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SUBCLASSES OF ANALYTIC FUNCTIONS DEFINED BY

LOMMEL OPERATOR

Şahsene Altinkaya, Rizwan Salim Badar, and Khalida Inayat Noor

Abstract. We use convolution techniques to define certain classes of

starlike functions which are associated with Lommel operator. Some in-
clusion results are investigated. It is also shown that these classes are

invariant under Bernardi integral operator.

1. Introduction

Let A denote the class of functions of the form

(1) f(z) = z +

∞∑
k=2

akz
k,

analytic in the open unit disc E = {z : |z| < 1}.
Let f(z) be given by (1) and g(z) defined as:

g(z) = z +

∞∑
k=2

bkz
k.

The Hadamard product (or convolution) of f and g is defined as:

(f ∗ g)(z) = z +

∞∑
k=2

akbkz
k.

For f and g analytic in E we say that f is subordinate to g, written as
f ≺ g, if there exists a Schwartz function ω(z) analytic in E with ω(0) = 0
and |ω(z)| < 1 for z ∈ E such that f(z) = g(ω(z)). If g is univalent in E, then
f ≺ g if and only if f(0) = g(0) and f(E) ⊂ g(E). Using subordination concept
we generalize the class P (δ) as: Let p(z) be analytic in E with p(0) = 1. Then
p ∈ P (δ), 0 ≤ δ < 1 if and only if Rep(z) > δ, z ∈ E. The class P (0) = P is well
known class of Carathedory functions of positive real part. Let p be analytic
in E with p(0) = 1. Then p ∈ P (h) if p(z) ≺ h(z). We note that p ∈ P (δ) if
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p(z) ≺ 1+(1−2δ)z
1−z = h(z). From [5], if m ≥ 2, p ∈ Pm(h) if and only if there

exist p1, p2 such that

p(z) =

(
m

4
+

1

2

)
p1(z)−

(
m

4
− 1

2

)
p2(z), pi ≺ h, i = 1, 2.

It is obvious that P2

(
1+z
1−z

)
= P.

Let ωµ,ν(z) be a particular solution of the inhomogeneous Bessel differential
equation:

z2ω
′′
(z) + zω

′
(z) + (z2 − υ2)ω(z) = zµ+1,

which can be expressed as:

(2) ωµ,ν(z) =
zµ+1

(µ− υ + 1)(µ− υ + 1)
2F1(

µ− ν + 3

2
,
µ− ν + 3

2
;
−z2

4
),

where 2F1 denotes hypergeometric function and µ ± ν are not negative odd
integers. The function represented by (2) is called the Lommel function of the
first kind.

Let fµ,ν(z) be the normalized form of ωµ,ν(z) which is expressed in [1,8] as:

fµ,ν(z) = (µ− υ + 1)(µ− υ + 1)z(
1+µ
2 )ωµ,ν(

√
z)

=

∞∑
n=1

(− 1
4 )n−1

(µ−ν+3
2 )n−1(µ+ν+3

2 )n−1
zn,

(
µ± ν + 3

2
/∈ N
)
,(3)

where (γ)n is Pochhamer symbol defined as:

(γ)n = (γ)(γ + 1) · · · (γ + n− 1).

Using (3) and convolution a linear operator Lµ,ν : A → A is defined in [7]
by:

(4) Lµ,νf(z) = fµ,ν(z) ∗ f(z),

(
µ± ν + 3

2
/∈ N, z ∈ E, f ∈ A

)
.

From (3) and (4) the following identity holds:

(5) z (Lµ+1,ν+1(f(z)))
′

=

(
µ+ν+3

2

)
Lµ,νf(z)−

(
µ+ν+1

2

)
Lµ+1,ν+1f(z).

We now define the following classes:

S∗(µ, υ;h) =

{
f ∈ A : F = Lµ,ν(f);

zF
′

F
≺ h, z ∈ E

}
,

C(µ, υ;h) = {f ∈ A : zf ′ ∈ S∗(µ, υ;h), z ∈ E}
and

Mσ(µ, υ;h)=

f ∈ A : F =Lµ,ν(f);

(1− σ)
zF

′
(z)

F (z)
+σ

(
zF

′
(z)
)′

F ′(z)

≺ h(z)

 ,
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where σ ≥ 0 and F (z) ·F ′
(z) 6= 0. It is clear that M0(µ, υ;h) = S∗(µ, υ;h) and

M1(µ, υ;h) = C(µ, υ;h).
Let f ∈ A and let Lµ,ν : A → A be defined by (3) and (4). Then f ∈

Km (µ, υ;h) (m ≥ 2, h ∈ P ) if and only if there exists g ∈ S∗(µ, υ;h) such that
z(Lµ,νf(z))

′

Lµ,νg(z)
∈ Pm(h). We note that F = Lµ,νf is close-to-convex univalent in

E for m = 2.

