3) e
and
6) 2(Lyg1,0419(2)) = po(2).

Lu+1,u+1g(z)
If we consider a special case of Theorem 3.1, it follows py € P. Since

Relp() = { “peential o,

we have
1
17 Re(h =R ————F——= 7 >0.
a7 e(ho2) {m(z) pyezzs }
Thus with some computations using (14), (15), (16) and (17) we get:
(18) [pi(2) + ho(2)-2pi(2)] < h(2), i =1,2.

Now we apply Lemma 2.2, it follows from (18) that p; < h, i = 1,2
for z € E and consequently p € P,,(h). This completes the proof that
feKy(p+1l,v+1;h). O
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4. Concluding remarks

Let p and v satisfy the conditions of Lemma 2.3. Then f, ,(z) given by (3)

is convex in F and from this the following observations can easily be deduced:

(1]

2]
(3]
(4]
(5]

[6]

[7]

(8]

(1) S*(u,v;h) C S*(h), C(p,v;h) C C(h).

(ii) My(p,v;h) € S*(h), o > 0. M,(p,v;h) € C(h), o0 > 1. That
is for p,v write conditions of Lemma 2.3 f belonging to the classes
S*(u,v; h),C(p,v;h) and M, (u,v;h) is starlike in E.

(iii) f € K (p,v;h) is close-to-convex in E.
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