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f-BIHARMONIC SUBMANIFOLDS AND f-BIHARMONIC
INTEGRAL SUBMANIFOLDS IN LOCALLY CONFORMAL
ALMOST COSYMPLECTIC SPACE FORMS

MoHD AsLAM, FATMA KARACA, AND ALIYA NAAZ SIDDIQUI

ABSTRACT. In this paper, we have studied f-biharmonic submanifolds
in locally conformal almost cosymplectic space forms and have derived
condition on second fundamental form for f-biharmonic submanifolds.
Also, we have discussed its integral submanifolds in locally conformal
almost cosymplectic space forms.

1. Introduction

Harmonic maps and biharmonic maps are important fields of research being
the critical points of energy functional and bienergy functional. Because of
both geometric and analytical aspects, harmonic maps are upward trend of
researches. The idea behind the biharmonic maps is old and attractive subject
of research. The biharmonic maps have been studied in 1862 by Maxwell and
Airy to describe a mathematical model of elasticity. Biharmonic maps are a
generalization of harmonic maps and first regular studied by Eells and Lemaire
in 1978 [5]. In 1986, Jiang [10] discussed first and second variations formulas
for bienergy functional. In 2015, Lu introduced f-biharmonic maps [15]. The
first variation of the f-biharmonic maps and the equation for the f-biharmonic
conformal maps between the same dimensional manifolds are calculated in [15].
In [19], Ou considered f-biharmonic maps and f-biharmonic submanifolds.

A map F between two Riemannian manifolds (M, g) and (N, h) is called
harmonic and biharmonic, respectively if it is a critical point of E(F') and
E5(F)

B(F) = [ 4P| du,
M
and

Bo(F) = 5 [ ()P,
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where (M, g) is a compact Riemannian manifold and dv, is the volume measure
associated with the metric g on M. A map F : (M, g) — (N, h) is harmonic
and biharmonic, respectively if and only if 7(F) = 0 and 72 (F)) = 0, where
T(F) and 7 (F') are called the tension field [6] and the bitension field [10],
respectively which are given by

T(F) = tracey(VAF) =0,
and
(1) 7o(F) = trace,(VEVE — VE)(r(F)) - traceg(RN(dF, 7(F))dF) = 0.
A map F is called f-biharmonic if it is the critical point of Es ¢(F') [15],

Bog(P) =35 [ 1Ir(O) o,

where f : M — R is a differentiable function. A map F' is f-biharmonic if and
only if 75 ¢(F) = 0 where 75 ¢(F) is called the f-bitension field [15], which is
given by

(2) o0 (F) = fra(F) + Afr(F) +2Vh 4 7(F) =0.

An f-biharmonic map is called proper f-biharmonic if it is neither harmonic
nor biharmonic [19]. Moreover, if f is a constant, then an f-biharmonic map
turns into a biharmonic map [15].

Recently, many geometers studied biharmonic and f-biharmonic submani-
folds in different ambient spaces [4,7,13,16,20]. In [1], Baikoussis and Blair
gave a classification of 3-dimensional flat integral C-parallel submanifolds in
the unit sphere S7(1). In [8], Fetcu and Oniciuc studied integral C-parallel
submanifolds in 7-dimensional Sasakian space form. They also studied bihar-
monic integral C-parallel submanifolds in 7-dimensional Sasakian space forms
and give its classification [9]. In [11], Karaca studied f-biharmonic integral
submanifolds in generalized Sasakian space forms. In [21], Roth and Upadhyay
studied f-biharmonic submanifolds in both generalized complex and Sasakian
space forms. In [12], Karaca studied f-biminimal submanifolds of general-
ized space form. Motivated by these studies, in present paper, we consider
f-biharmonic submanifolds and f-biharmonic integral submanifolds in locally
conformal almost cosymplectic space forms. We obtain the necessary and suf-
ficient conditions for submanifolds in locally conformal almost cosymplectic
space forms to be f-biharmonic. Then, we also obtain the necessary and suf-
ficient conditions for integral and integral C-parallel submanifolds in locally
conformal almost cosymplectic space forms to be f-biharmonic.