2. Preliminary results

We need the following lemmas to prove our results:

Lemma 2.1 ([4]). Let u = u1 + iu2, v = v1 + iv2 with u1, u2, v1, v2 ∈ R and
D ⊂ C2. Suppose ψ : D → C satisfies the following conditions:

(i) ψ(u, v) is continuous in D.
(ii) (1, 0) ∈ D and <{ψ(1, 0)} > 0.

(iii) <{ψ(iu2, v1)} ≤ 0 for all (iu2, v1) ∈ D such that v1 ≤ − (1+u2
2)

2 .
Let p be an analytic function in E with p(0) = 1 and (p(z), zp′(z)) ∈ D for all
z ∈ E. If <{ψ(p(z), zp′(z))} > 0 in E, then <(p(z)) > 0.

Lemma 2.2 ([3]). Let h be convex univalent in E and h0 be analytic in E
with <{h0(z)} > 0 in E. If p is analytic in E and p(0) = h(0), then the
subordination

p(z) + h0(z) · zp′(z) ≺ h(z), z ∈ E

implies that p(z) ≺ h(z) in E.

Lemma 2.3 ([7]). Let µ and ν be real numbers such that µ±υ are not integers
with µ > 2,

(µ+ 1)
[
(µ+ 1)(µ+ 1)− υ2

]
≥ 1

8

and { 1
96 (µ− 2)−1 + (µ− 2)− 1

4

(
(µ− 1)2 − υ2

)
≤ 0 if µ ≤ 25

12 ,

− 1
4µ+ 5

4 −
1
4

(
(µ− 1)2 − υ2

)
≤ 0 if µ > 25

12 .

Then the function fµ,ν(z) defined by (3) is convex in E.

Lemma 2.4 ([4]). Let h be convex in E with < [βh(z) + γ] > 0. If p is analytic

in E with p(0) = h(0), then p(z) + zp′(z)
βp(z)+γ ≺ h(z) ⇒ p(z) ≺ h(z).

3. Main results

Theorem 3.1. Let µ and υ be real numbers such that µ ± υ are not negative
odd integers. If h is convex in E with < (h(z) + γ) > 0, γ = µ+υ+1

2 , then
(i) S∗(µ, υ;h) ⊂ S∗(µ+ 1, υ + 1;h).
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(ii) In particular, if f ∈ S∗
(
µ, υ; 1+(1−2β)z

1−z

)
and 2β+µ+υ+1 ≥ 0, β ∈ [0, 1),

then f ∈ S∗
(
µ+ 1, υ + 1; 1+(1−2α)z

1−z

)
, where

(6) α =
2(1 + 2βγ)

σ +
√
σ2 + 8(1 + 2βγ)

, σ = 2γ − 2β + 1.

Proof. (i) Let f ∈ S∗(µ, υ;h). Define

(7)
z (Lµ+1,υ+1f(z))

′

Lµ+1,υ+1f(z)
= H(z),

where H(z) is analytic in E with H(0) = 1.
Using identity (5) in (7) we get:

(8)
Lµ,υf(z)

Lµ+1,υ+1f(z)
=

2

µ+ υ + 3

[
H(z) +

µ+ υ + 1

2

]
.

After applying logarithmic differentiation on (8) and with some simple com-
putations and the supposition f ∈ S∗(µ, υ;h) it follows that,

(9) H(z) +
zH ′(z)

H(z) + γ
∈ P (h), γ =

µ+ υ + 1

2
.

Applying Lemma 2.4 to (9), it follows that H(z) ≺ h(z). Consequently by
virtue of (7), f ∈ S∗(µ+ 1, υ + 1;h) in E and (i) is established.

(ii) Let h(z) = 1+(1−2β)z
1−z . Then

H(z) +
zH ′(z)

H(z) + γ
∈ P (β).

