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ON VANISHING THEOREMS FOR LOCALLY
CONFORMALLY FLAT RIEMANNIAN MANIFOLDS

DANG TUYEN NGUYEN AND Duc THOAN PHAM

ABSTRACT. In this paper, we obtain some vanishing theorems for p-
harmonic 1-forms on locally conformally flat Riemannian manifolds which
admit an integral pinching condition on the curvature operators.

1. Introduction

It is well known that the theory of L?-harmonic 1-forms has played an im-
portant role in the study of the structure of complete manifolds such as the
topology at infinity of a complete Riemannian manifold or complete orientable
d-stable minimal hypersurface in R"*1 (see [1,12] and others). By the appeal
of this theory, many authors are interested in studying it and there have been
a lot of remarkable results on this field. For instance, Lin [14] investigated the
L? harmonic 1-form on locally conformally flat Riemannian manifolds and ob-
tained some vanishing and finiteness theorems for L? harmonic 1-forms. Zhang
[18] obtained vanishing results for p-harmonic 1-forms. Chang [2] obtained
the compactness for any bounded set of p-harmonic 1-forms. Han-Pan [9] in-
vestigated LP p-harmonic 1-forms on complete noncompact submanifolds in a
Hadamard manifold, and obtained some vanishing and finiteness theorems for
these forms.

For vanishing theorems, there are also many results of those for manifolds
endowed with special analysis structure. By assuming that the Ricci curva-
ture is bounded from below in terms of the dimension and the first eigenvalue,
Li-Wang [13] proved a vanishing-type theorem of L? harmonic 1-forms. Later,
Li-Wang’s results were generalized by Lam [11] and were continued by many
authors like Chen-Sung [3], Dung-Sung [5,6] and Vieira [17]. By replacing the
condition on bounded Ricci curvature by an integral pinching condition on the
traceless Ricci tensor and the scalar curvature, Han-Zhang-Liang [10] obtained
some vanishing results for LP p-harmonic 1-forms on a locally conformally flat
Riemannian manifold. To state their results, we recall some notations as fol-
lows.
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Let (M, g) be an m-dimensional Riemannian manifold. A function « on M
is said to be p-harmonic on M if u satisfies the Euler-Lagrange equation

div(|Vu[P~2Vu) = 0.

When p = 2, the function u is a harmonic function. There is a general definition
given as follows: an 1-form w on M is said to be a p-harmonic 1-form if

dw =0,
()

in the distributional sense. Here d* stands for the dual operator of the usual
differential operator. The space of the LP p-harmonic 1-form on M is defined
by

HYP(M) = {w : / lwP < 00, dw =0, d*(Jw|P*w) = 0}.
M

Denote by Ric, R and T = Ric — %g the Ricci curvature tensor, the scalar
curvature and the traceless Ricci tensor respectively of (M, g).

When M is complete, Lin [14] gave a relation between these curvature op-
erators as follows:

: |R|
1.1 Ric > —|T|g — —
(1.1) > —|Tlg N
in the sense of quadratic forms.

When M is simply connected, locally conformally flat, then it has a con-
formal immersion into S™ and according to [16], the Yamabe constant of M
satisfies .

m(m — 2)wn "

Q) = Q(sm) = =2
where w,, is the volume of the unit sphere in R". Therefore, the following
inequality

(m—2)/m
m m/(m—2) m—2
(h2) Q) (/M £ 2 ) = /M VAP + 4(m—1) /M RS

holds for all f € C§°(M).

Since (1.2), it is well-known that if R < 0 or [}, IR|™*dv < oo, then we
have the following Sobolev inequality (for example, see [14]).

(m—2)/m
2m/(m—2) 2

holds for all f € C§°(M) with some constant S > 0, which is equal to Q(S™) "
in the case where R < 0. In particular, M has infinite volume.

By basing on a precise estimate of the curvature operators which appear in
the Bochner-Weitzenbock formula on p-harmonic 1-forms and together with the
Sobolev inequality induced by the positivity of the Yamabe constant as well as
Kato’s inequality, Han-Zhang-Liang proved the following vanishing theorems.
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Theorem A ([10]). Let (M™,g)(m > 3) be an m-dimensional complete, sim-
ply connected, locally conformally flat Riemannian manifold. If

()™ G () < gyt

then we have H*P(M) = {0} forp > 2, where S is a positive constant appearing
in Sobolev inequality (1.3).

