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4-TOTAL DIFFERENCE CORDIAL LABELING OF SOME
SPECIAL GRAPHS

R. PONRAJ*, S. YESU DOSS PHILIP AND R. KALA

ABSTRACT. Let G be a graph. Let f: V(G) — {0,1,2,...,k—1} be a map
where k € N and k > 1. For each edge uv, assign the label |f(u) — f(v)|.
f is called k-total difference cordial labeling of G if |tdf (1) — tay (])| <1,
4,5 €{0,1,2,...,k — 1} where tgs(x) denotes the total number of vertices
and the edges labeled with x. A graph with admits a k-total difference
cordial labeling is called k-total difference cordial graphs. In this paper we
investigate the 4-total difference cordial labeling behaviour of shell butterfly
graph, Lilly graph, Shackle graphs etc..
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1. Introduction

All graphs in this paper are finite, simple and undirecte. The notion of k-total
difference cordial graph was introduced in [3]. 3-total difference cordial labeling
behaviour of sevaral grphs like path , complete graph,comb ,armed crown, crown
, wheel, star etc have been investigated in [3, 4] . Also 4-total difference cordial
labeling of path , star , bistar,comb,crown,P,, U K ,,,S(P, U K1,,),Py U By,
etc.,have been invetigated in [5, 6, 7). In this paper we investigate 4-total dif-
ference of cordial labeling of Shell butterfly graph, Lilly graph, Shackle graphs
etc.,

2. k-total difference cordial graphs

Definition 2.1. Let G be a graph. Let f : V(G) — {0,1,2,...,k — 1} be a
function where k € N and k > 1. For each edge uv, assign the label |f(u) — f(v)].
f is called k-total difference cordial labeling of G if |tgr (i) — tar(j)| < 1, 4,5 €
{0,1,2,...,k — 1} where t4(x) denotes the total number of vertices and the
edges labelled with z. A graph with a k-total difference cordial labeling is called
k-total difference cordial graph.
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3. Preliminaries

Definition 3.1. A multiple shell is defined to be a collection of edge disjoint
shells that have common apex vertex. Hence a double shell consists of two edge
disjoint shells with a common apex vertex. A Shell-butterfly graph is a double
shell in which each shell has any order with exactly two pendent edges at the
apex.

Definition 3.2. The Lilly graph I,, : n > 2 is constructed by 2 stars 2K ,,,n >
2, joining 2 path graphs 2P,,n > 2 with sharing of a common vertex. Let
V() ={u,v:1<i<n}U{z;: 1 <i<n}

U{yi:1<i<n—1} and E(I,) = {zpui, 2py; : 1 <i <n}

{zizig1 11 <i<n-—-1}U{zny1} U{yiyit1 : 1 <i <n -2}

Definition 3.3. Switching a vertex s of a graph G results in a formation of a
new graph G, by deleting edges incident to s in G adding the edges that are
obtained by joining the vertex s to the vertices which are not adjacent to s in

G.

Definition 3.4. The Torch graph O,, is the graph with

V(On) ={u;: 1 <i<n+4} and E(O,) = {uuny1 :2<i<n-2}
{uru; :n < i <n+ 4} J {Un—1Un, Unlny2, UnUnga, Uny1Uny3}

Clearly [V(O,)| + |E(O,)| =3n+7

Definition 3.5. The Shell-butterfly graph S, is the graph with
V(Sn) = {uo, vo, wo, ui,v; : 1 <i<m,1 <i<n}and
E(S,) = {uovo, uowo, uots, ugv; : (1 <i<m), (1 <i<n)}.

Definition 3.6. Let P, be the path ujus...u,. The pentagonal snake is the
graph with

V(PS,) =V(P,) U {vi,ws,x; : 1 <i<n—1} and

E(PS,) = {uuirr : 1 <i<n— 1} U {uvi, viw;, wizs, wiuipr 0 1 <i<n-—1}

Definition 3.7. Double pentagonal snake D(PS,,) is obtained by two pentag-
onal snakes that have common path.

4. Main Results

Theorem 4.1. The Shell-butterfly graph S, is 4-total difference cordial for all
n > 4.

