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REPRESENTATIONS OF n-FOLD CYCLIC BRANCHED
COVERINGS OF (1,1)-KNOTS UP TO 10 CROSSINGS AS
DUNWOODY MANIFOLDS

GEUNYOUNG KIM AND SANG YOUL LEE

ABSTRACT. In this paper, we discuss the relationship between doubly-
pointed Heegaard diagrams of (1, 1)-knots in lens spaces and Dunwoody 3-
manifolds, and then give explicit representations of n-fold cyclic branched
coverings of all (1, 1)-knots in S up to 10 crossings in Rolfsen’s knot table
as Dunwoody 3-manifolds.

1. Introduction

A (1,1)-decomposition of a knot K in M is a decomposition of the pair (M, K)
into a union (M, K) = (V1, K1)U(Va, K3), where V1 UV; is a genus one Heegaard
splitting of M and K; and K are properly embedded trivial arcs in V5 and V5,
respectively, with K = K;UK5. A knot K in M is said to be (1, 1)-decomposable
if K admits a (1,1)-decomposition. If a knot in M is (1,1)-decomposable, it is
called a (1,1)-knot in M. By definition, (1,1)-knots are knots in lens spaces,
possibly S3. We note that there are knots in S or in a lens space which are
not (1,1)-knots. In particular, the class of (1,1)-knots in S is one of large and
important classes of knots in S3. For example, all 2-bridge knots and torus
knots are (1,1)-knots [12] and iterated torus knots are also (1, 1)-knots [2, 14].
Further, MorimotoSakumaYokota and KlimenkoSakuma classified (1, 1)-knots
that are also Montesinos knots [11, 13] and MorimotoSakumaYokota in [13]
classified (1,1)-knots up to crossing number 10.

Let K be a (1, 1)-knot in M with a (1, 1)-decomposition (M, K) = (V1, K1)U},
(Va, K3) via an orientation reversing attaching homeomorphism h : Va2 — 9V7,
and let mq and msy denote the standard meridian curves on V; and V5, respec-
tively. Then the quadruple H = (0V1, mq, h(mg), 0K1) is called a (genus one)
doubly-pointed Heegaard diagram of K. Cutting 0V} — 0K along a meridean,
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one can represent the genus one doubly-pointed Heegaard diagram H as a planar
diagram D(a, b, ¢, ) which is completely determined by some four nonnegative
integers a,b, ¢ and r (see Figure 1). We call this diagram D(a,b,c,r) a (1,1)-
diagram of the (1,1)-knot K.

In [6], M. J. Dunwoody introduced a large class of closed orientable 3-
manifolds admitting cyclic group presentations for their fundamental groups
(so now called Dunwoody manifold), depending only on 6-tuples (a,b,c,n,r,s)
of integers with n > 0,a,b,¢ > 0 and a + b + ¢ > 0 satisfying certain condi-
tions (admissible 6-tuple). This had been done by considering 3-regular planar
graphs I'(a, b, ¢,n) with cyclic symmetry of order n (see Figure 4). It had been
shown that all these manifolds turn out to be strongly-cyclic branched cover-
ings of (1,1)-knots in lens spaces, possibly S! x S? and S® [4, 8]. Moreover,
the explicit Dunwoody representations (Dunwoody six parameters) for all cyclic
branched coverings of 2-bridge knots has been obtained in [8]. An interesting
problem which naturally arises is that of finding the explicit Dunwoody repre-
sentations of the cyclic branched coverings of important classes of (1, 1)-knots,
in particular, (1,1)-knot in S3. In [1], H. Aydin, I. Gultekyn and M. Mulazzani
gave an explicit representation (Dunwoody six parameter) as Dunwoody man-
ifolds of all cyclic branched coverings of torus knots of type (p,mp — 1), with
p > 1 and m > 0, thus including all torus knots with bridge number < 4.

