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ABSTRACT

The purpose of this study is to explore how students' fractional knowledge is related to their solving of proportion problems. To this
end, 28 clinical interviews with four middle-grade students, each lasting about 30~50 minutes, were carried out from May 2021 to
August 2021. The present study focuses on two 7th grade students who exhibited their ability to coordinate three levels of units prior
to solving whole number problems. Although the students showed interiorization of three levels of units in solving whole number
problems, how they coordinated three levels of units were different in solving proportion problems depending on whether the
problems required reasoning with whole numbers or fractions. The students could coordinate three levels of units prior to solving
the problems involving whole numbers, they coordinated three levels of units in activity for the problems involving fractions. In
particular, the ways the two students employed partitioning operations and how they coordinated quantitative unit structures were
different in solving proportion problems involving improper fractions. The study contributes to the field by adding empirical data
corroborating the hypotheses that students’ ability to transform one three levels of units structure into another one may not only be
related to their interiorization of recursive partitioning operations, but it is an important foundation for their construction of splitting
operations for composite units.
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ME
Qo= T 4ol B AR, A 5 77 718 ¢7] flal 18 i AAES Blwsh] s 54 99l E AAsHA Hok
S AHgste] shtel 3715 A e 4= itk 402 RE ofd 115 Qtoll E 7)) FEo] QIR AL, iy o] 55 445 o
gHat 2 A4d o) IS 7] = A= von Glasersfeld= T2 SHunitizing) 220 & B 9 Th(as cited in Ulrich, 2015). ©| = T gh= %
2 49| FEES FYS A7|2 AFSIAY A LGS ot WA O & ARG E ], ol st 24435 dHEtE R E 155 22
AH1EsE £l FAE D9l= of2] £F2] A|A|(hierarchies) QFoll A 215514 H Th(Ulrich, 2015). Ulrich+= Steffe (2010)2] 4= AlY
(INS, TNS, ENS, GNS)2} Hackenberg®} Tillema (2009)2] 2414 7HEMC1, MC2, MC3)°l| that T9] 1x20] A|A|7} shg o] 42514
Al

ol dee] Fa3t o] YEEA B9 20| TAIE YeEHT L B o] & Foff F The] 72| A|A 7ol Ui oS
7} A& A5 TH(Ulrich, 2016). Z12] 2L Norton 2] (2015)= 3HJ50] 53Kassimilate) A2 4> = ©910] 40f whe} GA| o2
A= =9 &9 249 58S §AAo Al BAR AASIRIH. &, D295 Adste w4 A=l e solAl dehde
254 on| o] the] 242 ©h9le] /g1t The] 242 TAIE Sl SIS A 45 AfaLE B 4 e B ET
(Norton & Boyce, 2015; Ulrich, 2016).

weba] ZFA 4 ol M o] A7) A7)0 2 HE| ©ele] S/} T 27Jo] T1E Rt T §lof Bl of2] 45 J o ofigh o
Aol FE55h=AI717FE U ol & 0] 482 AFA4o] FAlT LAl 24 A obu 2t 24~ (Hackenberg & Tillema, 2009;
Lee, 2019; Norton & Boyce, 2013; Steffe & Olive, 2010), 2] TAIA 70 -4 (Ulrich, 2012), 8|2l 32(Lee & Shin, 2020; Shin et al.,
2020), Y12 (Liss 1T, 2019; Steffe ct al., 2014), TH4>2] 32 (Hackenberg, 2013; Hackenberg & Lee, 2015) 5 4>8H2] 12 o o of| A thg)]
Z7 9] Fodo] tiFE|aL ok
5| 9] 24 A4 9] A1 Hds A= AFd 4= Wetof| A o] The] 22} A} B 4of| A 9] The| 2 A HHA] Ato] o] At A
S HHASHY B 2| Alof| A o] T 24 &S 7F251 A (Hackenberg, 2010; Hackenberg & Tillema, 2009; Olive & Steffe, 2002),
H} O & 9| 24 OAIE Jrefsto] 428 wabr{ol| A Q] B4 =il thal ek & A A5t | & SFATHLee, 2019).
B4t ofu e} vlg 223t BshA = S T 2 ©A &2 ol whet vl #A4| a2 oA Q] AukA atols
urE}LHuq o] 2 20| P v 20| Hhd Afo]of] A AJS AJAFSF THLee & Shin, 2020; Shin et al., 2020). 2= &9 X

