The Mathematical Education. Vol. 61, No. 1, 109-126 () Plfint ISSN 1225-1380
http://doi.org/10.7468/mathedu.2022.61.1.109 e Online ISSN 2287-9633

Research Article

An Analysis of Teachers’ Knowledge on the Strategies
for Understanding and Solving Equations by Fourth Graders

Pang, JeongSuk! - Lee, Yujin?
IProfessor, Department of Elementary Education (Mathematics Education), Korea National University of Education
Teacher, Daejeon Heungryong Elementary School

“Corresponding Author : Lee, Yujin (kjyjl4231@naver.com)

Abstract

The purpose of this study is to explore how well teachers anticipate students to understand and solve equations. For this purpose, a
questionnaire of the equal sign was developed, and 20 fourth-grade classes were selected as research participants. Teachers in each
class were asked to predict various strategies on how their own students would respond to the questionnaire, and a total of 450
students from the 20 classes solved the questionnaire. As a result of the analysis, the teachers could predict students’ computational
strategies and relational strategies easily but did not fully understand that some students used both strategies or employed incorrect
computational or relational strategies. The students tended to use relational strategies better than the teachers expected. They also
employed operational strategies more often than the teachers expected. The teachers predicted that students’ strategies would be
influenced by the types of the problems such as equation-structure items and equation-solving items, whereas the students were
more influenced by the forms of equations in the problems. Based on these results, several implications for the knowledge to which
teachers needed to attend were discussed so that elementary school students could enhance the relational understanding of the
equal sign.
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Table 1. Structure of equation.

Structure of equation Example
standard equation structure an equation with an operation only on the left of the equal sign atb=c
an equation with an operation only on the right of the equal sign c=a+b
non-standard equation structure an equation with no operations a=a
an equation with operations on both sides of the equal sign atb=ct+d

Table 2. Levels of students’ understandings for the equal sign.

Levels of students’ understandings for the equal sign Related literature
rigid operational level ‘ flexible operational level basic relational level comparative relational level | Rittle-Johnson etal. (2011)
operational view relational-computational view |  relational-structural view Stephens et al. (2013)
operational thinking ‘ emergent relational thinking relational thinking Blanton et al. (2018)
operational thinking computational thinking ‘ relational thinking current study
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Table 3. Task.
Type Number Characteristic Explanation
. . 1 true-false 3=3 (True, False)
equation-structure items 2 descriptive 67+22=89 is true. Is 67+22+8=89+8 true or false? How do you know?
3 descriptive What does the equal sign mean?
o 4 true-false The equal sign means the same as. (True, False)
equal-sign items . . . . . .. .
5 multiple-choice Which of the definitions above is the best definition of the equals sign?
(same , add, answer of the problem, two sides can be swapped)
6-1  descriptive 17+29=[]+28. Show your working.
6-2  descriptive 66-[]=64-37. Show your working.
equation-solving items 7 descriptive 2x[]=58, 2x[[]x8=58x8. Is the number that goes in the box the same in the following

two number sentences? How do you know?
8 descriptive 87+99=86+98+[]. Show your working.
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Figure 1. Example of the tasks for teachers.
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Table 4. Analytic framework for equation solution strategies.

Strategy Code Explanation Example of responses for Item 6-2
operational o incorrect knowledge 64-37=27,s0it is 27.
of the equal sign 64-2=64, 50 it is 2.

right computational Cl1 calculation of both sides 64-37=27, 50 66-27=39.
wrong computational C2 64-37=37, s0 66-37=29.
right relational R1 understanding the structure | Because 66 is 2 larger than 64, [ ] is 39, 2 larger than 37.
wrong relational R2 of both sides Because 66 is 2 larger than 64, [] is 35, 2 smaller than 37.
right mixed CR1 using both computational | 64-37=27, 66-39=27. When it is 64, 37 is subtracted. 66 is 2 larger than 64, so 37+2=39.
wrong mixed CR2 and relational strategies | 64.37-27, 66-35=27. When itis 64, 37 i subtracted. 66 is 2 larger than 64, so 37-2=35.
others N failed to explain I found the answer, but couldn't explain how to find it.

no response or wrong answer | Wrong answers that do not belong to any of the above strategies. I don't know.
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Figure 2. Overall analysis of teacher expectations by Items.
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Table 5. Analysis of teacher expectations in Item 2.