On the other hand, the authors in [10] gave a list of (1, 1)-diagrams D(a, b, ¢, r)
of all (1,1)-knots up to 10 crossings in Rolfsen’s knot table. Using this list,
we give in this paper a complete list of explicit Dunwoody representations
(a,b,c,n,r,s) € Z° as Dunwoody manifolds of all n-fold cyclic branched cover-
ings of S branched along (1, 1)-knots up to 10 crossings in Rolfsen’s knot table
[15].

This paper is organized as follows. In Section 2, we summarize the ba-
sic terminology of (1,1)-knots and (1, 1)-diagrams D(a,b,c,r), which provide
a particularly convenient way to describe genus one doubly-pointed Heegaard
diagrams coupled with (1,1)-knots. In Section 3, we demonstrate a relation-
ship between (1,1)-knots and n-fold cyclic branched coverings as Dunwoody
manifolds by means of (1, 1)-diagrams D(a, b, ¢,r). In Section 4, we list explicit
Dunwoody representations of n-fold cyclic branched coverings of (1, 1)-knots up
to 10 crossings.

2. (1,1)-knots and (1,1)-diagrams

In this section, we review (1,1)-knots, (1,1)-diagrams and related prelim-
inaries from [10]. Let V be a handlebody of genus g > 0. A collection
a = {t1,...,tp} of mutually disjoint arcs ¢; which are properly embedded in
V is called a b-string trivial arc system in V if there is a collection {s1,...,sp}
of arcs s; in OV such that for each i € {1,...,b}, t;Us; is a circle which bounds a
disk d; in V and those disks dy, . .., dp are mutually disjoint. Let M be a closed
oriented 3-manifold and let K be a knot in M. A (g, b)-decomposition of K in M
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FIGURE 1. D(a,b,c,r)
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is a decomposition of the pair (M, K) into a union (M, K) = (Vi,a;) U (Va, as)
such that V3 UV5 is a genus g Heegaard splitting of M and K = a; Uay intersects
the Heegaard surface S,(= 0Vi = 0V3) transversally, where a;(i = 1,2) is a b-
string trivial arc system in V;. A knot K in M is said to be (g, b)-decomposable
or in a genus g b-bridge position with respect to a Heegaard surface S, if K
admits a (g, b)-decomposition in M. The genus g-bridge number of a knot K in
M is the smallest integer m for which K is (g, m)-decomposable. If the genus
g-bridge number of a knot K in M is b, then we say that K is a genus g b-bridge
knot in M or simply a (g,b)-knot in M. For more details, see [7]. In this paper,
we are only concern with (1, 1)-knots.

Now we are going to review the way of describing (1, 1)-knots discussed in [5].
For any given 4-tuple o = (a, b, ¢, r) of integers with a,b,¢ > 0,a+b+¢ > 0 and
r€Zq=1{0,1,...,d—1} (d = 2a+b+c), let D(a,b,c,r) be a planar diagram (a
3-regular planar graph) in R? defined as follows: Let m]™ and m] be two disjoint
circles in R? with the clockwise and counterclockwise orientation, respectively.
Consider d vertices on the circles m; and mj labeled by the integers from 1 to
d in accordance with the orientation (see Figure 1). The vertices on m]~ labeled
1,...,a are connected to the vertices on mf labeled 2a+b+c,...,a+b+c+1
by a parallel arcs, the vertices labeled a + 1,...,a 4+ b in mf are connected to
the vertices labeled r +a+c+1,...,7+a+c+ b in m] by b parallel arcs,
the vertices labeled a +b+1,...,a+ b+ cin mf are connected to the vertices
labeled r +a+1,...,74+a+cin m; by c parallel arcs, and the vertices labeled
r+1,...,r+ain m] are connected to the vertices labeled r,...,r+a+c+b+1
in m] by a parallel arcs so that the all d arcs are mutually disjoint and r is the
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label of the vertex of the innermost bigon adjacent to m; as shown in Figure 1,
where the labels of the vertices on m; are taken modulo d.