2 B4 A A9 g1 vl £A) s Aol A F st A= & A-gato] St 4=5tol| A sHYE] 24 e 1S st figt &
=25}k

ohﬂ Hef| 222 H], vl&3} v|g] 7iE-& S4 0= o] ‘ot A4l oA B4t A FAM A C ZRE TP HE 5
¥} Zro] 4x5to] ko BByl ;i w]of 9)o(Lamon, 2007; Lobato et al, 2010), Lesh 2] (1988)0]] 2J51HH L‘—é— 48k ZXMo|z} 25 45}
o] gtAojatar AggtHE QLo o $hH 0 & P EoA| B2 ol 22 F1L Y= 48 2 99 39 shto] 7| & sHoh(Kwon et
al., 2007; Lobato et al., 2012; Nabors, 2003). Q1Z] £]|7} 2HAl0] ot M| A|2ko] AF S A8 3H7gof A A?h} ZAS AEAT = A F
202 20 (Hackenberg & Lee, 2015), H] 2| =22 H]2| #AIE o]slistil Tl ZAIE sidsh= 2gollA T o Ato] 2] A 2R E
H51A| e SAlA BAIE S Ao o RS ZW@E Aefohs 58S Egoh= 428H4] 29| 3 PH|o|th(Behr et
al, 1993). webA] H]g] S22 v, vl&3} H]& 7id-E 2goto] 5 Sz th4o] o] aljtkA| e} A Ebet FEAf|ojok
(Carney etal., 2016). o] 2{3H | 2] 22| T} Ad A& 7t & uf %“é‘ 224271 7d S 428k TFE Yol §85H 484171
A Zohs AE ek Y2 oY THCamey etal,, 2016). H] 2] 7 0 21 SH¥E0] 7FA]A| Bl of 2] 22 sMi&E2] 22 olslish=
Zlo|| A 2 E] A7} AJ2FE] ofof SHk= WAl 71K Y THLamon, 2007). 2, SHYE-2] v]&] 7ol chet 4 2t vl 24 $1Z 2ol
TAHARN =25 7] flalA= s3] Aol BAIA 2245 Foll 2 A Yol 2ol tigt osi7t E e 5tk o2 g vt
ol A goll thigt =2 —f—, P F2of| thgt A7 5] 2L Q1THThompson, 1994). Q1A FAI7F TIeY 2242 Fof /deh el &
I =RE A 24| o Fﬂiﬂi o] 25 20, ©9] 24 BolA SHEEe] vl A s d 2H& BA sk A2 e =0l
ojw|gh A 0 7 24 e S hEA] FLASAZ 4 Aot o2k BEiste] Tl 27 o] 22 HIEC.E Nabors (2003)= Y&
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T2t B AT A ZAE s dshet] 99 274 38| ol B st A AlQlehale A o8 B 2Abo] ed 7
A )AL 7551 =2 o] thgt EAlo] BZ519ic} o]0 L@esz} Shin (2020), Shin £] (2020)= T4 220 24 & Fof Y= 2H
o] vl&| A a2 2Fg oA et ©he] 274 Saat 24 WHAlS B sto] SAY2 v 7ol Thgh A 27} ©9] 27 B2k of
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5 APAIS] BAO RN BES B 2L 34 U915 2ok WS Abolole] ZEATH AP 5 Aol 7} g 2
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2 Ae A FES U O R Sho 9] 242 A 249 o FHE Hl Qlok wiEha] A FEolAe] A 2ato] tigt
et Avlok A 24F0 = A o] ©he) 27 of| tigh wH& Afm E A} gt

‘B2 A Aol 28-S F AR g2 FA| Aol A A == AL ofy ™, MY AA R FA| A0 = RE] Yol

3448 Q1 AlskaL FHgste] AFEs W 4 Q1= 71 o] TH(Smith & Thompson, 2007). WA SHYEL A4l BES vl o=
G AAIGHA =1L, = Abole] BAIE Aol U7t 2 FE-t ¥4 F2(quantitative reasoning) T/} o2l £/ 71
daloto] S4 TRl & QAlsH T9E Alole] BAIE Bl YA F2E THE0] 7H= 2Hg o] th(Thompson, 2011). Thompson (1994)
of o}kl oF) -2 el Ale] FAl7H ofu] QIA|3HIL Q1 OFS Alole] BAZRE shiel e GFe T He HAIHe 24t
o, “Q12] 2|7} Y52 WA SK(internalization)s}1l A1 Z2H2 3t uj o|a|st 22HS AFSRS BAFAH 0 & ot e 5l A
2ol YehA] = 214 Aol tiRt 222 ol B0l 4= At (p. 186)2L ELT THH, Steffe (2014)= Thompson©] A|A| %

QF 11 ZA|E thatol] BojE 7, L 7go] ZH AR Ao tig 24 9|2 AR = she] Az)1o g Bl o]aigk 2H o
A D9l e ZEaTh 140 Al ol et 228 Sl M2 & A 7he Il Therst 54 A8 st

1 =X 22 YS0| LHSHE HAM WE0(2tH, AZ2 &
2Z10| 2ROt RVIMOE AAR0 ME FHE DI’“EH teffe
&Tillema, 2009).

| = S0[27|H0t STt kel = HE0R Y A 85, A0t M| 71K 4R
&Olive,2010). &, AZI2 O{H SEE & X2 dFH| ZEFS0|CHHackenberg
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7l ke, wee ok 24 2ze
A2 LAY 24 A71S thA] Az Z]6k O
AL 1 hglol T AL PAEE & 02 wgjoto] B
Norton & Boyce, 2015).
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a

T A2 S0l DS AL FeFE 4 = T FE(levels of units)2] 479 B2 5510 AP/ (produce) 4+ =
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470) 272 Aol 2ato] MR Uehin, thloh $2.2 A Az Rk Ao siAlsl WAlel ojsi 54 913

THNorton & Boyce, 2015). NortonT} Boycet= S E0] n5F(n2 1,2, =+ 3)9 &Y E 7HA| 1L

npEl] B9E EE 4 oAl HtAl n
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Sk,

o

N
2

20 27 cw:noﬂ o 4%y
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Steffe (20102 2 2 w4212 E5}0] sAYS0] 4:4]7] 2

73 DAl ohigt of s

ANXZX O
T T

Y A5 AT B 17} gh

5.0 2HE| PElof ) 7Y

A3HS s Al 5= 7 0 2 AFS) ool A

=~

0] &9 E F3toto] RS 3 -F (interiorized actions)= EY W] ‘nTHAol| A 22F
AFR5to] =518 4 QIThP = A2 BA| Aldtof| A AR o FEg 2
S oju|gict BHA ‘s E5lo] npE
AlA e 222 0 2 o] =2 43)5}ojof H]Z 4 7o)
21k 3ol shdo] 24 41
T B 352 tho] 2 AJAIGH=R] B 3402 ThO| 2 ‘Zo] 7] 2} 0 7’ =3}slo] Wrfakel & 9= 2 mokst

