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f-BIHARMONIC SUBMANIFOLDS AND f-BIHARMONIC

INTEGRAL SUBMANIFOLDS IN LOCALLY CONFORMAL

ALMOST COSYMPLECTIC SPACE FORMS

Mohd Aslam, Fatma Karaca, and Aliya Naaz Siddiqui

Abstract. In this paper, we have studied f -biharmonic submanifolds
in locally conformal almost cosymplectic space forms and have derived

condition on second fundamental form for f -biharmonic submanifolds.

Also, we have discussed its integral submanifolds in locally conformal
almost cosymplectic space forms.

1. Introduction

Harmonic maps and biharmonic maps are important fields of research being
the critical points of energy functional and bienergy functional. Because of
both geometric and analytical aspects, harmonic maps are upward trend of
researches. The idea behind the biharmonic maps is old and attractive subject
of research. The biharmonic maps have been studied in 1862 by Maxwell and
Airy to describe a mathematical model of elasticity. Biharmonic maps are a
generalization of harmonic maps and first regular studied by Eells and Lemaire
in 1978 [5]. In 1986, Jiang [10] discussed first and second variations formulas
for bienergy functional. In 2015, Lu introduced f -biharmonic maps [15]. The
first variation of the f -biharmonic maps and the equation for the f -biharmonic
conformal maps between the same dimensional manifolds are calculated in [15].
In [19], Ou considered f -biharmonic maps and f -biharmonic submanifolds.

A map F between two Riemannian manifolds (M, g) and (N , h) is called
harmonic and biharmonic, respectively if it is a critical point of E(F ) and
E2(F )

E(F ) =
1

2

∫
M
‖dF‖2 dvg,

and

E2(F ) =
1

2

∫
M
‖τ(F )‖2 dvg,
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where (M, g) is a compact Riemannian manifold and dvg is the volume measure
associated with the metric g on M. A map F : (M, g) → (N , h) is harmonic
and biharmonic, respectively if and only if τ(F ) = 0 and τ2 (F ) = 0, where
τ(F ) and τ2 (F ) are called the tension field [6] and the bitension field [10],
respectively which are given by

τ(F ) = traceg(∇dF ) = 0,

and

(1) τ2(F ) = traceg(∇F∇F −∇F
∇)(τ(F ))− traceg(RN (dF, τ(F ))dF ) = 0.

A map F is called f -biharmonic if it is the critical point of E2,f (F ) [15],

E2,f (F ) =
1

2

∫
M
f ‖τ(F )‖2 dvg,

where f :M→ R is a differentiable function. A map F is f -biharmonic if and
only if τ2,f (F ) = 0 where τ2,f (F ) is called the f -bitension field [15], which is
given by

(2) τ2,f (F ) = fτ2(F ) +4fτ(F ) + 2∇F
grad fτ(F ) = 0.

An f -biharmonic map is called proper f -biharmonic if it is neither harmonic
nor biharmonic [19]. Moreover, if f is a constant, then an f -biharmonic map
turns into a biharmonic map [15].

Recently, many geometers studied biharmonic and f -biharmonic submani-
folds in different ambient spaces [4, 7, 13, 16, 20]. In [1], Baikoussis and Blair
gave a classification of 3-dimensional flat integral C-parallel submanifolds in
the unit sphere S7(1). In [8], Fetcu and Oniciuc studied integral C-parallel
submanifolds in 7-dimensional Sasakian space form. They also studied bihar-
monic integral C-parallel submanifolds in 7-dimensional Sasakian space forms
and give its classification [9]. In [11], Karaca studied f -biharmonic integral
submanifolds in generalized Sasakian space forms. In [21], Roth and Upadhyay
studied f -biharmonic submanifolds in both generalized complex and Sasakian
space forms. In [12], Karaca studied f -biminimal submanifolds of general-
ized space form. Motivated by these studies, in present paper, we consider
f -biharmonic submanifolds and f -biharmonic integral submanifolds in locally
conformal almost cosymplectic space forms. We obtain the necessary and suf-
ficient conditions for submanifolds in locally conformal almost cosymplectic
space forms to be f -biharmonic. Then, we also obtain the necessary and suf-
ficient conditions for integral and integral C-parallel submanifolds in locally
conformal almost cosymplectic space forms to be f -biharmonic.