2. Preliminaries

Let 2"t = (N[0, &, 1) be an almost contact manifold [2] with an almost
contact structure (¢, £, n) which satisfies

(3) P’ =—-IT+n®¢ and n(¢) =1,
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where @, £ and 7 are a (1, 1) tensor field, a vector field and 1-form, respectively.
Clearly, (3) gives
() =0 and nop=0.
Define an almost complex structure J on the product manifold A" x R defined
by
d d
106G = (X 2600 ).
where X is tangent to A, t the coordinate of R and A a smooth function on
N x R. The manifold N is called normal if the almost complex structure J is
integrable. The necessary and sufficient condition for N to be normal is

[, 0] +2dn @& =0,

where [, ¢] is the Nijenhuis tensor of ¢. There exists a compatible Riemannian
metric g which satisfies

9(pX, oY) =g(X,Y) —n(X)n(Y) and g(X,§) =n(X)
for all X,Y € TN. Then, N becomes an almost contact metric manifold with
an almost contact metric structure (¢, &,n,g). If the fundamental 2-form &
and 1-form 7 are closed, where
P (X,Y) =g(X,pY)

then, N is said to be almost cosymplectic manifold. It is well known that a
normal almost cosymplectic manifold is cosymplectic [2]. The manifold N is
said to be a locally conformal almost cosymplectic manifold [22] if there exists
a 1-form w such that

d® =2wA®, dn=wAn and dw=0.
A structure (¢, &,7, g) to be normal locally conformal almost cosymplectic [17]
if and only if
(4) (Vx@)Y = u(g(¢X,Y)§ = n(Y)pX),
where V is the Levi-Civita connection of the Riemannian metric g and w = un.
From the equation (4), it follows that

Vx§ =u(X —n(X)§).

A locally conformal almost cosymplectic manifold N of dimension > 5 is of

pointwise constant p-sectional curvature if and only if its curvature tensor RN
of the form

ez = CE ) gy 2)x - gx. 2y
+ (e Zu ) {9(X,02)0Y — g(Y,pZ)pX + 29(X, pY)pZ}
c+ u?

—( +u ) {n(Y)n(Z2)X — g(X, Z)n(Y)¢
(5) +9(Y, Z)n(X)§ —n(X)n(2)Y},




598 M. ASLAM, F. KARACA, AND A. N. SIDDIQUI

where v is the function such that w = un, v’ = £(u) and ¢ the pointwise
p-sectional curvature of N/ [18].

Let M be an m-dimensional submanifold immersed in N. Let X € TM
and V € TM*. The decompositions of X and ¢V into tangent and normal
components can be written as

(6) X =TX+NX and ¢V =tV 4S8V,

where TX and NX are tangent component and normal component of X, re-
spectively, whereas tV and SV are tangent component and normal component
of ¢V, respectively. A submanifold M of a locally conformal almost cosymplec-
tic manifold A is called anti-invariant (resp. invariant) if T’ (resp. V) vanishes
identically. Moreover, it is known that ¢(Tx M) C Tx M for all X € M, then
M is anti-invariant [14, 23].

3. f-biharmonic submanifolds in locally conformal almost
cosymplectic space forms

Denote by B, A, H, V and V+, the second fundamental form, the shape
operator, the mean curvature vector field, the connection and the Laplacian in
normal bundle, respectively.

We have the following theorem:

Theorem 3.1. Let M™ be a submanifold of locally conformal almost cosym-
plectic space form N?" 1. Then M™ is an f-biharmonic submanifold of N7 +1
if and only if

Af

— AYH — trace(B-, Au (")) + TH + 2(v;rad(ln nH)
) 2
= —mH(c 3u’) ((c —Zu ) + u){|ENPH + mn(H)EH)
and
- % grad(|H|)? — 2trace(Ag. () — 2Ay grad(ln f)
8) (o m— et + 2 )

4

Proof. Let {E;} (1 < i <m) be a local geodesic orthonormal frame on M.
Using the equation (5) and H € span{pFE; : i =1,...,m}, we have

B _ 2
RN (B mE = ) (1 BB, — (B B HY
(c+v?)
+ {9(Ei, oE;)pH —g(H, pE;)pEi+29(E;, pH)@E;}
c+u2

—( 1 +u') {n(H)n(E;)E; — g(E;, E;)n(H )&
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(9) +9(H, E;)n(E;)§ — n(Eq)n(Ei)H)} .
After a straightforward computation, we obtain
¢ — 3u? 3(c+ u?