=9 MABITP L AL 5t
4T 4 9om, B Fol nsE) T2 RAISH

< all4Jshe ol mel el oot 2

S EA S S AR A Ao gt R =

A A7) 270-& AAsFE=, vl 7FA] 27191 Initial number sequence (INS), Tacitly nested number sequence (TNS), Explicitly nested number
sequence (ENS), Generalized number sequence (GNS)Z 25131 Ct. Steffe] T 24 4==0]] thet o]H A5 HFE O = Hackenberg®}
Tillema (2009)°141= 7 4=2] FA12 7Hd (Multiplicative Concept, [MC])°l| tht o] Al] 7EA] MC1, MC2, MC32 A AISFATE? Ulrich (2015,
2016)°1 2J5H Steffee] U] 7}A] A7 Fol|A] TNS, ENS, GNS+= 341 7HdMC1, MC2, MC3)°ll thgh Thg] Lz2et Ao of-& LAt
Ao, 0|5 “hhsA TP (arithmetical units), $J T, 12] RHE- 7 H5-3H T2 (iterable units of 1), ¥HE- 7 s 3k o/ @9l 2he ©9le] fd=
5ol Adrgoteltt. $HH, Steffe] 9] 2742 HIO = Norton 2] (2015)= Y0 53 4= A= T2 Q] 4o w2t TA|Z o = ZH

LY Eo] qﬂ,] Z A o] 528 EA7|o] A DA 2 LFRo] A AJSHITE
F7F a7} ) ool 4 gRecha 3 ), 22 wirizh 2] sejoll 2 ¥l Sol7H=x] Aol she g Satol SIS

Zteidol 3, &

of ek} 7ol gt 22} 4] o] 44782 Table 137 2

Table 1. Stage of units coordination (Norton et al., 2015, p.212).

A2 2, S 2 5L 21 ee7E o)A AL R ek 5

Stage  Students’ unit structures

Students’ reasoning on the bars task

1 Students can assimilate with (take as given) one level of units, and
may coordinate two levels of units in activity.

2 Students can assimilate with two levels of units (a composite unit),
and may coordinate three levels of units in activity

3 Students can assimilate with three levels of units (a composite unit
of composite units), and can thus flexibly switch between three-level
structures.

Students use the short bar to mentally segment the long bar, imagining
how many times it would fit into the long bar. This activity might be
indicated by head nods or sub-vocal counting.

Students mentally iterate the medium bar four times, with each
iteration representing a 3. This activity might be indicated by the
student uttering “3, 3, 3, and 3; 12.”

Students immediately understand that there are four threes in the long
bar. This assimilation of the task might be indicated an immediate
response of “12”, buttressed by an argument that 12 is four 3s.

2 LewinOf| 2JstH LiH3H= Agtg OFS&0M FAXMOZ o|0|X[3te
MAIM KXo 2 A AHZHo| e} L8E &
AT M = LHHRHE ‘é“%ol AEE /ot

3 Hackenberg?t Tillema (2009)01A4l MC12 &S Sl 24~F el £F0| 7
HES Ha[sto] FAQ] URZM PAE £ Ql=24F T |°| ZuE =% 7

1994), Lix{=H(interiorization)=
EATHThompson, 1994). f2tA £

o=

TES |RAISIH S IFgIM HHESE Al)%f— Mt S JHEolCt,

UAEE ot s 7y atFolzt 5
= HTEQl Y1t WSOl ZTE|(organization of actions)0l2t1

St 1 (as cited in Thompson,

TEE|H 0| S LHASHE WS FE= ZAP0[2t Eoie Z0|Ct.

of
oF B HW SHA JHHO|IH, MC2= 25F THRIE LHTHISHO] TIX|0f A
#

M SHE JHE0|TH MC3= 35-&F BRIl LMt E Thelel BE
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Table 1914 ©9] 27 DAl A ] gAY o] thef 7225 vl ashA] A el ©hef 27 190A) S8 1-2kei7} 7HE 20 el 124
R o] A o Qs 2102 13k 19 REEQ) 12 WA S A/ o= Aok WM o) 27 20 P2 Bres E5HA] el 7 Ei
127} 19] 12¥19) ¥h=.0 2 HA 5 o] 2rhe AL ofu] &AL 9l AgEioll M F4F 2o 35 41 Wheshes 852 58 13-129] 355
=470 5 9l et o] 3pgo] S244 0 2 o] Roj = A ohm, T et 30] e wi 37)9) 12 H Thefehe A R
Ef o] T8 B9 33 4 AA| 2 WhEshe B30 R Theoh Aol i, T 2 3UA|R 3 ©RIE FolX Al 0B A8
of 53 4 e YL T919] D912 Dl (a unit of units of units)' ) 3 THE] T2 QoA LA A g2 HA] AL T
Z7g°] 7Hssttt(Norton et al., 2015). wF2bA] 71 SiThE 47)9) SXF el =, SF ol S 37H o) B2 Bteh 2 Slof Thefo] Thejof The]
2 FoR AR 13-125 S8 4= 8l o] Aol AAIA F2 A o2 WAl P55 o . glo] Foiil = HA <

A 27 o= 0|29 PAE S2HA 0 2 mjobdt 4= Qlrh= Ao &) 27 21HA| sHJ ko] xfolott.

H Ao A FE3} 3402 k9] 247 B3] Norton 2] (2015)2] T 274 36| SHAJ 9] ©9] LZ = Steffe (2010)2] GNS Y
Hackenberg®} Tillema (2009)2] Al A 5414 7P EMC3)2ke] TA7F Q&2 & 4= /AT Steffe] GNS 7 740 342 T E &
7g5to] /g3 B8k 4= Tkl & uf|, Hackenberg®} Lee (2015)= Al A A1 7HEMC3)2] 78S “Fo7] AP 0 2 3450
HS ARESHAL 34E0] T 2 ol s ESHE 537 (p. 206)T frAFsITRAL S/ etstlth. whebA g ©helef 9
919 F3H EA41 34F TR X Ato] o] fAgE Mgt S ojlA] o] & FolR AHY 0 2 shof 34F TS F ok A2 3
T2 QoA 2 22 Egoll B E ] wheka] MC39F GNSe] g o] FA ol A El= 2 0 2 o]t 4= JUTHUlrich, 2016).