2. Preliminaries

Let N 2n+1 = (N , ϕ, ξ, η) be an almost contact manifold [2] with an almost
contact structure (ϕ, ξ, η) which satisfies

(3) ϕ2 = −I + η ⊗ ξ and η(ξ) = 1,
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where ϕ, ξ and η are a (1, 1) tensor field, a vector field and 1-form, respectively.
Clearly, (3) gives

ϕ(ξ) = 0 and η ◦ ϕ = 0.

Define an almost complex structure J on the product manifold N ×R defined
by

J(X,λ
d

dt
) =

(
ϕX − λξ, η(X)

d

dt

)
,

where X is tangent to N , t the coordinate of R and λ a smooth function on
N × R. The manifold N is called normal if the almost complex structure J is
integrable. The necessary and sufficient condition for N to be normal is

[ϕ,ϕ] + 2dη ⊗ ξ = 0,

where [ϕ,ϕ] is the Nijenhuis tensor of ϕ. There exists a compatible Riemannian
metric g which satisfies

g(ϕX,ϕY ) = g(X,Y )− η(X)η(Y ) and g(X, ξ) = η(X)

for all X,Y ∈ TN . Then, N becomes an almost contact metric manifold with
an almost contact metric structure (ϕ, ξ, η, g). If the fundamental 2-form Φ
and 1-form η are closed, where

Φ (X,Y ) = g(X,ϕY )

then, N is said to be almost cosymplectic manifold. It is well known that a
normal almost cosymplectic manifold is cosymplectic [2]. The manifold N is
said to be a locally conformal almost cosymplectic manifold [22] if there exists
a 1-form ω such that

dΦ = 2ω ∧ Φ, dη = ω ∧ η and dω = 0.

A structure (ϕ, ξ, η, g) to be normal locally conformal almost cosymplectic [17]
if and only if

(4) (∇Xϕ)Y = u (g(ϕX, Y )ξ − η(Y )ϕX) ,

where ∇ is the Levi-Civita connection of the Riemannian metric g and ω = uη.
From the equation (4), it follows that

∇Xξ = u(X − η(X)ξ).

A locally conformal almost cosymplectic manifold N of dimension ≥ 5 is of
pointwise constant ϕ-sectional curvature if and only if its curvature tensor R̃N

of the form

R̃N (X,Y )Z =
(c− 3u2)

4
{g(Y,Z)X − g(X,Z)Y }

+
(c+ u2)

4
{g(X,ϕZ)ϕY − g(Y, ϕZ)ϕX + 2g(X,ϕY )ϕZ}

− (
c+ u2

4
+ u′){η(Y )η(Z)X − g(X,Z)η(Y )ξ

+ g(Y,Z)η(X)ξ − η(X)η(Z)Y },(5)
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where u is the function such that ω = uη, u′ = ξ (u) and c the pointwise
ϕ-sectional curvature of N [18].

Let M be an m-dimensional submanifold immersed in N . Let X ∈ TM
and V ∈ TM⊥. The decompositions of ϕX and ϕV into tangent and normal
components can be written as

(6) ϕX = TX +NX and ϕV = tV + SV,

where TX and NX are tangent component and normal component of ϕX, re-
spectively, whereas tV and SV are tangent component and normal component
of ϕV, respectively. A submanifoldM of a locally conformal almost cosymplec-
tic manifold N is called anti-invariant (resp. invariant) if T (resp. N) vanishes
identically. Moreover, it is known that ϕ(TXM) ⊂ T⊥XM for all X ∈M, then
M is anti-invariant [14,23].

3. f-biharmonic submanifolds in locally conformal almost
cosymplectic space forms

Denote by B, A, H, ∇ and ∇⊥, the second fundamental form, the shape
operator, the mean curvature vector field, the connection and the Laplacian in
normal bundle, respectively.