Let P be a point chosen in the interior of the bigon with two vertices on
mf labeled 1 and 2a + b + ¢ and let @ be a point in the interior of the bigon
with two vertices on my labeled r and r +1 (see Figure 1). Consider one-point
compactification of R? that leads a 2-cell embedding of D(a,b,c,r) in the 2-
sphere S2. Cutting S? along two circles m{ and m] and then removing the
interior of the discs di” and d;” bounded by m; and m; respectively, we obtain
a 2-sphere S? with 2 holes. Gluing the circle m] with the circle m; so that
equally labeled vertices are identified together gives rise to a torus T and the d
arcs are pairwise connected through their endpoints which produces a system
D(o) ={Dxs,...,Dg,} of mutually disjoint simple closed curves on the resulting
torus T for some integer k, > 1. Let m; denote the simple closed curve on the
torus T corresponding to the identified m] and m; , which is a meridian on 7.
We denote the quadruple (T, mq,{D1,..., Dy, },{P,Q}) by H(a,b,c,r,{P,Q}).

Definition 2.1. A 4-tuple 0 = (a,b,c,r) is said to be admissible if k, = 1, i.e.,
the set D(o) contains only one simple closed curve Dy and the torus T is still
connected after cutting it along D1.

N

FIGURE 2. A preferred longitude ¢ and meridian m of V =
D? x S1.

Let V = D? x S! be the standard solid torus and let I and m be a preferred
longitude and meridian of V' (see Figure 2), respectively. Note that { and m
generate the fundamental group 7 (0V) = Z @ Z. If a simple closed curve on
OV represents the homotopy class p[l] + ¢[m] € m1(0V'), we call such a curve
a (p,q)-curve. The 3-manifold obtained by gluing two standard solid tori V;
and V5 along their boundaries via the homeomorphism h : 9V, — 9V that
takes a meridian m in 9V; to a (p, ¢)-curve in 9V; is called a lens space of type
(p,q) and denoted by L(p, q). It is well known that two lens spaces L(p, ¢) and
L(p',q') are homeomorphic if and only if p = p’ and ¢ = £¢'*! (mod p). It is
noted that the lens space L(1,0) is homeomorphic to S® and more generally the
lens space L(p,q) is homeomorphic to S if and only if p = £1.

For any given admissible 4-tuple o0 = (a, b, ¢, ), we can construct a (1, 1)-knot
in a lens space L(p,q) from the planar diagram D(a,b,c,r) as follows: Since
o = (a,b,e,r) is admissible, H(a,b,c,r,{P,Q}) = (T,m1,D1, {P,Q}) gives
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rise to a genus one doubly-pointed Heegaard diagram of a closed orientable 3-
manifold, denoted by M (a,b, ¢, ), which is indeed a lens space L(p, q), possibly
53, Let V; and V, be two solid tori with T = 9V} = 0V, and let K; ¢ Vi
and Ko C V3 be properly embedded trivial arcs with 0K; = 0Ky = {P,Q}.
Then the Heegaard diagram H(a,b,c,r,{P,Q}) = (T,m1,D1,{P,Q}) yields a
(1,1)-knot K = K7 U K3 in M(a,b,c,r) with a (1, 1)-decomposition:

M(a,b,c,r) = (V1, K1) Up (Va, K3), (2.1)

where h : (0V,0K3) — (0V1,0K;) is an orientation-reversing homeomor-
phism that takes a meridian ms in V5 to the simple closed curve Dy on T = 9V}
(see Figure 3).

Definition 2.2. The (1,1)-knot K = K; U Ko in M(a,b,c,r) is called the
(1,1)-knot associated to D(a,b,c,r) and denoted by K(a,b,c,r). And, we call
D(a,b,c,r) a (1,1)-diagram of K(a,b,c,r).