4 mgollie] 9] 2%

YE2 FolX e L E&ohs AANA Z52 +AsHA B9 E st 26k WA 02 24 7Hd S EEA
7| oRztk(Steffe & Olive, 2010). 0] TollA] 9] 274 52 274 22X 24 /ES EEA7IL, 7He 4 7ES E3tsto]
A9 B 2|4l pAdett] 223 7]6ho] EtNorton & Boyce, 2015). ol & S Loghs 7hE4 L o] 7.0heli 0% 5.049)
7F A A= shLke] o] Eo] SIS T EA (), WA(2) L of2] el E4et Hasto] L A 2 Tt g Ql4js)
Al ==, olw Y-S0l thafdt 472 B9lE Aot 2ohs 24 A C 2R E 50 ] 24 9IS YAl ok wEt

A F47t 2T FA) Aol A 2] The] A at B9l 27 ErsollA 2] thafet 22kl tisl] A4 o 2 Am H A} gt

w7h 23 A FelM Fxohs 22 B2 e HAE RN $YE 220 2 F(partitioning) St Tt A E
TYs 27F0 2 et o] HAIE A B2 AdElol A HA| 2R E 22 £ (disembedding)oto] BHE(terating)SkL B & 2
ok E5-2 E&SHh(Hackenberg & Lee, 2015; Steffe & Olive, 2010). ©] 2ol A B&-2 1 2pA|7F B4~ 2] Al o] 724 1o 52
3t A3 opn, 2ot ol tish Eef 2t Eajgt Bio] vhe-S Fofl ThA| MA|E F/dohs vhE 242 24 A|A9] 7|
Z Aol Hrt 28, 22, fHolgh= 7] 222 o] 59 Z3E 5ol et o7 £9T 4 Ql= 52 AT o] & FAlol 3
4 le F o W 22" 2K (splitting operations)- 22 T E ST (Steffe, 2001), 252 H 2242 7245 skt o
4 22boH, FAIA TAE 719 A 0 2 F2517] QoM = H esith $HH, 528 242 B B4 A7 52 £3ote 224
< &ofl, 18]3L AFeE 22 W 24 A719] &5-Z dfcks 2AS Fofl 27 AR, 528 2 AETY A2

>
N
-0

d
=2
e

r<|

EollAle] = 2l B2 2 A7} REE B4= A7) 7Ho] Xo] 2 8E] 7] Q1AL 2 Tk(Shin & Lee, 2019).°

ojuf Steffe (2003)2 F& B 27 o]io] B4 A7)0 p4d 0 2 B E] A7 ESH(recursive partitioning)©] UFERATE H 11, HA| &
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A B4E oY R T2 2402 A71E H|ust] flol 3-89 S ©RlE 4

S5 (Shin & Lee, 2019), Lee2} Pang (2016)01A1= 2|7 8-S B27} th2 B40] piAlat
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S Steffe 0032 AR0E DU F4) 2700] A7 22 5o 240 T4 2ol 25 oA s, 22e] 323t 9

Atololl A et A4 HA 2R E 24 7IEe] /82 Aot 18]l o] IpAgoflx] F2o] Bio] HAe] o= Foprt
7] sl 7hedAdo] 4ubEITha Rokth ATFH O 2 Seeffec]) oJ51H 245 Y] P20 UAEHS, B 5ol 355 B9 74)
7} 2 Bl A B9l @ Avk= Zolot. 18] Yoot Shin (2021)-2 & Yolzt 71 Adell thgt /g o] A Aol A A &3
< 4% 7HssHA| Shetal ofQict. wheba] ZFA4: 2| Ao B4 2| Aloj| 71HE-E] 7] fisli A= 7H Ad o] ik ofok S, ‘Es-2 Fal 3
£ S E A B 274 284 9] s HRiE S AlAFSELL Tt Steffe] ATFEFE Yoo} Shin (2021)2 A4
N ggls 2o R0l dde AFely a0 R hsstn, o)t A Be] 9o] Ufstel7] At whes)d wste] Fad
QRlo = Hefrh 8|1 AFYY 2AbS FHISH 71/d-2 B4 w=he] A A=l A Al 2o iAisket B EH S Fof Steffe
(2003)2] A+ AIE FZHATt $HE, Kim 9] (2018)001A1= 2kA4 A A2t 242 2|41 9] A7 I 24 75 28l £A] Aol A
3 Tholof et Az ey bt Hof B 2218 53 S0 B4 312 HHollM Bojz|e thokst MEES BAT o 2N

ol
o
32
o

Z :

7] Erd 2pA4=o] Al mitol| A HofE 2|9 22 E-go] B4 FAl ol A5k Al 222
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Figure 1. Conducting a splitting operation for composite units to divide 3 by 5.