Proof. Take the vertex set and edge set as in definition 3.5 Clearly |V (S,)| +
|E(S,)| = 3m + 3n + 3.

Case 1. m < 3,n < 3. In this case we assign the labels to the vertices as in
table 1

Case 2. n =0 (mod 4).
Assign the to the label to the vertices as in case(1) for 1 <m <3and 1 <n <3
. Next assign the label 1 and 0 to the vertices u,, and v,, respectively.
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Values of n | ug | vg | wo | uy | ug | ug | v1 | vo | v3
m,n=2 313|11]3]|3 112
m,n=3 313113311213

TABLE 1

Case 3. n=1 (mod 4).

Assign the to the label to the vertices ug, v, wo, u;,v; @ (1 < i < m —1),(1
i <n —1 as in case(2). Assign the label 3 and 1 to the vertices u,, and v,.
Case 4. n =2 (mod 4).

Assign the to the label to the vertices ug, v, wo, u;,v; ¢ (1 < i < m —1),(1
i <n—1asin case(3). Assign the label 0 and 1 to the vertices w,, and v,.
Case 5. n =3 (mod 4).

Assign the to the label to the vertices ug, v, wo, ui,v; : (1 <@ <m—1),(1 <
i <mn—1 asin case(4). Assign the label 1 and 3 to the vertices u,, and v,.
The table 2 shows that the above labeling pattern is 4-total difference cordial
labelling .

IN

IN

Values of n | t4(0) tar(1) tar(2) taf(3)
n iS Odd 3m+3n+2 3m+3n+6 3mF3nf2 3mF3nf2

4 4 4 4
3m+3In+4 3Im+3Int+4 3m+3n 3m+3Int+4
4 4 4

n is even

4
TABLE 2

A 4-total difference cordial labeling of S7 is shown in Figure 1

3 1
3 1
3 2
1 3
1 0
3
3 1
0 1
! 3
FIGURE 1
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Theorem 4.2. Let G,, be the graph with V(G,,) = {z; : 1 <i<2n}{J
{y; 1 <i<n+1}and E(G,) = {x;x;41 : 1 <i<2n} iis odd
Udz2iciys 1 1 <i <npU{z2iyi 0 1 <i <n}pU{z2i—1¥i+1:1 <i < n}
U{z2iyit1 : 1 <i <n}. Then G, is 4-total difference cordial.

Proof. Clearly |V(Gy)| + |E(Gy)| =8n+ 1.
Case 1. n is odd. Define

hz;)) = 3, i=2n+1,n=0,1,2,...
hz;) = 1, i=2 (mod 4)

h(z;) = 2, i=3 (mod4)

hy;)) = 3, i=1,2,....,n—1

h(yn) = 1,

Clearly tdf(O) = tdf(].) = tdf(Q) = %n, tdf(?)) = %
Case 2. n is even. Define

hz;)) = 3, i=2n+1,n=0,1,2,...
hz;) = 1, i=2 (mod 4)
hz;) = 2, i=0 (mod 4)
h(y;)) = 3, i=12,...,n
Clearly tdf(O) = tdf(l) = tdf(Q) = %Tn, tdf(?)) = %

O

Theorem 4.3. The graph G obtained by switching of an end vertex in path P,
is a 4-total difference cordial.

Proof. Let ujus ... u, be the path P, and G, be the graph obtained by switch-
ing of the vertex wy in the path P,.

Case 1. n =0 (mod 4).

Assign the label 3 to the vertex u;. Fix the label 3,1,2,1,3,3 and 3 to the
vertices uo,us,uq,us,ug,u7 and ug. Next assign the labels 0,2,2 and 3 to the
vertices vg,v10,v11 and vy2. Similarly assign the labels 0, 2,2 and 3 to the vertices
v13,V14,V15 and v1g. Proceding like this until we reach the vertex u,,. Clearly the
vertex u, receive the label 0 when n = 1 (mod 4),2 when n = 2,3 (mod 4),3
when n =0 (mod 4).

Case 2. n =1 (mod 4).