We have the following theorem:

Theorem 3.1. Let Mm be a submanifold of locally conformal almost cosym-
plectic space form N 2n+1. ThenMm is an f -biharmonic submanifold of N 2n+1

if and only if

−∆⊥H − trace(B·, AH(·)) +
∆f

f
H + 2(∇⊥grad(ln f)H)

= −mH (c− 3u2)

4
+ (

(c+ u2)

4
+ u′){|ξt|2H +mη(H)ξ⊥}

+
3(c+ u2)

4
NtH,(7)

and

− m

2
grad(|H|)2 − 2trace(A∇⊥

H
(·))− 2AH grad(ln f)

= (
c+ u2

4
+ u′)(m− 1)η(H)ξt +

3(c+ u2)

4
TtH.(8)

Proof. Let {Ei} (1 ≤ i ≤ m) be a local geodesic orthonormal frame on M.
Using the equation (5) and H ∈ span{ϕEi : i = 1, . . . ,m}, we have

R̃N (Ei, H)Ei =
(c− 3u2)

4
{g(H,Ei)Ei − g(Ei, Ei)H}

+
(c+ u2)

4
{g(Ei, ϕEi)ϕH−g(H,ϕEi)ϕEi+2g(Ei, φH)ϕEi}

− (
c+ u2

4
+ u′) {η(H)η(Ei)Ei − g(Ei, Ei)η(H)ξ
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+g(H,Ei)η(Ei)ξ − η(Ei)η(Ei)H)} .(9)

After a straightforward computation, we obtain

traceg

(
R̃N (Ei, H)Ei

)
= −mH (c− 3u2)

4
+

3(c+ u2)

4
(TtH +NtH)

+ (
c+ u2

4
+ u′){|ξt|2H − η(H)ξt +mη(H)ξ}.(10)

Using tension field of F : (M, g)→ (N , h), we can write

(11) τ(F ) = trace (∇dF ) = mH.

Making use of (1) and (11), we obtain

(12) τ2(F ) = −mtraceg(∇F∇F −∇F
∇)(τ(F ))H −mtracegR̃N (dF,H)dF.

From the well known computation, we have

traceg(∇F∇F −∇F
∇)(τ(F )) = −∆⊥H − m

2
grad(|H|)2

− trace(B·, AH ·)− 2trace(A∇⊥H(·)).(13)

Putting (13) into (12), we get

τ2(F ) = −m∆⊥H −mm

2
grad(|H|)2 −mtrace(B·, AH ·)

− 2mtrace(A∇⊥H(·))−mtracegR̃N (dF,H)dF.(14)

From (2), we have

(15) τ2(F ) +m
∆f

f
H − 2mAH grad(ln f) + 2m∇⊥grad(ln f)H = 0.

Substituting (14) into (15), we obtain

−∆⊥H − m

2
grad(|H|)2 − trace(B·, AH ·)− 2trace(A∇⊥H(·))

− tracegR̃N (dF,H)dF +
∆f

f
H − 2AH grad(ln f) + 2∇⊥grad(ln f)H = 0.(16)

WhenMm is an f -biharmonic submanifold of N 2n+1, substituting (10) in (16)
and comparing normal and tangential components, we have desired result. �

Corollary 3.2. LetMm be a submanifold of locally almost cosymplectic space
form N 2n+1.

1. IfMm is invariant, thenMm is f -biharmonic if and only if

−∆⊥H − trace(B·, AH(·)) +
∆f

f
H + 2(∇⊥grad(ln f)H)

= −mH (c− 3u2)

4
+ (

c+ u2

4
+ u′){|ξt|2H +mη(H)ξ⊥},(17)

and

− m

2
grad(|H|)2 − 2trace(A∇⊥

H
(·))− 2AH grad(ln f)



600 M. ASLAM, F. KARACA, AND A. N. SIDDIQUI

= (
c+ u2

4
+ u′)(m− 1)η(H)ξt +

3(c+ u2)

4
TtH.(18)

2. IfMm is anti-invariant, thenMm is f -biharmonic if and only if

−∆⊥H − trace(B·, AH(·)) +
∆f

f
H + 2(∇⊥grad(ln f)H)

= −mH (c− 3u2)

4
+ (

c+ u2

4
+ u′){|ξt|2H +mη(H)ξ⊥}

+
3(c+ u2)

4
NtH,(19)

and

− m

2
grad(|H|)2 − 2trace(A∇⊥

H
(·))− 2AH grad(ln f)

= (
c+ u2

4
+ u′)(m− 1)η(H)ξt.(20)

Proof. 1. ForMm is invariant, we take N = 0 in (7) and (8). Then, we obtain
result.