2 67+20= 80 & g2 Ay,
fT+248=848 2 go uwiar g3 atan ( g3 53 )

Strategy Average of teacher expectations (%) The number of teachers who expected the strategy (N=20)

operational strategy (0] 8.95 13

computational strategy cl .70 18

C2 475 9

. R1 34.60 18

relational strategy

R2 - R

. CR1 - }
mixed strategy CR2 :

other strategy N 7.00 9
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Figure 3. Teacher expectations for the operational strategy (O) in Item 2.

&4 d £ (6-28)ol it At o] £
6291 £2 F o AlFA .2 BRoto] Al Ak Table 63} 2 TH WARS2 2H £33} nix7HA| = AlLEA ek, oA 4] A
2o] 02 SIS oA} ¥HE- 7| oAbl SlAIRE £ AAFA Hekah 8.8 B ko] ol ] &S Awe o B
ollAs ZH2k oF 45%2t 35% 2 ol et WhH 6-281 Z3boll A= ZH2F oF 56%2 16% 2 *to] 7t F =2 Ktk
Table 6. Analysis of teacher expectations in Item 6-2.
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Strategy Average of teacher expectations (%) The number of teachers who expected the strategy (N=20)
operational strategy o 7.25 12
tational sirate Cl1 5595 20
computational strategy = 505 2
. R1 16.05 17
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R2 335 8
. CRI - B
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Figure 4. Teacher expectations for wrong relational strategies (R2) in Item 6-2.
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Table 7. Analysis of teacher expectations in Item 8.
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Figure 5. Teacher expectations for other strategy (N) in Item 8.
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Table 8. Analysis of teacher expectations and student responses.

Item 2 Item 6-2 Item 8

Strategy Teacher  Student Gap” Teacher  Student Gap” Teacher  Student Gap”

(%) (%) (%op) (%) (%) (%op) (%) (%) (%op)
operational strategy o 8.95 16.08 7.13 7.25 13.83 6.58 1.25 4.00 275
computational strategy C 4945 44.80 4.65 61.00 43.68 17.32 66.10 44.89 21.21
relational strategy R 34.60 26.74 7.86 19.40 2848 9.08 20.45 29.33 8.88
mixed strategy CR - 6.21 6.21 - 457 4.57 - 0.67 0.67
other strategy N 7.00 6.17 0.83 12.35 9.44 291 12.20 21.11 891

"gap between ‘teacher expectations” and ‘student responses’
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Figure 6. Student responses for mixed strategy (CR) in Item 2.
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Table 10. Analysis of teacher expectations and students responses in Item 6-2.

Strategy Teacher (%) Student (%) Gap (%op)
operational strategy (0] 7.25 13.83 6.58
. C1 55.95 35.39 20.56
computational strategy
C2 5.05 829 3.24
. R1 16.05 15.73 0.32
relational strategy
R2 3.35 12.75 9.40
e strate CR1 - 3.99 3.99
mix
eOSiEEgy CR2 ; 0.58 0.58
other strategy N 12.35 944 291
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Figure 7. Teacher expectations and student responses for wrong computational strategy (C2) in Item 6-2.
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Table 11. Analysis of teacher expectations and student responses in Item 8.

Strategy Teacher (%) Student (%) Gap (%op)
operational strategy (0] 1.25 4.00 2.75
. Cl1 62.20 41.33 20.87
computational strategy
C2 3.90 3.56 0.34
relational strategy R1 17.30 28.89 11.59
R2 3.15 0.44 2.71
mixed strategy CR1 - 0.67 0.67
CR2 - - -
other strategy N 12.20 21.11 8.91
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Figure 8. Student responses for other strategy (N) in Item 8.
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