V2

F1GURE 3. A (1,1)-decomposition of a knot K = K1 U K3 in M(a,b, ¢, 7).

We now describe how to obtain a (1,1)-diagram D(a,b,c,r) from a (1,1)-
decomposition of a (1,1)-knot in S3. Let K be a (1,1)-knot in S3. Then K
admits a (1, 1)-decomposition

(S®, K) = (Vi, K1) Up, (Va, K2),

where V; and V5 are solid tori, K1 C Vi and Ky C V5, are properly embedded
trivial arcs, and h : (0V2,0K3) — (0V1,0K) is an attaching homeomor-
phism. Let T = 9V} be the Heegaard surface of genus one (torus) of this
(1,1)-decomposition and let {P,Q} =T NK = 0K, = 0K,. Taking a meridian
disk d; in each solid torus V; so that d; is disjoint from K;, we have a 4-tuple
(T, m1,h(ms),{P,Q}) such that (T,m1,h(ms)) is a genus one Heegaard dia-
gram of S% and {P, Q} is the set of two endpoints of each trivial arc K;, where
m; = 0d;. If my and h(mz) meet efficiently in T—{ P, Q}, i.e., any bigon in T" ob-
tained from the intersection of m; and h(ms) contains either P or @ (indeed, any
bigon arc which does not contain a point of 9K; can be removed up to isotopy),
then (T, mq, h(mz), {P, Q}) is said to be minimal. Hayashi [9] showed that such
a minimal diagram (T, mq, h(ms), {P, @Q}) is uniquely determined by the (1, 1)-
decomposition up to its homeomorphic type. Cutting the solid torus V; along
d1, we obtain a solid cylinder C; with two cutting disks, say, df and dj . Let
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FIGURE 4. The graph I'(a,b,c,n).

m and m] denote the boundary circles of two cutting disks d;” and d; , respec-
tively. By applying isotopies if necessary, we obtain a (1, 1)-diagram D(a, b, ¢, r)

as shown in Figure 1 consisting of the annulus A; = 9Cy — (df Ud;) and a set
A1 of 2a + b + ¢ arcs coming from h(msg) governed by some nonnegative in-
tegers a,b,c and r such that a +b+c¢ > 0,7 € Zy (d = 2a+ b+ ¢) and the
4-tuple 0 = (a, b, c,r) is admissible. It should be noted that the (1, 1)-diagram
D(a,b,e,r) of a (1,1)-knot K in S® is not uniquely determined. For more
details, we refer to [8, 10].

3. (1,1)-knots and Dunwoody manifolds

In [6], M. J. Dunwoody constructed a large class of closed orientable 3-
manifolds with the fundamental groups admitting cyclic group presentation
(now called Dunwoody manifold), which is totally represented by 6-tuples (a, b, c,
n,r,s) of integers with n > 0,a,b,¢ > 0 and a + b + ¢ > 0 satisfying certain
conditions, called admissible. This construction had been done by considering
3-regular planar graphs I'(a, b, ¢,n) as shown in Figure 1 with cyclic symmetry
of order n. In this section, we first give a sketch of the construction of Dun-
woody manifolds following [8] with changing of some notations for our conve-
nience, and then we demonstrate a relationship between (1, 1)-knots and n-fold
cyclic branched coverings as Dunwoody manifolds by means of (1, 1)-diagrams
D(a,b,c,r).

Let a, b, c,n be integers such that n > 0,a,b,c > 0 and a +b+ ¢ > 0. Let
I' = I'(a,b,c,n) be the planar 3-regular graph in R? depicted in Figure 4. It

contains n upper cycles Cf,...,C! and n lower cycles C7,...,C” and each
cycle has d = 2a + b + ¢ trivalent vertices. For each ¢ = 1,...,n, the cycle

C; (resp. Cj') is connected to the cycle Cj ; (resp. Cj’ ;) by a parallel arcs,
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connected to the cycle C}’ by ¢ parallel arcs, and connected to the cycle C7,
by b parallel arcs, where we assume n 4+ 1 = 1.