Theorem B ([10]). Let (M™, g)(m > p*) be an m-dimensional complete,
simply connected, locally conformally flat Riemannian manifold with R < 0. If

([ i) < [ one1 tn= ] i)

then we have HYP(M) = {0} for p > 2, where Q(S™) = M is the
Yamabe constant of S™ and w,, is the volume of the unit sphere in R™.

By using the approach in [4] and the method in [10], we will give some
extensions for the above vanishing theorems.

Theorem 1.1. Let (M™, g)(m > 3) be an m-dimensional complete, simply
connected, locally conformally flat Riemannian manifold. Assume that there
exists a positive constant

dp—1+kp)
A< i 2
Sp?
satisfying
P 2/m 1 P 2/m
o) e ([ aare) <
</M m \Jm
2
where k, = min{l, (1;;_1} } with p > 2. Then every L*? p-harmonic 1-form

vanishes for

2~ SA
Remark 1.2. Tt is easy to see that
Ap—1+ky) _ Alm—D(p—1)+1]
Sp? - Sp*(m—1)
Therefore, for 23 = p, Theorem 1.1 can be considered as a refinement of The-
orem 1. We also notice that assertion was obtained by Dung-Tien in [7]. In

fact, in [7], the authors gave a vanishing theorem for p-harmonic 1-forms with
L® finite energy, for any Q > 2 provided that

4Q - 14k
SQ?
The main difference between ours and theirs is that when @ = p, Dung and

Tien obtained only vanishing property for forms with LP finite energy while we
can show vanishing property for forms with L?? finite energy.

p<3<1(1+ l—SA(l—k:p)).

A<
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Theorem 1.3. Let (M™,g)(m > p*) be an m-dimensional complete, simply
connected, locally conformally flat Riemannian manifold with R < 0. Assume
that there exists a positive constant

pe[lelih)  dnb ] o,

2/m
( |T|m/2) <A,
M

} with p > 2. Then every L*? p-harmonic 1-form

satisfying

where k, = min{l, (’;r:_lf

vanishes for

_ (Aln—1) _
cpc Mt V1 (2 + AS) (- k)
— 4(m—1) +AS :
(m—=2)vm
Remark 1.4. As p > 2, then (’:,:7_1{2 > ﬁ It implies that k, > m%l and
therefore
(m—1)(p—1)+1 <
m—1 -
This means that the range of A in our paper is wider than that in Han-Zhang-
Liang. Moreover, our results conclude the L?# p-harmonic 1-forms with 26 > p.
Again, in [7], a vanishing property was obtained for p-harmonic 1-forms with
L? finite energy (@ > 2). This is to say that the classes of energy in their paper
are larger. Therefore the main contribution of Theorem 1.3 is that for Q = p,
namely when

(s

p—1+k,.

dlp—1+4kp) 4(m —1)
A< Pe— s
T T v
we obtain vanishing results for any p-harmonic 1-forms with L?? finite energy
while in [7], it is only to conclude vanishing results for any p-harmonic 1-forms

with LP finite energy.

2. Proof of theorems
To verify Theorem 1.1, we need to have the below Kato’s inequality.

Lemma 2.1 ([4]). Let w be a p-harmonic 1-form on a Riemannian manifold
M™. Then we have the following inequality

_ k _
(21) Vel 2 2 (14 o ) 191l P,
where p > 2 and k, = min{1, M}.

m—1

Lemma 2.2 ([4,9]). Let f : M™ — R be smooth function on Riemannian
manifold M™, and w be a closed 1-form on M™. Then we have |d(fw)| <

|df |||
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Proof of Theorem 1.1. Let My = M\ S where § := {z € M : w(z) = 0}.
Let w be any p-harmonic 1-form on M™ with finite L?? norm. Applying the
Bochner-Weitzenbock formula for |w|P~2w, we get

1 — - * * — —
S AW 2wl?) = [V(|wlP2w)]? = ((d"d + dd")lw]"?w, [w]"~%w)