B4 EI9l0] CHEE SE3 TAS DS ST 52 32 LIO{ZHO{X| 517] 9I5) 32 0| 24 Chel TI9IS oft 22 it HES £634F T
TES PAoH= 20| JHSelTh(Shin & Lee, 2019). SHXIBH 347 The| PX2 2| S22 912t FOIT XUOZ AZY 4 YO0R ABHOE HE
JHs4o] et
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] 28 22 ol A= 3-g ol ZH2} 5E g 5to] Figure 201|419 o] XA 39] 7 BEol| A @l R4 %?_%9—] TS 2 5
ThE Kot o] Frka A3zt 4= Qi whaka| A AdSol| Tt o sl SRl A g ©heoll thiet AE || 2t o] ozl A
A ol A2 TS T Thol 2 Bakstrhe FE 0] ek deiut 2l Bah 222 A BEol | Zkztof| thslo] +4 Rt
A0 2 olsfigttty 20| o5 Ted] &57|Tt ohe Zo] ofz} F2o] ofof| thgh Tel R ttES Elgtthe ¢14o] &

2} 3} of| 4=Hlz] o of 5} (Hackenberg & Tillema, 2009; Kim et al., 2018), Z+ F-20j| 4 T-Q| 245 eislo] I FS HHEsh= &
ghotct, whebA] Hackenberg®} Tillema (2009)+= £ 23 2 2fo] ArtalE H4~ 3+ A7 (generalized fraction composition scheme) S
T-Eob=t 2 o9t 2293 FRoelr)

Z5 £l Eae = AI7IE B0 EUE A NE S B4R goto] AR AR Aolot=t] 1 Y HEE T}l
t}. 0| & F5 ool = 25 2dlste] 4 7idS tie2] SHolA 3] —'—ZHE A7) st SdE /d o g F o2
S £ 852 e 7124 7ig 0 & okl QU THMinistry of Education, 2015; Suh, 2020). THEhA] 2401 41 9] 9] 24
ZAHPAI T} T4 220 ﬁxﬂ z7191 Hl?—iﬂ FE Aolo] TAIE oot A2 ol F Z% Abe 25 E Ol AFLR O] 2% A 70|
=

T

Hje] 222 35 45t0] 24olx} 25 4:5to] ublolekn ol A uHE saje] 45t Wikl F23 O3S AT} AtkLeshet
al, 1988). SIS <] o], B] &3} ]2l PAlo] chet o]l S vheto 2 Teisl FAIS Aok 528 uj2l S2olehd wl, shgo] Wl vl &

T ulE] NS olsiFtth e AL BA| Aol A ©s] £ thide] FAA BAIS a: b E B IS 1o} 22 H] o] Zo 2 o
85k Zlsnobujel = ulo) ot S HwEtil F u]7 S-S 9t b= ¢ : 2 EI5H= 2 1 o]Afe] oJm] S 7FITKChong, 2015).
Thompson (1994)°]] 2|5} IL & %H A ] o thst A=, H-&-2 & O] FAA H|w AntE RE| ¥ 2335kt U
Aske B2 Bttt 12] 3 Thompson®] WAISHE H] 7oA Johnson (2015)= 0] 2 LA|5}5t0] Shitdo @ o] u)'e} ‘2 o 2 o]
H)'=Z AHSIQIT) b, H|E & tide] 3414 A o) tigh ojn| = BotS w, Hle= F H|7F 252 ofn|she 2 0= vlet AL25}
of ARESIA| T, FRISH & o Ato] 2] HG}A| ‘&}t A AR el FHT} vle] EHolgke U] G Atole] 24 PARAE 11
9] & 7HItH(Lamon, 2007). wh2bA] Bl 7ol tigh o Atole] 24 A E olslish= A2 55 48 TFolM =39 Saat
A, Shpo] 7] 2719 e Bt =2 45 0 2 9] 42814 2] A8 PAd5k=t| 5235t 7|who] HthLamon, 2007; Lobato et al., 2010).
]2 7 dxt Hedsto] Zuie) A8 A58 AT E 37| & 7HA] W& 7HITE 41 A wiA v, vl 7id 9 g o)E 454 o
2 25 o)tk v, H]-&of| thet-80]2] % 2)(Sil, Hong, 2013; Jeong, 2003a; Park, 2010), H], |2 Z22] o]n|@} @ 40] EAY(o]|, Chong,
2015; Jeong, 2003b, 2013), H|&| =22 A QAE vigf0 &2 Witk BAZ B35t ]| &2 | Lo thgh =2](ell, Chong, 2015; Jeong,
2013; Kim & Na, 2008; Kim & Paik, 2010; Kwon et al., 2007), B|2]] F=22] 31412 Q 4of] thgt Q142 7325+ A4, Lobato et al, 2010; Shin