) | 3ot
(10) R E — (e mn(H)E).
Using tension field of F': (M, g) — (N, k), we can write
(11) 7(F) = trace (VdF) = mH.
Making use of (1) and (11), we obtain
(12)  7(F) = —mtrace,(VEVF — VE)(r(F))H — mtrace, RN (dF, H)dF.
From the well known computation, we have

trace,(VEVE — VE)(7(F)) = — AH — % grad(|H|)?

(13) —trace(B-, Ag-) — 2trace(Av 1 g (+)).
Putting (13) into (12), we get

trace, (RN(Ei,H)Ei) = — mH( (TtH + NtH)

m(F) = —mATH — m% grad(|H|)?* — mtrace(B-, Ag-)
(14) —2mtrace(AgL H(")) — mtracegRN(dF, H)dF.
From (2), we have
15 F Al oma d(l 2mv,, H=0
(15) 7 )+m7 —2mAp grad(In f) +2mV 440 o H = 0.

Substituting (14) into (15), we obtain
YN g grad(|H|)* — trace(B-, Ap-) — 2trace(Ag1 g (+))

2
. Af
(16) — trace,RY (dF, H)dF + TH —2Ap grad(ln f) + QV;md(ln nH=0.

When M™ is an f-biharmonic submanifold of A”2"*1  substituting (10) in (16)
and comparing normal and tangential components, we have desired result. [

Corollary 3.2. Let M™ be a submanifold of locally almost cosymplectic space

form N2+l
1. If M™ is invariant, then M™ is f-biharmonic if and only if
Af
— AYH — trace(B-, Ag () + 7H +2(Vraaan ) H)
_ 9,2 2
a7 = O P (e,
and

- % grad(|H|)* — 2trace(Ay.(+)) — 24x grad(ln f)
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¢+ u? (c+u?)

3
(18) = ( 1 + ') (m — )n(H)E + T TtH.
2. If M™ is anti-invariant, then M™ s f-biharmonic if and only if
Af
— AYH — trace(B-, Ag () + TH + 2(V;‘md(1nf)H)

(c — 3u?) ¢+ u?

= —mH—— =+ (—— + u){[PH + mn(H)E}
(19) + ?’(C%UQ)ME
and
- % grad(|H|)* — 2trace(Ag. () — 2Ax grad(ln f)
2
(0) = (S ) m - (e

Proof. 1. For M™ is invariant, we take N = 0 in (7) and (8). Then, we obtain

result.

2. For M™ is anti-invariant, we take 7= 0 in (7) and (8). Then, we obtain

the desired result.

Corollary 3.3. Let M™ be a submanifold of locally almost cosymplectic space

form N2ntL,

1. Let € be normal to M™, then M™ is f-biharmonic if and only if
Af

—ATH - trace(B-, AH()) + TH + 2(V5J]_rad(1n f)H)

c—?)uQ)+ c+u? 3(c+u?)

It 1 (— +u')(mn(H)E) + 1

NtH,

and
—% grad(|H|)* — 2trace(Ay. () — 24y grad(ln f) = 0.

2. Let & be tangent to M™, then M™ 1is f-biharmonic if and only if
Af

—AtH - trace(B-, Ag(-)) + TH + 2(ngrad(lnf)H)
— 2 2 2
_ —mH(c 3u?) +(c+u )+ MNtH,
4 4 4
and
2
5 grad(|H|)? - 2trace(Ag (1)) = 2An grad(ln f) = w

TtH.

Proof. 1. Since £ is normal to M™, then the tangential component of ¢ vanishes
and take M™ as anti-invariant, 7= 0. Taking ¢ =0, ¢- = ¢ and T = 0 in

(7) and (8), we get the result.