2. For Mm is anti-invariant, we take T = 0 in (7) and (8). Then, we obtain
the desired result. �

Corollary 3.3. LetMm be a submanifold of locally almost cosymplectic space
form N 2n+1.

1. Let ξ be normal toMm, thenMm is f -biharmonic if and only if

−∆⊥H − trace(B·, AH(·)) +
∆f

f
H + 2(∇⊥grad(ln f)H)

= −mH (c− 3u2)

4
+ (

c+ u2

4
+ u′)(mη(H)ξ) +

3(c+ u2)

4
NtH,

and
−m

2
grad(|H|)2 − 2trace(A∇⊥

H
(·))− 2AH grad(ln f) = 0.

2. Let ξ be tangent toMm, thenMm is f -biharmonic if and only if

−∆⊥H − trace(B·, AH(·)) +
∆f

f
H + 2(∇⊥grad(ln f)H)

= −mH (c− 3u2)

4
+ (

c+ u2

4
+ u′) +

3(c+ u2)

4
NtH,

and

−m
2
grad(|H|)2 − 2trace(A∇⊥

H
(·))− 2AH grad(ln f) =

3(c+ u2)

4
TtH.

Proof. 1. Since ξ is normal toMm, then the tangential component of ξ vanishes
and take Mm as anti-invariant, T = 0. Taking ξt = 0, ξ⊥ = ξ and T = 0 in
(7) and (8), we get the result.

2. Since ξ is tangent to Mm, then ξ⊥ vanishes and taking η(H) = 0 in (7)
and (8), we obtain the result. �
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Corollary 3.4. LetM2n be a hypersurface of locally almost cosymplectic space
form N 2n+1. ThenM2n is f -biharmonic if and only if

−∆⊥H − trace(B·, AH(·)) +
∆f

f
H + 2(∇⊥grad(ln f)H)

=

(
− (2n)

(c− 3u2)

4
+ (

c+ u2

4
+ u′)|ξt|2 − 3(c+ u2)

4

)
H

+

(
2n(

(c+ u2)

4
+ u′) +

3(c+ u2)

4

)
η(H)ξ⊥,

and

− n grad(|H|)2 − 2trace(A∇⊥
H

(·))− 2AH grad(ln f)

=

(
(
c+ u2

4
+ u′)(2n− 1) +

3(c+ u2)

4

)
η(H)ξt.

Proof. Let M2n be a hypersurface. Thus, we have ϕH is tangent. Using the
equation (6), we get SH = 0. Then, we obtain −H + η(H)ξ = TtH + NtH.
By comparing the tangential and normal parts, TtH = η(H)ξt and NtH =
−H + η(H)ξ⊥ which gives the result. �

Proposition 3.5. Let M2n be a hypersurface of locally almost cosymplectic
space form N 2n+1 with non zero constant mean curvature H and ξ tangent to
M2n. ThenM2n is proper f -biharmonic if and only if

‖B‖2 =
∆f

f
+
n(c− 3u2)

2
+

3(c+ u2)

4
−
(
c+ u2

4
+ u′

)
,

and

AH grad f = 0,

or equivalently, if and only if

ScalM = (c− 3u2)n(n− 1) +
3(c+ u2)

2
(n− 1)

+

(
c+ u2

4
+ u′

)
(3− 4n)− ∆f

f
+ 4n2H2,(21)

and

AH grad f = 0.

Proof. Let M2n be an f -biharmonic hypersurface of N 2n+1 and ξ is tangent
to M2n, then η(H) = 0. Therefore, we can write

ϕ2H = −H + η(H)ξ = −H.