7 Johnson2 Thompson?| H| ZHE0| CHEH HEM B S HIEIOZ Mol 250 W2t ‘553 LR H[), StLIE RO H|, ‘E™HOZo| H'Z
TH2SHACE Johnson2| H| ZHE 0| CHSE AM|SE 7| &2 Lee2t Lee (2020)% A5t HiEtCt,
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& Lee 2019; Thompson & Salbanha, 2003) 5] tt. o|2]gk ol e] A= H]E] 7 ES 48ke] th2 o 2 P-4 85]7] gt &
o] E|m, 25 4toll A e} A4t £, 24=0] FAlol tigh o m| 2R E] Feharof| A H], vl 29 ofsljo]] F-o3t EizhE 4= Qlets
T2y S Ee] 452 MY E FAH AAE ZE SHEA 5t ko) 7t 917] wioll(Steffe, 2001), H] 2 A 512 2ol A
S50 Mk vl & 539 H2E oAl 1 2ol oigt ASA Q1 AR} S Bl AA Apgo g At St
7= g /do] QL HTH(Behr et al., 2013; Kaput & West, 1994; Thompson, 1994).
St 4=8hof| A ], vl 7d 2 A =T wj sHSol|A| A4 FatE FESHs 47 F Eal(Jeong, 2013; Lesh et al., 1988), AA| =
S50 v, vl g} st 24 o4 2P AT B FAIA Q) Ldara]E Alatol] 2] F5to] AFAlo] Stek gho] oFA ofuof o
J5l7F Sk 5] 2] 25 7455 R/ th(Eom & Kwean, 2011; Ko & Lee, 2007; Lobato et al., 2010). ©]= B|2| ZA o]l thgt sHYE
o] A3t oo & B 4= Qick. whebA vl Zidol A3g 2| A1 2HA s B4 A4 55 288 uIg A A s ool 23
o] S50 vle| Aol it o|aiet 2A) a2 A7g oAl ] H]el) T2 vha]of ohgt A7t 2= A it
ojof| T ¥Al= Bt AZHQ BAZ uiR o & Q1] FA|Ql sAY] 2 HAlE olsfiste & Aol 2 253MYS thide
2 TR 24| AFol| A v]2| 2] Akalol] PEFS ] x]= 2 49, Ko & Lee, 2007), B] 2 24 3112 2ol A el Hdeko) what &
XS] H]g| 2 53of| n|x|= K, Camney et al., 2016; Park, 2008), B] 231 v 24| 12 21404 2] 7ol u}2 sHAY
E9] vl 2 $F 24(°), Hong & Kim, 2013), 12|11 3HY52] 3¢ 4oFoll whE B F29] AlF 55 24(<), Eom & Kwean,
2011) 59] A7-50] ek & AT thidS 2550l A Fshal 15hd sPY7ER] vl B4 T HAR S o] &3l 24| -394, ghd
4 M50 vhgat @ 75 EAIgH AA5L(ell, Ahn & Pang, 2008)% Qlth L2ju} o] & T2 B 223 ZAIE ZFoto] Tt

IR £ ol S £ 5 0] e ool 0 Aol 24 £, ot UH 25 Agssle
A FAH O E A AT EBTE 181 $FEL W) AolA] ek ok H2RE Atolo] o}@l WAV YA = 211

Stth= SHA|E 711t Olﬂiﬁi e o] ghg e vle Zidol oigt 7/ 2 2A| a4 2ol thgt A Al B3-S 7] 2l
Ae ee] Aol M A1l 2242 Foll Y T35 Uolrbe A S oz o A7t elsid H ek Qloh
ojo]] & A= F WA kol 24& Fil AE0| thFe & Ato] w0l FE5to] v]E 24 52 1ol A edE0] ol
2 JIoheA A or Aqtstaz; ghek ey &R4lo] Skl Sle A AlAIRE e A-Eohe 1ol A Y=
240 2 Hlg| F25 B, A= HlE| FE22 F Aol FAA HWLE Sl TAE AASHL o] & tHE F o] T
tol = 99t A7 u 2255 FA| Aol A Yot A1 = A 58 2= A 9| E Th(Lamon, 2007; Shin & Lee, 2019).
o] Hl H2]| ZAoll tioto] AFA4, B4=0] Aitat 22 25 4ol tigh 2|4l 9] JAdo] S E2] A s 4 THgol|A] of
=2 F5351a1 Athell, Lee & Shin, 2020; Liss 11, 2019; Nabors, 2003; Shin et al., 2020). H], B]&| 4|2t 4= Z] 4] o] Ayt
% A2 Nabors (2003)1— HA X] /\I_L]- _L]-E:]g 7 ;q]% —5H7§6 LLH o]-}\H_E.o] }\]—_Q_ol— 2 o] 1= }_x]— Hl—Alo] H]gq] _,_11]7]. _416]—
Hol| AL &= ekt 22k0] 7|2 & A Shrial Hokth ShH, Liss IT (2019)= SH8=2] 24 A A2} I d 24 a2
oA o] 0] T Y] L2 Z FES= 58S Bl 3F 27, 2l 28 A7, 7E A 2] 2 A7 olgh= Al 7R A7 2
2 1 20| 5 A=t a - b2l H|o|A] 7|E7ol| Tt v wlohe 22 0] TP H|(unit ratio) 2t 22 U] thak 4 222
7ty 2l 28 AFo o 7Hs g AQtskith. 2By & AR At ], v Zdat B EA1E s dshet 24 27
o] 2% A3 shA|TH %xﬂﬂ O 2 F& 22to] ofgA| 74 s 42 A5k E=A]of] thek 24 o] Bl
FA|ZQI ‘ZZP o 248 SS9 #A 812 1ol 5o &£ T2 AL 2= Lee@t Shin (2020)2 Shin 2] (2020)7F Utk
Lee@} Shin (2020)2 H] o]l i FA F27F 9] 24 DAlol et ofw Rk 2fo|7F Ueh =R 5 Tl £ 2, 397 s ES Tl
O 2 o) 274 2utA MY 22 v} shriehe Wl whet ohE T 2 E BAFSo] ARG S 4= QAL T 24 3THA| S
‘Bl go| 22 vl HF o2 A 5] H] 7S F/doke At o] 132 ERIskeIT. HH Shin €] 2020)= B oW T EE
= SolA F 709 340 T 2 E 24T S tiAF o= Hle 24 o2 2HdollA B9 242 AibA Aol & ERIsHl AL,
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8 OIS So Lobato 9| (2010/= HIZ| X2 WS 98t M F210R Bao| ojn| 5,59} 22 B4E 50| MHRHs 434H o|0|S E&61T, B2 X2
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A& e, = 719 34+ ©919] FaH FLxollA g Telol] tiet AZ2d 22k 4Rk wf Liss 1] A A= 73