Assign the label 3 to the vertex u;. Fix the labels 2,1,3 and 3 to the vertices
ug,uz,uy and us. Assign the labels 0,2,2 and 3 to the vertices ug,u7,ug and ug.
Next assign the labels 0,2, 2 and 3 to the vertices v19,v11,v12 and v13. Similarly
assign the labels 0,2,2 and 3 to the vertices v14,v15,v16 and v17. Proceding like
this until we reach the vertex wu,. Clearly the vertex u,, receive the label 0 when
n =2 (mod 4),2 when n = 0,3 (mod 4),3 when n =1 (mod 4).

Case 3. n =2 (mod 4).

Assign the label 3 to the vertex u;. Fix the labels 3,2,1,3 and 3 to the vertices
Ug,uz,ug,u5 and ug. Assign the labels 0,2,2 and 3 to the vertices urz,ug,ug and



4-total difference cordial labeling of some special graphs 55

u19. Next assign the labels 0, 2,2 and 3 to the vertices v11,v12,v13 and v14. Simi-
larly assign the labels 0, 2,2 and 3 to the vertices v15,v16,v17 and v1g. Proceding
like this until we reach the vertex w,. Clearly the vertex u,, receive the label 0
when n =3 (mod 4),2 when n = 0,1 (mod 4),3 when n =2 (mod 4).

Case 4. n =3 (mod 4).

Assign the label 3 to the vertex wu;. Fix the labels 1,2,3,1,3 and 3 to the
vertices wug,us,tq,us,ug and uy. Assign the labels 0,2,2 and 3 to the vertices
ug,Ug,u19 and ui;. Next assign the labels 0,2, 2 and 3 to the vertices v12,v13,014
and v15. Similarly assign the labels 0,2,2 and 3 to the vertices vi4,v17,v18 and
v19. Proceding like this until we reach the vertex wu,. Clearly the vertex u,
receive the label 0 when n =3 (mod 4),2 when n = 0,1 (mod 4),3 when n = 2

mod 4).
'(fhe tab)le 3 shows that this vertex labeling is a 4-total difference cordial labeling.
(]
’ Values of n ‘ tdf(O) ‘ tdf(].) ‘ tdf(2) ‘ tdf(?)) ‘
n=0 (mod 4) 3n4—4 3n4—4 3n4—4 3n4—4
n=1 (mod4)| 3¢ |32 ] 3n 3n
n=2 (HlOd 4) 3114—6 3n4—2 3n4—6 3n4—2
n=3 (mod 4) 3n475 3n471 3n475 3n475
TABLE 3

Theorem 4.4. The Lilly graph I, is 4-total difference cordial.

Proof. Take the vertex set and edge set as in definition 3.2. Clearly |V (I,)| +
|E(I,)| = 8n—3. Assign the label 3 to the path vertices z1, 2, ..., Zn, Y1, Y2, - -,
Yn_1. Next we assign the label 1 to the vertices ui,us, ..., Uy, V1,02, ..., Vn_1
and assign the label 3 to the vertex v,.

Clearly tdf(O) = tdf(l) = tdf@) =2n—1, tdf(?)) = 2n.

A 4-total difference cordial labeling of I is shown in Figure 2

FIGURE 2
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Theorem 4.5. Switching of an pendent vertex in I, is a 4-total difference
cordial.

Proof. Let S be the switching vertex of I,,. Clearly |V (I,)s|+|E(I)s] = 12n—7.

Case 1. When w4 is a switching vertex. That is s = uy.

Assign the label 3 to the vertex z;. Next assign the label 2 to the vertices

Ug, U3, ..., Uy. Next assign the label 1 to the vertices vy,vs,...,v,. We now

consider the path vertices. Assign the label 3 to the vertices y1,¥2,- .., Yn—1-

Fix the label 3 to the vertices x, and x,_1. Now assign the label 0 and 3 to

the vertices 1 and xo. Next assign the label 0 and 3 to the vertices x3 and

x4. Continue in this process untill we reach the vertex x,_s. The vertex x,_o

receive the label 0 when n is odd or 3 when n is even.

Clearly tdf(O) = tdf(].) = tdf(3) = 127}1_8, tdf(2) = 121_4.

Case 2. When z; is a switching vertex. That is s = z;.