2. Since ¢ is tangent to M™, then ¢* vanishes and taking n(H) = 0 in (7)

and (8), we obtain the result.
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Corollary 3.4. Let M?" be a hypersurface of locally almost cosymplectic space
form N2 +L. Then M?2" is f-biharmonic if and only if

—AtH - trace(B-, Ag(+)) + %H + 2(V;rad(lnf)H)
- (_ (2n) (c _43u2) + (CZUQ +u')[E? - W) H

and
—n grad(|H|)? - 2trace(Ag. (+)) — 2An grad(ln f)

- ((CJr Y rd)2n—1) + ?’(CZ“)) n(H)E.

Proof. Let M?" be a hypersurface. Thus, we have pH is tangent. Using the
equation (6), we get SH = 0. Then, we obtain —H + n(H)¢ = TtH + NtH.
By comparing the tangential and normal parts, TtH = n(H)&! and NtH =
—H + n(H)¢&t which gives the result. O

Proposition 3.5. Let M?" be a hypersurface of locally almost cosymplectic
space form N1 with non zero constant mean curvature H and & tangent to
M?27. Then M?™ is proper f-biharmonic if and only if
A n(c — 3u? 3(c+ u? ¢+ u?
pjp L A mle=3) | Seru) i

[ 2 4 4
and
Apg grad f =0,
or equivalently, if and only if
3 2
Scalp = (¢ — 3u)n(n — 1) + M(n -1)
2 A

(21) + (CZ“ +u’> (3—4n)—7f+4n2H27

Ag grad f =0.

Proof. Let M?" be an f-biharmonic hypersurface of A?"*! and ¢ is tangent
to M?", then n(H) = 0. Therefore, we can write

©’H=—H+n(H)¢=—H.
This implies that
(22) TtH=0 and NtH =-H.
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Taking n(H) = 0 and the equation (22) in Corollary 3.4, we get

Af
— AYH — trace(B-, Ag () + TH + Q(Vglrad(lnf)H)

- (—(Qn) (c = 3u) +(C+u2 ) — M) H,

4 4 4
and
—n grad(|H|)* — 2trace(Ay. () — 2An grad(In f) = 0.
For constant mean curvature, we have
2 2 2
Afern(CQi’)u)(cZu 3(c+u))H7

(23) trace(B-,Ag(-)) = (

and
Ay grad f=0.
From the equation (23), we obtain

nic — U2 C 'LL2 C U2
(1)  |B|p=2f nlezdw) St ><+ w).

T 2 4

Using Gauss equation, we have

2n
(25) Scaly = > RN(E; E;, E;, E;) — || B|* + 4n* H?.
i,j=1
Then, we calculate the following equation
c— 3u? 3 2
), Be+w?)
2 4

2n
Z RN(E“ E]‘, Ej, Ez) = (271 — ].)n(

4,j=1

(2n—1)

chu2

(26) —2(2n — 1)( ).

Making use of (24), (25) and (26), we have

3(c+ u?)

Scalp = (¢ — 3u®)n(n —1) + (n—1)

2
+ <C—Zu +u’> (3—4n) — % +4n?H?.

This concludes the proof. O

Remark 3.6. Let M?™ be a constant mean curvature hypersurface with ¢ tan-
gent to M?2" on locally almost cosymplectic space form N2*+1. If the functions
u and [ satisfy the inequality

ﬂ< c+u2+ N nle—3u?)  3(c+u?)
=\ 2 4
on M?", then M?" is not f-biharmonic.
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4. f-biharmonic integral submanifolds in locally conformal almost
cosymplectic space forms

A submanifold M™ of a contact manifold AN2"*1 is called an integral sub-
manifold if (X)) = 0 for every tangent vector field X [3]. An integral subman-
ifold M™ of a contact manifold N?"*! is said to be integral C-parallel [3] if
V=B is parallel to the characteristic vector field and V1B is given by

VYB(X,Y,Z)=VxB(Y,Z) - B(VxY,Z) — B(Y,VxZ),

for every tangent vector fields X,Y, Z, V+ and V being the normal connection
and the Levi-Civita connection on M, respectively.

Let N2"*! be a locally conformal almost cosymplectic space form with con-
stant @-sectional curvature ¢ and M™ a submanifold of N2"*1,

We have the following theorem:

Theorem 4.1. Let M™ be an integral submanifold of N*"*+1. Then, M™ is
f-biharmonic if and only if
AYH + trace(B-, An(+)) = 2V grpaom ) H

(27) = ((C _43u2)m+3(c Z“Q) + Aff) H,

and
m
2 grad(|H|)® + 2trace(Agy () + 245 grad(in f) = 0.