AAFsH AT
2 QA7 o]oh 22 felollq Sy So] T kS Alo] Pl 24 A Gk T2t 4l gpsol the) 2 et e o)
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A5 = S5t 151 42 thAdho 2 2021 SERE 2021 82 71A] 30~ 50824 SIS 721X (F 28%FA])ol|
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A Y= 2/ HEH(Clement, 2000)°]l THSt Aks A Fo|ct A HEe] 5242 2t B4 2| A3} vle| T FA| oz R
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A o 2 2HA) 400
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A2 A7gstedtt. o= COVID-192] THAE MY Sl gt ujet YAy 7|7t e £ Sof| stu 2 Swsto] o] JafHk=
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Zo|7} Aol gt HEAke] AZoM & & S B 453} 85 0|H 1250 B & “67H4] 1257 0]2tal Bl gk gt
Eoﬂ 47N 6= 2 H QJatol] 27H=E 12719] oJAtE SRICHH 2Pt = H 7HQIA] Eoj B Aol A A2 “12+ 4704 350]
& F9Zol2bA 4704 950l 36712kl Hotdct. 9hH &A= F7] wA|2F 2ol 472 QJ2LE 7hRol e Al “X 67 o]kl &
SAloll Ao 2470)| 1270 tlshH 367H2kal SkQITE AL & ThE Fo|7} Ql=A] S0 BAt 2] = 127119 QA4S 47014 35
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a7 £ 0% 2A HBo R B 1A 7o) 779t 367he] o3t 45 EAH o R Y 4 Iglon] £ EAlS B B4
AL LR A0 2 ofaSIQITt T I 2R E] AT Thelol thel 22k whALS Hela i BE o] Hol nThe) mB-S (o))
)T} n-2h9] k-2 Taho] A (renk)ZHE T A2 4 LT, nenm, 1-nnkebs 342 9] FEE SA|SHHA B0 1A
(k)25 E] o) He] 1] -tk 2 H31o] kY] (kB8O R lnn(mik)ehe MZE 357 U] 722 ATHY 5 9
91Tt 123 o]2] g ge) Zato] BT 5 FalA] Kol Zo] ofujz} o) o] H5alE Ao R Belrk wabA £ s mE 2}
Q14 miglol 4 k) 27 357 SHom Rkl girk B Qi 72 Te) 24 420 9l = 80| 7147 mghE B wje)
ol LhEPU: whe] 24 B5t 2 Aol ojmi3t 25} 2jolgo] QA2 Bal vzl 24| a2 shgoll A ojnfat wais
2 HojzEx AAE] B s A} BTt

ot

Mo d

Figure 3. A picture of the cookie problem drawn by Sangyeon (left) and Hyeji (right).

Hidol] ohigt dpA| 2] A 7147 HEF o eE0] 7HAI AL Sl A4t 4= 2|4, vl 2| A1} v]e] 7igo] EHe o424
A Ao] ZF e 5 IA|E A st= Aot st E9] 2k A A3t B4 241} #ed st A5 (Hackenberg & Tillema, 2009;
Hackenberg, 2010; Kim et al., 2018; Shin et al., 2020; Yoo & Shin, 2020, 2021), H] 2] &3 31(Lamon, 1993; Lee & Shin, 2020; Shin &
Lee, 2019; Shin et al., 2020), A]2] E &7} 15 AL(Hackenberg & Lee, 2015; Lee & Lee, 2020) 5= 2ra15ko] & 307} o]/d2] kA
£ A/ 5to] ey el kol wha} gk &pAlof) 4~571 2] IA|E TRRQUT. EES S0 t-FA| E 1A= ARdell A sho] HE A
gof| what A A|5HRITE & Aol A= A2 B4 A A3t vl Zdof] thgt o sl A Hof & o) 241t Hedst 22t EE-2 &
Astaizt st o B & F 72k 3071 o)) HE 1A F = 2FA| F 82 Aloll gt S E2] A el g & 245k

Table 2. Fractional Multiplication-related Interview Tasks.

No  Content of the Tasks

F1  Eight friends came to Jisoo's birthday party and tried to share a large rectangular cake with 9 people including Jisoo. Eight friends shared the cake
equally, and two more friends came as they were about to eat the other slice. If Jisoo tries to share the remaining pieces of cake equally with two of her
late friends, how much of the whole cake will one person eat at this time?

L1 2
F2  Howmuchis R e of a rectangular cake?

F3  Howmuchis % to % of a rectangular cake?

F4  Jisoo and Yeongho participated in the long jump competition. The index jumped about % of the 1m mark. The distance that Yeong-ho ran is % of
the distance that Jisoo ran. How many meters did Yeong-ho run?

11 4
F5  The index jumped about 5 of the Im mark. The distance that Yeongho ran is 5~ of the distance that Jisoo ran. How many meters did Yeong-ho run?

Table 22] &4 Z| A1} T A-+= Hackenberg®} Tillema (2009)0114] 57}A]9] 3 S &2 A|A1E 24 4] AAbol] thgh ko]
o}, ‘T 24=2] ©91E4%(a unit fraction of a unit fraction), T?}424=2] Z144>(a non-unit fraction of a unit fraction), X&2] TH|E

4* (a unit fraction of a non-unit fraction), X1%4>2] Z1E4*(a non-unit fraction of a non-unit fraction), 7H&4~2] 7H&4>(complex fraction
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Table 3. Proportion-related Interview Tasks.

No  Content of the Tasks

P1  Therecipe for delicious chocolate milk is 4 cups of milk and 3 spoons of chocolate powder. Solve and explain each of the following problems for the
chocolate milk recipe.

1) How about chocolate milk made according to the chocolate milk recipe above and chocolate milk made with 6 spoons of chocolate powder and
8 cups of milk? The reason is that?

2) How many tablespoons of chocolate powder is needed for 7 cups of milk to make chocolate milk that tastes the same as the chocolate milk
recipe? The reason is that?