+ Ric(|Jw|P 2w, |w[P2w).
By using (1.1), we have
1
5 (2wl Al + 2|Vl )
R

> |V(|w|P?w)]? = {(d*d + dd*) |w|P~?w, lw[P?w) — (|T] + 7m)|w‘2(p—1)_
Since d* (|w|p_2w) = 0, we obtain
WP APt 2 |V (juP %) [* — |ViwP
() ol ) — (T 20D,

Dividing both sides of the above inequality by |w|P~2 and applying Lemma 2.1,
we have

_ _ X _ R
22) WAL 2 ko IVl = (@ dloP %)) = (7] + Tl

Choose any number ¢ > 0 and a smooth nonnegative function ¢ with a
compact support in M, . Multiplying both sides of inequality (2.2) by |w|9¢?
and integrating by parts over M, gives

(V (] 02), Vw1 + / w127 V]
My My

|R‘ p+q, .2
- /Mf'T'* kel

vm
23) < [ (dll2w), d(wlip?w).
My
On the other hand,
/ (V(jw|™™¢?), VIw[P™) = (¢ + 1) (p — 1)/ |w|4FP72|V|w]|2?

(2.4) +2p=1) [ ol (Ve V).

By Lemma 2.2, we have

|d(pw)| = |dp Aw| < [depl|w]
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for any smooth function ¢ : M — R and any closed 1-form w. So we get

/ (d(|lwP~2w), d(Jw]"p?w)) / IV(wP=2)] - |wl - [V (|w|??)] - |w]
My My

IN

IN

(r—2)q / [P+ 072 V|| 2
My

(25) +2p=2) [ P (T, Vel
My
Combining inequalities (2.3), (2.4) and (2.5), we see that

(g +1)p—1) +E — (0 —2)q) / P12V ] 22

My
R )
— T + —= wp+q80
/M+<| [+l

m
(2.6) < @2p-2)+20-1) /M PlwlP I (Vep, Viwl) |
+
1
20w [PVl [Viw]] < el T2 V] + w1Vl
for € > 0 and using (2.6), we get

(ptq—1+k —c2p—3) / P02V ] 2

My

1Bl pay2
— [ (T1+ =)l
/M+ vm

2p—3
P22 el
€ My

Now since m > 3, and by applying Hoélder inequality, Sobolev inequality
(1.3) and Cauchy-Schwartz inequality, we obtain that

| lepupr
M+

2/m (m—2)/m
/ 2 </ ((p|w|(p+q)/2)2m/(m2)>
supp(¢) M+

2/m
s ( / |T|m/2) [ 19l
supp(¢) M+
1
< o) ((1+e)/ ¢2|V\w|(p+q)/2|2—|— (1_~_7)/ wp+q|v(p|2)
M+ € Jm+

= s+ [ Pl

(2.7) <

IN

IN

2
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28) +ol)1+ ) / WPV 2
M+

€

2/m
for any € > 0, where ¢(p) = 5 (fsupp(w) |T|m/2) . Similarly, we also get
P+q,\2 _
| IRlePopt < v+ 9D [ el vl
M+ M+

(29 Fo@ D) [ elrvel
€ M+
2/m
where () = S (fsupp(w) |R\m/2)
Together (2.7) and (2.8) with (2.9), we get

C. / WPV |wl[2? < D. / WPV l?
My My

for any ¢ € C§°(M4), where

Compra- 1ok, —=r-3) - (9 (252) (00 + 12,

vm
and ©)
2p — ¢ 1 (e
D, = 14+ = )
< 12) (10 20)
Choose a sufficiently small € > 0 in the above. Then there exists a positive
constant C' = C'(e, n,p, q) such that for any ¢ € C§° (M)

(2.10) [ wprvlp <o [ julrtvep
M, M,
provided
2
p+q ¥(p)
1 N L RS
pta—1+k, ( 5 ) <¢>(<p)+ N
+ 2
(2.11) 2p+q1+kp<]92q) SA > 0.

Let 8 = % > £. Then inequality (2.11) is equivalent to the following condi-
tion:

(2.12) SAB* —2B+1—k, <O0.