Let ' = {Cy,...,C} and C" = {C{,...,C/!}. Let A’ (resp. A”) be the
set of the arcs of T" belonging to a cycle of C’' (resp. C”) and let A be the set
of the other arcs of the graph I'. The one-point compactification of the plane
R? gives to a 2-cell embedding of T" in the 2-sphere S2. It is straightforward
that the graph I' in S? is invariant under a rotation p, : S2 — S? of S? by
2%—radians along a suitable axis intersecting S? in two points not belonging to
the graph I'. Without loss of generality, we may assume that p,(C}) = Cj
and p,(C{') = C} | for each i = 1,...,n (we assume n+1 = 1). By cutting the
sphere S? along all C{ and C/ and by removing the interior of the corresponding
discs, we obtain a 2-sphere S? with 2n holes.

FIGURE 5. Labelling of the vertices of C and C} (1 < i < n).

Now let » and s be two new integers taken mod d and mod n, respectively.
We choose a clockwise (resp. counterclockwise) orientation to the cycles in C’
(resp. in C”) and label their vertices from 1 to d in accordance with these
orientations (see Figure 5) in order to satisfy the following two conditions:

(i) The vertex 1 of each C] € C’ is the endpoint of the first arc of A
connecting C} to Cj; as shown in Figure 5.

(ii) The vertex 1 —r (mod d) of each C/!' € C” is the endpoint of the first
arc of A connecting C;’ to C}/,; as shown in Figure 5.

For each i = 1,...,n, we glue the cycle C/ with the cycle C{’ _ so that the

1—S

equally labelled vertices are identified together, where i — s € {1,...,n} taken
mod n. Then we obtain an orientable surface X, of genus n in which the nd
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arcs belonging to A are pairwise connected through their endpoints and give
rise to m cycles Dy,...,D,, for some integer m > 1, where d = 2a + b + c.
It is direct by construction that the cut of ¥, along the n cycles C; := C] =
C!" . (indeed, a meridean on X,) does not disconnect the surface ¥,. Let
C={Cy,...,Cp}tand D ={Dy,..., Dy}

Definition 3.1. A 6-tuples (a,b,c,n,r,s) € Z° such that n > 0,a,b,c > 0 and
a+ b+ c >0 is said to be admissible if it satisfies the following conditions:

(1) The set D contains ezxactly n cycles.
(2) The surface ¥, is not disconnected by cutting along the cycles in D.

Let ¢ = (a,b,¢,n,r,s) be an admissible 6-tuple. From Definition 3.1, we
have
C={Cy,...,Cphtand D={Dy,...,D,}. (3.2)

Further, the cut along the cycles of D does not disconnect the surface ¥,,. This
implies that the triple (3,,,C, D) forms a genus n Heegaard diagram of a closed
orientable 3-manifold, which is completely determined by the admissible 6-tuple
o= (a,b,c,n,r,s) and so is denoted by M(a,b,c,n,r,s).

Definition 3.2. Let 0 = (a,b,c,n,r, s) be an admissible 6-tuple. The closed ori-
entable 3-manifold M (a,b, c,n,r, s) with a genus n Heegaard diagram (X,,C,D)
1s called a Dunwoody manifold associated to o.

Throughout this paper, the genus n Heegaard diagram (3,,C, D) of the Dun-
woody manifold M (a,b,c,n,r,s) will be denoted by H(a,b,c,n,r,s). That is,

H(a,b,c,n,r,s) = (%,,C,D). (3.3)

It is noted that the graph I'(a,b,c,n) in Figure 4 with the labels of vertices as
illustrated in Figure 5 can be regarded as an open Heegaard diagram obtained
from H(a,b,c,n,r,s) by cutting along the meridean curves C,...,C, on X,.
We will denote the open Heegaard diagram by D(a, b, c,n,r,s).