P2 ‘Fresh Lemon Juice’is made by mixing water and lemon syrup in a ratio of 5 to 2. Solve and explain the following problems about this lemon juice.
1) When comparing the taste of lemon juice made with 4 cups of lemon syrup in 10 cups of water and ‘Fresh Lemon Juice’, which lemon juice is
stronger? The reason is that?
2) I'want to make lemon juice with the same taste as 'fresh lemon juice'. How many cups of lemon syrup should you put in 75 cups of water?
3) How much water and lemon syrup are needed to make a total of 140 cups of ‘Fresh Lemon Juice’?

4)  Using the picture below, solve and explain how much water and how many cups of lemon syrup are needed to make a total of 210 cups of ‘Fresh
Lemon Juice’.(However, ‘Fresh Lemon Juice’ is made by mixing water and lemon syrup in a ratio of 5 to 2.)

waer HEEEE

5)  How much lemon syrup do you need to use in 21 cups of water to make 'Fresh Lemon Juice'? And how many cups of lemon juice are made at

this time?
water ‘ ‘ ‘ ‘ ‘ ‘
wsne ]
M In the cell phone picture, the rectangle is 5 in width and 3 in length. e -
The rectangle is too small to be enlarged. Solve the following problems and explain them. e | - f

1) [Ifthe vertical length is enlarged by 24, what is the horizontal length of the enlarged rectangle?
2) Ifthe vertical length is enlarged by 5, what is the horizontal length of the enlarged rectangle?

14
11 ‘complex fraction'2 YHHO R B40| Xt 52 22 F HojE SHLi7t 240l HE4"E Hackenberg®t Tillema (2009)0flA= “g 9| 379t 20| ‘1=t
2 7t24°E Zeloto] 249 ‘complex fraction composition’0|2} 11 E$HSIHLL,
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Figure 9. The bars task picture drawn by Hyeji.
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Figure 10. The bars task picture that Sangyeon partitioned into 'eye measurements' at the beginning.

o] £rlF0 2 Bihs B B5L o) WM rlelA FTFTE o] §3H B T8 F, 1Y A A
ShA] £8hT ChE A2} ohA) Qo B4 R3] o2 Bgolgick EEF o) o] AAEX) 9ke u, Fol7 v 2]
o
=

[e]

e
bQlistl e o, wgAte) gl ol % Afelo] HolZ al5-2 AHalo] rjFoR Hayd A
A9 FOIILh “ Ll Aol ehs a ML A S YEOREE| HAL 3 Belo] OhE Thglel ek By BayS
A3 702 itk o) six|o] 2] 32 T ahe T, Bof 47t o] £AIS AT B2 A 57U 1992
T 2EEE glo] Bk Solekn HERSA BET Tt AL LFOR Uiold B8 A4S X190, 2 A7 3-8
712 7HE A BEOR B 12 BPSH B4 BolET 3ol el e A3 3-8t
rol § 7 FEOR UEiU ZA] ) A9, ThA| Ly ARk ohg-2 o) 1S

Aot chg Qtol .

ro o

[0

H
L

& (EE Aol &t g A2t} 22]al Al 37hS ARH LR Y ZHA] F A1tk 102 H Al 37 Z4H2ES 52 URo] A
A 39S 1572 B8, & 57 42hS Al 3t o] s2 23St

H: o}52 27| s7H LA

&l (E AR S 242 570 e AT 39S 7H 71H) 3 7S 570 37047 157100 8. efal o] d Hr 30 & Le
M (FA 2Iskeh A1 15712) 7HS- 371 =it

H: off 3714 L=3lo2

& 577U 7S,

™ 572

57018, Al 15702 THEH 157H47PL§% s7dolol| 2. (& 57HS 7] 71H) ol = 5704 LR A Fsh 25710l 8. (B2
ol 1 9] 2570 3704 Feth) 25 30 & LR 81k

s gkl

Journal of the Korean Society of Mathematical Education Series A 20



O|TIOf - 07! / 9l 7 3THA| Sliof Hlzf| 2R SHZOlIA LIEHF= 24 K| 4]

o>~

:83}-5-0] 2 ohHl. S 7ol 2.

LA 3= The] 157 3 3 5Eg 71 7] o) o] & 7k Anfopy
0|2,

)

M, )
o]y

or [
\Hw\H

2

2 9l L3lo] 37418 0|12 ThA] LA 15748 3744 B s/} ElUzke. ofsh 370 % shutizhe.

or
o

ui.d

e

fo

Aol e = Al & 3.2 ol 55 Hdsto] 1SEE O Z Bkl Fof 3.2t S |5EE0 2 FA|o & s.utro = = A3} Zho] 5

£ 9dste] 255202 Holth o) ZHlR & Al 39| S 52 BsA] £, of2] M| Al¥2te & A3 O Figure

13} Zro] &&= Al H3-HE ISEEOR B 5-H S 25H 2 02 J/d5tn STi3e] vig] TAIE 2552 o 15EE 0= Hotl

Foi4= mitol| A 54 37]j] 2801 15HE-S 34 57l 2801 B AhS 2191 1-5-155 1:3-158 Hshst= 1}

AollA] “old w302 LRl ” o] ek WL, Al DG Fol 34 FlTkE ol FEs) 2 Wask ek Aol T 34F

&S AHAlo] LPE}LH JE'J_ETH Ol oHo a9lom ?h %%% S5to] Hl& Al 37 S 570 R, 5| sl 25F- 55 378
A

—_

il

N

ro.

2

ol

32

&

W
=
F-IN

x

lof”

[¢} =
230c] el aleto o) Al HHO2 HEHSlo] GAHO2 AUE 24 HYS 5ol T elol o SRE 2 02

L e e

o] FA sl de Hol& Zl o= weH,

Figure 11. The bars task picture drawn again by Sangyeon.
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Figure 12. A table of length and width expressed by Sangyeon.
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