Assign the label 3 to the vertex z;. Next assign the label 2 to the vertices

U1, Uz, ..., Uy. Next assign the label 1 to the vertices vy, vs,...,v,. We now

consider the path vertices. Assign the label 3 to the vertices y1,v2,-- ., Yn—1-

Fix the label 1,3 and 0 to the vertices z2 x5 and x,_1. Now assign the label 0

and 3 to the vertices x4 and x5. Next assign the label 0 and 3 to the vertices

x¢ and x7. Continue in this process untill we reach the vertex x,_o. The vertex

Tn—o receive the label 0 when n is odd or 3 when n is even.

The table 6 shows that this vertex labeling is a 4-total difference cordial labeling.
O

Values of n | tqr(0) [ tar(1) | tar(2) [ tar(3) |
s odd | 2o=8 [ 12n=8 | 12n=8 [ 1Zn—1

4 4 4 4
12n—8 12n—8 12n—8 12n—4

4 4 4 4
TABLE 4

n is even

Theorem 4.6. The graph P, X P, is a 4-total difference cordial.

Proof. Let u;y,u;2,ui3,ui4 be the vertices in the it" row. Clearly |V (P, x Py)| +
|E(P,, x Py)| =11m — 4.

Case 1. n =0 (mod 4).

Assign the labels 1, 3, 3 and 1 to the vertices ui1,u12,u13 and u14. Next assign the
labels 2, 3, 3 and 3 to the vertices uo1,u22,u23 and ugy. Assign the labels 1,3, 3 and
1 to the vertices us1,us2,us3 and ugs. Next assign the labels 3,3,2 and 3 to the
vertices wq1,us2,ua3 and uag. Clearly tqp(0) = tar(1) = taqp(2) = tgp(3) = Hm=4.
Case 2. n =1 (mod 4).

Assign the labels to the vertices as in case.l. Next assign the labels 3,1,3 and 3
to the vertices usi,us2,us3 and uss. Clearly t4r(0) = tqr(2) = tgr(3) == 11%4_3,
tar(3) = M5

Case 3. n =2 (mod 4).

Assign the labels to the vertices as in case.2. Next assign the labels 3,3,2
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and 3 to the vertices ugi,ug2,ues and ugs. Clearly tqr(0) = tqp(3) = Hm=2
tap(1) = tap(2) = H5=°.

Case 4. n =3 (mod 4).
Assign the labels to the vertices as in case.3. Next assign the labels 1,3,1 and

)

3 to the vertices u71,uza,ur3 and uzq. Clearly tgp(0) = tqp(1) = tq(3) = Hm=2,
fyp(2) = L=t 0

Theorem 4.7. The pentagonal snake PS, is 4-total difference cordial.

Proof. Take the vertex set and edge set as in definition 3.6. Clearly |V (PS,)|+
|E(PSy)| = 9n —8.

Assign the label 3 to the all the path vertices wjus...u,. Fix the label
1 and 3 to the vertices w; and ws. Next assign the labels 1,2,0 and 3 to the
vertices ws, wq, ws and wg. Similarly assign the labels 1,2, 0 and 3 to the vertices
w7, ws, wg and wig. Proceeding like this until we reach the vertex w,_;. Clearly
the vertex v,,_1 receive the label 1 or 2 or 0 or 3 according as n = 3 (mod 4) or
n=0 (mod4) orn=1 (mod 4) or n =2 (mod 4).

Consider the vertices v; : (1 < i < n —1). Fix the label 3 to the vertices v;.
Next assign the labels 1,3,3 and 2 to the vertices vy, v3,v4 and vs. Similarly
assign the labels 1,3,3 and 2 to the vertices vg, v7,vs and vg. Proceeding like
this until we reach the vertex v, _1. Clearly the vertex v, _1 receive the label 1
or 3 or 2 according as n =2 (mod 4) or n =0,3 (mod 4) or n =1 (mod 4).