Let o = (a,b,¢,n,r,s) be an admissible 6-tuple and let TV(a,b, ¢, n) denote
the regular 4-valent graph embedded in the Heegaard surface ¥,, corresponding
to T'(a,b,c,m). Observe that the vertices of IV(a,b,c,n) are the intersection
points of Ui, C; and U}_; D; in (3.2). Hence they inherit the labelling of the
corresponding glued vertices of T'. Since the gluing of the cycles of C’ and C” is
invariant under the rotation p,,, the cyclic group G,, =< p, > generated by p,
naturally induces a cyclic group action of order n on ¥, such that the quotient
¥, = X, /G, is homeomorphic to a torus. Furthermore, the labelling of the
vertices of I'(a,b, c,n) is invariant under the rotation p, and p,(C;) = Ciy1
because p,(C;) = Ci ., and p,(C}) = C,; (assume n + 1 = 1) for each i =
1,...,n. The following Lemma shows that this last property also hold for the
cycles of D.

Lemma 3.3. [8, Lemma 1]
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(1) Let 0 = (a,b,c,n,r,s) be an admissible 6-tuple. Then p, induces a
cyclic permutation on the curves of D. Thus, if D is a cycle of D, then
D={pt"Y(D)k=1,...,n}.

(2) If (a,b,c,n,r,s) is admissible, then (a,b,c,1,7,0) is also admissible and
the Heegaard diagram H(a,b,c,1,r,0) is the quotient of H(a,b,c,n,r,s)
by G,.

Let 0 = (a,b,¢,n,r,s) be an admissible 6-tuple with n > 1 and let v be the
vertex belonging to the cycle C; of the Heegaard diagram H(a,b,c,n,r, s) and
labelled by a+b+1. We denote by D; the curve in D containing v and by v’ the
vertex of C in the graph I'(a, b, ¢, n) corresponding to v. Orient the arc e’ € A of
I'(a, b, c,n) containing v’ so that v’ is its first endpoint and then orient the curve
D in accordance with the orientation of this arc e’. Now, let D) = pfl_l(Dl)
for each £ = 1,...,n. By the rotation p,,, the orientation on D; induces the
orientation also on the curves Dy (k = 1,...,n). Moreover, these orientation
on the cycles of D induce an orientation on the arcs of the graph I'(a,b,c,n)
belonging to A. By orienting the arcs of C’ and C” in accordance with the fixed
orientations of the cycles C/ and C/, the graph I'(a, b, ¢,n) becomes an oriented
graph whose orientation is invariant under G,,. This orientation is called the
canonical orientation of T'(a, b, c,n).

Let A be the set of the first d arcs of Dy, following the canonical orientation,
starting from the arc coming out from the vertex v’ of C] labelled a+b+1. Let
Pl (resp. pl) denote by the number of the arcs in A oriented from a cycle of C’
to a cycle of C" (resp. oriented from a cycle of C” to a cycle of C’). Similarly,
let ¢ (resp. ¢J)) denote by the number of the arcs in A oriented from either
a cycle Cj to a cycle C,;(mod n) or a cycle C;’ to a cycle Cf/; (mod n) (resp.
oriented from either a cycle C;, ;(mod n) to a cycle C; or a cycle C}, ;(mod n)
to a cycle C!) for some i € {1,...,n}. We define two integers p, and G, by

Po = Py — Py and Go = G, — G- (34)
It is noted that p, has the same parity of b + ¢ and §, has the same parity of

2a + b and hence of b. It is evident that p, and ¢, depend only on the integers
a,b,c and r.

Theorem 3.4. [8, Theorem 6] Let o = (a,b,c,n,r,s) be any given admissible
6-tuple with n > 1. Then the Dunwoody manifold M(a,b,c,n,r,s) is the n-fold
cyclic covering of the manifold M' = M(a,b,c,1,r,0) branched over the (1,1)-
knot K(a,b,c,1,7,0) only depending on the integers a,b,c,r. Further, M’ is
homeomorphic to:

(1) 83 if py = 1.