Proof. Let M™ be an integral submanifold of N2"*1. Let {E;}™, be a local
orthonormal frame on M, {E;, pEj,§ }f j—1 1s a local orthonormal frame on N.
Using the equation (9) and H € span{¢E; :i=1,...,n}, we can write

- — 3u2 2
(28)  RN(E, H)E, = —%g(Ei,Ei)H + (CZ“ ) 39(E,, pH)pE..
Hence, we have
i ' L (¢ — 3u?) 3(c+u?)
(29) > RN(E:, H)E; = ( y U H.

i=1

Using equation (29) into (16), we obtain

—~AtH - % grad(|H|)* — trace(B-, Ag-) — 2trace(AgLp(+))
(¢ — 3u?) 3(c+u?)  Af

+ ( 1 m + 1 + 7

Finally, separating the tangential and normal components, we have the desired

result. (]

) H —2Ag grad(In f) + QV;‘md(ln nH=0.

Corollary 4.2. There does not exist a proper f-biharmonic integral submani-
9,2 q 2

fold M™ such that % + (672u )+ d(czu ) < 0 with constant mean curvature

||H|| in N2+L,
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Proof. Let M™ be an f-biharmonic integral submanifold with constant mean
curvature ||H|| in N?"*1. Then, taking the scalar product of (27) with H, we
obtain

g(AL]—L H) = = g(trace(B-,AH(-),H) + 2g(vglrad(lnf)H7 H)
(¢ — 3u?) 3ct+u®) Af
= = HAH||2+2g(v;_rad(lnf)H7H)
— 32 2
(30) +<(C 43“)m+3(01“)+if>|ﬂ||2.

For constant mean curvature, we get
(31) 2g(vglrad(lnf)fl’ H) =0.
Making use of (30) and (31), we obtain

(5 2 2L e

(32)  g(A“H,H) = —||Au|P + (

Using Weitzenbock formula for an f-biharmonic integral submanifold with con-
stant mean curvature, we have

(33) g(ATH, H) = ||V H]|]*.
From (32) and (33), we obtain
- 3u? 3c+u?) A
61)  IVEIE+ Anl? = (CE D 2D BT e
4 4 I;
Since, we assume that (672u2)m+3(czu2) +% < 0, from (34), we get || H||*> = 0,
so M™ is minimal. This completes the proof. O

Corollary 4.3. There does not exist a proper f-biharmonic compact integral
2 2
submanifold M™ such that (C_iu b + 3(Cl_u ) 4 % <0 in N2l

Proof. Let M™ be an f-biharmonic compact integral submanifold. By the
use of the same method in the proof of Corollary 4.2, from the equation (32),

(Cf’ﬁ) m+ B(Czﬁ) +% < 0 and Weitzenbéock formula, we obtain the result. O

Proposition 4.4. Let M™ be a integral C-parallel submanifold in N?"+1.
Then, we have

(a5 (F))" = A grad(in f) = 0.

Proof. From [9], we have ||H|| is constant and V- H is parallel to ¢&. Thus, we
have Ay grad(ln f) = 0. This completes the proof. O
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Proposition 4.5. A non-minimal integral C-parallel submanifold M™ with
constant mean curvature ||H|| in N?"t is proper f-biharmonic if and only if

(cf3u2)mJr 3(c+u?) +g

1 1 7 —-1>0,
and
1 ~ [(e—3u?) 3c+u?)  Af ]
trace(B-, An () — 2V gpqan pH = T 1 + - 1| H.

Proof. From normal component of Theorem 4.1 and A+H = H [9], we have

(35)
i (e —3u?) 3(c+u?)  Af ]
trace(B+, A () — 2V g qaun pyH = T 1 + T H.

Then taking the scalar product of the equation (35) with H, we obtain

— 3u?) 3(c+u?)  Af
Ag|]? = (e =L 1| ||H|)?.
14l 2 ) 2L
Thus, it shows that
(¢ — 3u?) 3(c+u?) Af
— -1 .
1 m+ 1 + 7 >0 0
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