Consider the vertices x; : (1 <4i <n —1). Fix the label 1 to the vertices .
Next assign the labels 2,1,1 and 3 to the vertices xo,x3, x4 and x5. Similarly
assign the labels 2,1,1 and 3 to the vertices zg, x7, xs and xg. Proceeding like
this until we reach the vertex x,_;. Clearly the vertex z,_1 receive the label 2
or 1 or 3 according as n =2 (mod 4) or n =0,3 (mod 4) or n =1 (mod 4).
The table 5 shows that this vertex labeling is a 4-total difference cordial labeling.

| Values of n [ t4r(0) | tar (1) [ tar(2) | tar(3) |

n=0 (mod 4) 9n4—8 9n4—8 9n4—8 9n4—8
n=1 (mod 4) 9n4—9 9114—5 9n4—9 9n4—9
n=2 (mod 4) 9714—6 9n4—10 9n210 9n4—6
n=3 (mod 4) In—T11 In—-7 9n477 9n477

1 1
TABLE 5

A 4-total difference cordial labeling of PS5 is shown in Figure 3
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FIGURE 3

Theorem 4.8. The Double pentagonal snake D(PS,,) is 4-total difference cor-
dial.

Proof. Let P, be the path ujus . . Let V(D(PS,)) =V(P,)U
{vi,wi,xizlgign—l}U{v wl,xl 1§i§n—l}and

{u1v1,vzw1,wzx“x1uz+1 1<i<n-1}

Clearly |V(D(PSy,))| + |E(D(PS,,))| = 16n — 15.

Fix the label 3 to the vertlces UUs . .. U,. Fix the label 3,3,1,1,1 and 2
to the vertices Ul,vl,wl,wl,xl,xl Next assign the label 3,3,3,2,1 and 1 to
the Vertlces ’U2,’U2,U}2,’LU2,JJ2,J)2 Proceding like this until we reach the vertex

u;v; vw wzxz,xzuH_l 1§i§n—1}.

Un— 1,Un 1y Wn— 17wn 1y Ln— 171'71 1
Clearly tdf(O) = tdf(Q) = tdf(?)) = watdf(l) = % O

Theorem 4.9. The Torch graph O, is a 4-total difference cordial for all n.

Proof. Take the vertex set and edge set as in definition 3.4. Clearly |V(O,)| +
|E(O,)| = 3n+7. Fix the labels 3,2,2,3,3,1 and 3 to the vertices w1, ug, us, u4,
us, ug and u7. Assign the labels 3,2, 3 and 0 to the vertices ug, ug, 19, u11. Next
assign the labels 3,2,3 and 0 to the vertices ui2, u13, u14, u15. Continue in this
process until we reach the vertex u,,. The vertex u,, receive the label 3,2,3 and
0 according as n =0 (mod 4),n =1 (mod 4), n =2 (mod 4), n =3 (mod 4).
The table 6 shows that this vertex labeling is a 4-total difference cordial labeling.
A 4-total difference cordial labeling of O3 is shown in Figure 4 O



4-total difference cordial labeling of some special graphs 59

’ Values of n ‘ tar (0) ‘ tar(1) ‘ tar(2) ‘ tar(3) ‘

n=0 (HlOd 4) BnIS 3nj4 3n4+8 3n4+8
n=1 (mod 4) 3n4+5 3n:—9 3n4+9 3n4+5
n=2 (mod 4) 3n4+6 3n4+6 3n1—10 3n4+6
n=3 (mod 4) 3n2—7 3n2—7 3n4+7 3n4+7
TABLE 6
3
1 3
3 3
2
2
FIGURE 4

5. Discussion

Difference cordial labeling was introduced in [11] and Total product labeling
was introduced in [12]. Motivated by these two concepts we have introduced the
K-Total difference cordial labeling in [3]. we have been investigated the 4 - total
difference cordial labeling behaviour of some graphs like shell butterfly graph,
lilly graph, shackle graph, torch graph in this paper.

6. Limitation of Research

It is difficult to investigate the 4 - total difference cordial labeling behaviour
of torus grid graph, double step grid graph, mobius grid graph presently
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7. Future Research

4 - total difference cordial labeling behaviour of theta graph, plus graph, kayak
paddale graph are the possible future directions of research work.

8. Conclusion

In this paper we have studied the 4 - total difference cordial labeling behaviour
of shell butterfly graph, lilly graph, shackle graph, torch graph.
4 - total difference cordial labeling behaviour of some other special graphs like
shadow graph,spider graph, Jahangir graph are the open problems.
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