(2) S x S? if p, = 0.

(3) A lens space L(w, 8) with a = |ps| if |po| > 1.

Corollary 3.5. [8, Corollary 7] Let o1 = (a,b,c,1,7,0) be any given admis-
sible 6-tuple with p,, = £1 and So; = —PoyGo,- Then the 6-tuple o, =
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(a,b,c,n,, 85, ) is admissible for each integer n > 1 and the Dunwoody manifold
M, = M(a,b,c,n,r,s,,) is the n-fold cyclic coverings of S* branched over the
(1,1)-knot K(a,b,c,1,7,0), which is independent on n.

Example 3.6. The Dunwoody manifolds M(0,0,1,1,0,0), M(1,0,0,1,1,0) and
M(0,0,¢, 1,7,0) with ¢ and r coprime are homeomorphic to S3,S* x S? and
the lens space L(c,r), respectively. Furthermore, for each coprime integers a
and ¢ with a > 0, the Dunwoody manifold M(a,0,c¢,1,a,0) is homeomorphic
to the lens space L(c,a). On the other hand, for each integer n > 1, the Dun-
woody manifolds M(0,0,1,n,0,0), M(1,0,0,n,1,0) and M(0,0,c,n,r,0) with ¢
and r coprime are n-fold cyclic coverings of S®,S* x S? and L(c,r), respec-
tively, branched over a trivial knot. Indeed, these Dunwoody manifolds are the
connected sum of n copies of S3,S' x S% and L(c,r), respectively. For more
details, we refer to [6, 8].

Now we are ready to relate open Heegaard diagrams D(a,b,c,1,7,0) asso-
ciated to admissible 6-tuples (a,b, ¢, 1,7,0) and (1, 1)-diagrams D(z,y, z,w) as
depicted in Figure 1.

Lemma 3.7. Let (a,b,c,1,7,0) be an admissible 6-tuple with v € Zq (d =
2a 4+ b+ c¢). Then the open Heegaard diagram D(a,b,c,1,r,0) and the (1,1)-
diagram D(a,b,c,d — r) in Figure 1 give rise to the same genus one Heegaard
diagram H(a,b,c,1,7,0). Consequently, the 6-tuple (a,b,c,1,r,0) admissible if
and only if the 4-tuple (a,b,c,d — r) is admissible.

Proof. Let (a,b,c,1,7r,0) be an admissible 6-tuple with r € Z;. Then it is seen
from Figure 5 with n = 1 that the open Heegaard diagram D(a, b, ¢, 1,7,0) looks
like the planar 3-regular graph depicted in (i) of Figure 6. By construction, it
is evident that the labels 1,...,d for the vertices of the cycle C] can be taken
modulo d. (The labels are not changed modulo d. This shows that the glue of C]
with C{ are not changed from the change of labels for the vertices of C{ modulo
n.) Let v = —r +d. Then —r =7’ (mod d) and r’ € Zy because r € Zy. This
gives that the two graphs in (i) and (ii) of Figure 6 give rise to the same genus
one Heegaard diagram H(a,b,c,1,r,0). Using plane isotopies, it is not difficult
to transform the graph in (ii) into the graph in (iii) and then the graph in (iv)
of Figure 6, which is obviouly plane isotopic to the (1,1)-diagram D(a,b,c,’)
in Figure 1. Hence we see that two graphs D(a,b,¢,1,7,0) and D(a,b,c,d —r)
give rise to the same genus one Heegaard diagram H(a,b, ¢, 1,r,0). This proves
the first part of Lemma.