With H(z) = (1− α)p(z) + α, we have

<
{

(1− α)p(z) + (α− β) +
(1− α)zp′(z)

(1− α)p(z) + α+ γ

}
> 0, z ∈ E.

We now construct the functional ψ(u, v) in Lemma 2.1 by taking u = p(z),
v = zp′(z) as:

ψ(u, v) = (1− α)u+ (α− β) +
v

u+ α+γ
1−α

.

The first two conditions of Lemma 2.1 are easily verified. We check condition
(iii) as follows:

<{ψ(iu2, v1)} = (α− β) + <

(
v1

iu2 + α+γ
1−α

)

≤ (α− β)− 1

2

α+γ
1−α (1 + u22)

u22 + (α+γ1−α )2
as v1 ≤ −

1

2
(1 + u22)

=
2(α− β)

[
u22 + γ21

]
− γ1(1 + u22)

2 [u22 + γ21 ]
, γ1 =

α+ γ

1− α
.(10)
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Let A = 2(α− β)γ21 − γ1, B = 2(α− β)− γ1 and C = u22 + γ21 . So from (10)
we have

(11) <{ψ(iu2, v1)} ≤ A+Bu22
2C

.

Left hand side of inequality (11) is negative if both A ≤ 0, B ≤ 0. From
A ≤ 0 we get α as given by (6) and B ≤ 0 ensures that α ∈ [0, 1). We now
apply Lemma 2.1 to conclude that H ∈ P (α) and hence

f ∈ S∗
(
µ+ 1, υ + 1;

1 + (1− 2α)z

1− z

)
.

�

Corollary 3.2. S∗
(
µ, υ; 1+z

1−z

)
⊂ S∗

(
µ+ 1, υ + 1; 1+(1−2α1)z

1−z

)
, where

α1 =
2

(2γ + 1) +

√
(2γ + 1)

2
+ 8

, γ =
µ+ υ + 1

2
.

For µ = 3, υ = 1 we have

S∗
(

3, 1;
1 + z

1− z

)
⊂ S∗

(
4, 2;

1 + (1− 2α2)z

1− z

)
,

where α2 = 1
3+
√
11
.

Corollary 3.3. S∗
(

1, 0; 1+z
1−z

)
⊂ S∗

(
2, 1; 1+(1−2α3)z

1−z

)
, where α3 = 2

3+
√
17
.

By virtue of the linearity of the operator Lµ,υ it follows f ∈ C(µ, ν;h) ⇔
zf ′ ∈ S∗(µ, ν;h). Using this fact and Theorem 3.1 we have:

Theorem 3.4. Suppose µ, υ are real numbers and h(z) be convex in E with
h(0) = 1, µ+ υ + 1 ≥ 0 and µ± υ are not negative odd integers. Then

C(µ, ν;h) ⊂ C(µ+ 1, ν + 1;h).

Theorem 3.5. For σ ≥ 0, Mσ(µ, ν;h) ⊂ S∗(µ, ν;h).

Proof. The case σ = 0 is trivial. Let us consider σ > 0 and suppose Lµ,υf = F .
Then f ∈Mσ(µ, ν;h) implies{

(1− σ)
zF ′(z)

F (z)
+ σ

(zF ′(z))
′

F ′(z)

}
≺ h(z).

Let
zF ′(z)

F (z)
= H(z).

Then
(zF ′(z))

′

F ′(z)
= H(z) +

zH ′(z)

H(z)
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and therefore

(1− σ)
zF ′(z)

F (z)
+ σ

(zF ′(z))
′

F ′(z)
= H(z) + σ

zH ′(z)

H(z)
.

Now using a well known result due to Miller and Mocanu [4, p. 103], it
follows that

H(z) =
zF ′(z)

F (z)
≺ q(z) ≺ h(z),

where q(z) is the best dominant and is given by q(z) =
[
k(z)
K(z)

] 1
σ

, where

k(z) = z exp

∫ z

0

h(t)− 1

t
dt

and

K(z) =
1

σ

(∫ z

0

k
1
σ (t)t−1dt

)σ
, σ > 0.

�

Theorem 3.6. For σ ≥ 1, Mσ(µ, ν;h) ⊂ C(µ, ν;h).