This implies that

(22) TtH = 0 and NtH = −H.
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Taking η(H) = 0 and the equation (22) in Corollary 3.4, we get

−∆⊥H − trace(B·, AH(·)) +
∆f

f
H + 2(∇⊥grad(ln f)H)

=

(
− (2n)

(c− 3u2)

4
+ (

c+ u2

4
+ u′)− 3(c+ u2)

4

)
H,

and

−n grad(|H|)2 − 2trace(A∇⊥
H

(·))− 2AH grad(ln f) = 0.

For constant mean curvature, we have

(23) trace(B·, AH(·)) =

(
∆f

f
+
n(c− 3u2)

2
− (

c+ u2

4
+ u′) +

3(c+ u2)

4

)
H,

and

AH grad f = 0.

From the equation (23), we obtain

(24) ‖B‖2 =
∆f

f
+
n(c− 3u2)

2
+

3(c+ u2)

4
−
(
c+ u2

4
+ u′

)
.

Using Gauss equation, we have

(25) ScalM =

2n∑
i,j=1

R̃N (Ei, Ej , Ej , Ei)− ‖B‖2 + 4n2H2.

Then, we calculate the following equation

2n∑
i,j=1

R̃N (Ei, Ej , Ej , Ei) = (2n− 1)
n(c− 3u2)

2
+

3(c+ u2)

4
(2n− 1)

− 2(2n− 1)(
c+ u2

4
+ u′).(26)

Making use of (24), (25) and (26), we have

ScalM = (c− 3u2)n(n− 1) +
3(c+ u2)

2
(n− 1)

+

(
c+ u2

4
+ u′

)
(3− 4n)− ∆f

f
+ 4n2H2.

This concludes the proof. �

Remark 3.6. Let M2n be a constant mean curvature hypersurface with ξ tan-
gent toM2n on locally almost cosymplectic space form N 2n+1. If the functions
u and f satisfy the inequality

∆f

f
≤
(
c+ u2

4
+ u′

)
− n(c− 3u2)

2
− 3(c+ u2)

4

on M2n, then M2n is not f -biharmonic.
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4. f-biharmonic integral submanifolds in locally conformal almost
cosymplectic space forms

A submanifold Mm of a contact manifold N 2n+1 is called an integral sub-
manifold if η(X) = 0 for every tangent vector field X [3]. An integral subman-
ifold Mm of a contact manifold N 2n+1 is said to be integral C-parallel [3] if
∇⊥B is parallel to the characteristic vector field and ∇⊥B is given by

∇⊥B(X,Y, Z) = ∇⊥XB(Y,Z)−B(∇XY,Z)−B(Y,∇XZ),

for every tangent vector fields X,Y, Z, ∇⊥ and ∇ being the normal connection
and the Levi-Civita connection on M, respectively.

Let N 2n+1 be a locally conformal almost cosymplectic space form with con-
stant ϕ-sectional curvature c and Mm a submanifold of N 2n+1.

We have the following theorem:

Theorem 4.1. Let Mm be an integral submanifold of N 2n+1. Then, Mm is
f -biharmonic if and only if

∆⊥H + trace(B·, AH(·))− 2∇⊥grad(ln f)H

=

(
(c− 3u2)

4
m+ 3

(c+ u2)

4
+

∆f

f

)
H,(27)

and
m

2
grad(|H|)2 + 2trace(A∇⊥

H
(·)) + 2AH grad(ln f) = 0.

Proof. Let Mm be an integral submanifold of N 2n+1. Let {Ei}mi=1 be a local
orthonormal frame onM, {Ei, ϕEj , ξ}ni,j=1 is a local orthonormal frame on N .
Using the equation (9) and H ∈ span{ϕEi : i = 1, . . . , n}, we can write

(28) R̃N (Ei, H)Ei = − (c− 3u2)

4
g(Ei, Ei)H +

(c+ u2)

4
3g(Ei, ϕH)ϕEi.

Hence, we have

(29)

m∑
i=1

R̃N (Ei, H)Ei = −
(

(c− 3u2)

4
m+

3(c+ u2)

4

)
H.