Moreover it is easy to see that inequality (2.12) is satisfied if and only if the
assumption on A and 8 in Theorem 1.1 is satisfied, that is,

]20§,8<<1+ 1-5A(1—kp)),

4
1—SA(1—k,) >0, and SA<(pf1+kp)Z§-
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Hence A < %min{ﬁ,(p—l—i—kp)%} = (p—l—&-kp)sipz.
By a variation of the Duzaar-Fuchs cut-off method (see in [4,5, 8, 15]), we
will show that inequality (2.10) holds for every ¢ € C§°(M). Indeed, define

ngmin{(ﬁ,l}
€

for € > 0. Let ¢z = 9¥?n:. Hence, by the assumption, ¢ is a compactly sup-
ported continuous function and ¢z = 0 on M\ M. Moreover, p; € W()l’Q(M+).
As € = 0,mz — 1 pointwisely in M, by the similar argument as in [8,15], not-
ing that w is differentiable outside S almost everywhere and C§°(M) is dense
in C}(M), we can replace ¢ by ¢z in (2.10) to obtain

/ WA (1e)? P2 |V ]2
My

(2.13) < 6C / WPV 0% (o) + 3C / [PV 2%,
My My
Noting that

(2.14) /M |w[PT Ve 2yt < gp+q—2/ |V|W||2¢4X{‘w‘gg}
+

My
and the right hand side of (2.14) vanishes by dominated convergence as ¢ — 0,
|V|w|| € L? .(M). Letting € — 0 and applying Fatou lemma to the integral on

loc

the left hand side and dominated convergence to the first integral in the right
hand side of (2.13), we arrive at

1) [ et <ec [ uptveRe?,
My My

where ¢ € C§°(M).
Choose a nonnegative smooth function ¢ such that

o= 1 on B(R),
o on M\ B(2R),

and V1| < Z. Note that 8 = 239, then inequality (2.15) implies

24C
[ errmr < 2.
M, NB(R) R* I,

Letting R — oo, then for all |w| € L?3(M) is constant on each connected
component of M. Observe that w € CY(M) and w = 0 on M. Thus
w = 0 on each connected component of M, provided OM, # (), which is a
contradiction. It follows that M, = M and hence |w| is a nonzero constant
on M. Since M has infinite volume and |w| € L?*(M), we have w = 0. This
completes the proof. (I
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Proof of Theorem 1.3. By the assumption R < 0, inequality (1.2) implies that

(2.10 el LI B

for all f € C§°(M). Replacing f by p|w|®+9/2 in (2.16), after that using
Cauchy-Schwartz inequality, we obtain

m — 2
R 21 ,|p+q
ML
< [ WGkl
M,
1
<@+o [ PTLCIRE L (143) [ v
My € Jmy
— @+ 959 [ Pl vl
My
1
(2.17) + (14 7)/ |w[PF|Vp|?
€ My
with any € > 0. Together (2.7) and (2.8) with (2.17), we get
C. [ PVl <D [ el v
My My

for any ¢ € C§°(M4), where

cg:p+q—1+kp—a<2p—3>—<1+a>(p+q)2((4(m‘1) +o(9)).

5 m— 2)y/m
and D82p€—3+<1+i> <¢(<p)+(:z(r—n2_)\l/)m>'

Since m > p*, we have
4 4(m —1 1 4 4(m —1
=)~ G = (P ) e
Therefore, there exists a number A satisfying
4 4m-1)
Sp2  S(m—2)y/m’
Then, by similar calculations to those in Theorem 1.1, we easily show that the
following inequality

prasoa (259 (st o)

S pta 1k - (p;q>2((:1(7112)\1/%+SA>

> 0.

O0<A<(p—1+kp)
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2
Ap—1+k
p+q) (p—1+ p)>0

Zp—&-q—l—i—k,,—( 5 7

holds if and only if the assumption on 5 = # in Theorem 1.3 is satisfied.

Now, we can take a sufficiently small ¢ > 0 such that C. > 0. Then there
exists a positive constant C' = C'(g,n, p, ¢) such that for any ¢ € C§° (M)

[ prvp <o [ uprve,
My My

This inequality and the proof of Theorem 1.1 help us complete this proof. O
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