Proof. Let Lµ,υf = F . Then we can write

(1− σ)
zF ′(z)

F (z)
+ σ

(zF ′(z))
′

F ′(z)
= p(z), p ≺ h.

That is,

(zF ′(z))
′

F ′(z)
=

(
1− 1

σ

)
H(z) +

1

σ
p(z), (σ ≥ 1).

As H(z) ≺ h(z) by Theorem 3.5 and p(z) ≺ h(z) by given hypothesis.
Therefore (

1− 1

σ

)
H(z) +

1

σ
p(z) ≺ h(z),

which completes the proof. �

Theorem 3.7. The class S∗(µ, ν;h) is preserved under the Bernardi operator
given as:

(12) F (z) =
c+ 1

zc

∫ z

0

tc−1f(t)dt, c = 1, 2, 3, . . . .

Proof. We can write (12) as:

Fµ,υ(z) = Lµ,υF (z) =
c+ 1

zc

∫ z

0

tc−1Lµ,υf(t)dt

=

∞∑
n=1

c+ 1

n+ c
zn ∗ Lµ,υf(z).
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It has been shown in [2] that
(∑∞

n=1
c+1
n+cz

n
)

is convex in E and since Lµ,υf ∈
S∗(h). It follows from the result in [6] that Fµ,υ ∈ S∗(h) in E. This completes
the proof. �

Theorem 3.8. For m ≥ 2,

Km (µ, υ;h) ⊂ Km (µ+ 1, υ + 1;h) .

Proof. Let f ∈ Km (µ, υ;h) . Then there exists g ∈ S∗(µ, υ;h) such that

(13)
z (Lµ,νf(z))

′

Lµ,νg(z)
∈ Pm(h).

Using identity (5) in (13) we get

z (Lµ,νf(z))
′

Lµ,νg(z)
=
zLµ,ν(zf ′(z))

Lµ,νg(z)

=
zLµ+1,ν+1(zf ′(z))′ +

(
µ+ν+1

2

)
Lµ+1,ν+1(zf ′(z))

z(Lµ+1,ν+1g(z))′ +
(
µ+ν+1

2

)
Lµ+1,ν+1g(z)

=

zLµ+1,ν+1(zf
′(z))′

Lµ+1,ν+1g(z)
+
(
µ+ν+1

2

) Lµ+1,ν+1(zf
′(z))

Lµ+1,ν+1g(z)

z(Lµ+1,ν+1g(z))′

Lµ+1,ν+1g(z)
+
(
µ+ν+1

2

) .(14)

Set

(15)
zLµ+1,ν+1(zf ′(z))′

Lµ+1,ν+1g(z)
= p(z) =

(
m

4
+

1

2

)
p1(z)−

(
m

4
− 1

2

)
p2(z)

and

(16)
z(Lµ+1,ν+1g(z))′

Lµ+1,ν+1g(z)
= p0(z).

If we consider a special case of Theorem 3.1, it follows p0 ∈ P . Since

Re(p0(z)) = <
{
z(Lµ+1,ν+1g(z))′

Lµ+1,ν+1g(z)

}
> 0,

we have

(17) Re(h0(z)) = <

{
1

p0(z) + µ+ν+1
2

}
> 0.

Thus with some computations using (14), (15), (16) and (17) we get:

(18) [pi(z) + h0(z).zp′i(z)] ≺ h(z), i = 1, 2.

Now we apply Lemma 2.2, it follows from (18) that pi ≺ h, i = 1, 2
for z ∈ E and consequently p ∈ Pm(h). This completes the proof that
f ∈ Km (µ+ 1, υ + 1;h) . �
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4. Concluding remarks

Let µ and υ satisfy the conditions of Lemma 2.3. Then fµ,ν(z) given by (3)
is convex in E and from this the following observations can easily be deduced:

(i) S∗(µ, υ;h) ⊂ S∗(h), C(µ, υ;h) ⊂ C(h).
(ii) Mσ(µ, ν;h) ⊂ S∗(h), σ ≥ 0. Mσ(µ, ν;h) ⊂ C(h), σ ≥ 1. That

is for µ, υ write conditions of Lemma 2.3 f belonging to the classes
S∗(µ, υ;h), C(µ, υ;h) and Mσ(µ, ν;h) is starlike in E.

(iii) f ∈ K2 (µ, υ;h) is close-to-convex in E.
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