Using equation (29) into (16), we obtain

−∆⊥H − m

2
grad(|H|)2 − trace(B·, AH ·)− 2trace(A∇⊥H(·))

+

(
(c− 3u2)

4
m+

3(c+ u2)

4
+

∆f

f

)
H − 2AH grad(ln f) + 2∇⊥grad(ln f)H = 0.

Finally, separating the tangential and normal components, we have the desired
result. �

Corollary 4.2. There does not exist a proper f -biharmonic integral submani-

foldMm such that ∆f
f + (c−3u2)

4 m+ 3(c+u2)
4 < 0 with constant mean curvature

||H|| in N 2n+1.
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Proof. Let Mm be an f -biharmonic integral submanifold with constant mean
curvature ||H|| in N 2n+1. Then, taking the scalar product of (27) with H, we
obtain

g(∆⊥H,H) = − g(trace(B·, AH(·), H) + 2g(∇⊥grad(ln f)H,H)

+

(
(c− 3u2)

4
m+

3(c+ u2)

4
+

∆f

f

)
g(H,H)

= − ||AH ||2 + 2g(∇⊥grad(ln f)H,H)

+

(
(c− 3u2)

4
m+

3(c+ u2)

4
+

∆f

f

)
||H||2.(30)

For constant mean curvature, we get

(31) 2g(∇⊥grad(ln f)H,H) = 0.

Making use of (30) and (31), we obtain

(32) g(∆⊥H,H) = −||AH ||2 +

(
(c− 3u2)

4
m+

3(c+ u2)

4
+

∆f

f

)
||H||2.

Using Weitzenböck formula for an f -biharmonic integral submanifold with con-
stant mean curvature, we have

(33) g(∆⊥H,H) = ||∇⊥H||2.

From (32) and (33), we obtain

(34) ||∇⊥H||2 + ||AH ||2 =

(
(c− 3u2)

4
m+

3(c+ u2)

4
+

∆f

f

)
||H||2.

Since, we assume that (c−3u2)
4 m+ 3(c+u2)

4 + ∆f
f < 0, from (34), we get ||H||2 = 0,

so Mm is minimal. This completes the proof. �

Corollary 4.3. There does not exist a proper f -biharmonic compact integral

submanifoldMm such that (c−3u2)
4 m+ 3(c+u2)

4 + ∆f
f ≤ 0 in N 2n+1.

Proof. Let Mm be an f -biharmonic compact integral submanifold. By the
use of the same method in the proof of Corollary 4.2, from the equation (32),
(c−3u2)

4 m+ 3(c+u2)
4 + ∆f

f ≤ 0 and Weitzenböck formula, we obtain the result. �

Proposition 4.4. Let Mm be a integral C-parallel submanifold in N 2n+1.
Then, we have

[τ2,f (F )]
T

= AH grad(ln f) = 0.

Proof. From [9], we have ||H|| is constant and ∇⊥H is parallel to ξ. Thus, we
have AH grad(ln f) = 0. This completes the proof. �
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Proposition 4.5. A non-minimal integral C-parallel submanifold Mm with
constant mean curvature ||H|| in N 2n+1 is proper f -biharmonic if and only if

(c− 3u2)

4
m+

3(c+ u2)

4
+

∆f

f
− 1 > 0,

and

trace(B·, AH(·))− 2∇⊥grad(ln f)H =

[
(c− 3u2)

4
m+

3(c+ u2)

4
+

∆f

f
− 1

]
H.

Proof. From normal component of Theorem 4.1 and ∆⊥H = H [9], we have
(35)

trace(B·, AH(·))− 2∇⊥grad(ln f)H =

[
(c− 3u2)

4
m+

3(c+ u2)

4
+

∆f

f
− 1

]
H.

Then taking the scalar product of the equation (35) with H, we obtain

||AH ||2 =

[
(c− 3u2)

4
m+

3(c+ u2)

4
+

∆f

f
− 1

]
||H||2.

Thus, it shows that

(c− 3u2)

4
m+

3(c+ u2)

4
+

∆f

f
− 1 > 0.
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