Now, since D(a,b,c,1,7,0) and D(a,b,c,d — 1) give rise to the same genus
one Heegaard diagram H(a, b, ¢,1,r,0), we see that the d arcs in D(a, b, ¢, 1,7,0)
(resp. D(a,b,c,d — r)) forms only one simple closed curve D; and the torus
> is still connected after cutting it along D;. Therefore the second part is
straightforward from Definitions 2.1 and 3.1. This completes the proof. O

Let ¢ = (a,b,c,r) be an admissible 4-tuple and let D(a,b,c,r) be the as-
sociated (1, 1)-diagram as shown in Figure 1. We take the orientation on D
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atb+ct+r

atb a+l C atb+c

atb+1

1+a+r

atb+c+r I+atctr atctr

(iii) (iv)

FIGURE 6. Open Heegaard diagrams of H(a,b,c,1,r,0)

induced from the orientation on the arc going from the vertex labeled a + b+ 1
to the vertex labeled r + a + 1 (see Figure 1). Let pl (resp. pl/) denote by the
number of the arcs with the orientation of pointing down the page from m; to
my (resp. pointing up the page from mj to m]) in D(a,b,c,r). Similarly, let
¢, (resp. ¢) denote by the number of the arcs with the orientation of point-
ing right the page (resp. pointing left the page) in D(a,b,c,r). We define two
integers p, and ¢, by

Pe =Py — Py and o = ¢, — ¢ (3.5)
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Theorem 3.8. Let 0 = (a,b,c,r) be an admissible 4-tuple and let D(a,b,c,r)
be the associated (1,1)-diagram in Figure 1. Then the 3-manifold M(a,b,c,r)
in (2.1) is homeomorphic to:

(1) 83 if pp = 1.

(2) S x S? if p, = 0.

(3) Lens space L(p,q) with p = |ps| if |ps| > 1.

Proof. By Lemma 3.7 and its proof, we see that the (1, 1)-diagram D(a,b,c,r)
and the open Heegaard diagram D(a,b,c,1,t,0) give rise to the same genus
one Heegaard diagram H(a,b,c,1,t,0) (see Figure 7), where t = d — r, and
(a,b,c,1,t,0) is an admissible 6-tuple. Hence the 3-manifold M (a,b,c,r) is
homeomorphic to the Dunwoody manifold M (a,b,¢,1,t,0). Let o1 = (a,b, ¢, 1,
t,0). It is easily seen from (3.4) and Figure 7 that p, = p,, and ¢, = G»,. Then
the result is immediate from Theorem 3.4. This completes the proof. O

atb a+l C! atb+c

atb+1

atr/ l+atb+c+r

atb+c—t

1+a+r

~ atbtctr l+atct+r atc+r

(i) D(a,b,c,1,t,0), t=d-r (iv) D(a,b,c,r)

FIGURE 7. Open Heegaard diagrams of H(a,b,c,1,d —r,0)

Theorem 3.9. Let o = (a,b,c,r) be any given admissible 4-tuple, d = 2a+b+c,
and let D(a,b,c,r) be the associated (1,1)-diagram in Figure 1. If p, = %1
and S; = —Peqs, then the 6-tuple o, = (a,b,c,n,d — r,s,) is admissible for
each integer n > 1 and the Dunwoody manifold M(a,b,c,n,d — r,s,) is the
n-fold cyclic covering of S® branched over the (1,1)-knot K(a,b,c,r), which is
independent on n.

Proof. Let 01 = (a,b,¢,1,d — r,0). Since o = (a,b, ¢, r) is admissible, it follows
from Lemma 3.7 that o; is admissible. It is easily seen from (3.4) and Figure 7
that p, = Py, and ¢, = ¢»,. Now, suppose that p, = £1 and s, = —psqs-
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Then p,, = £1 and s,;, = —Ps,Go,- By Corollary 3.5, we see that the 6-
tuple oy, = (a,b,¢c,n,d — r, sy, ) is admissible for each integer n > 1 and the
Dunwoody manifold M, = M (a,b,c,n,d —r,s,,) is the n-fold cyclic coverings
of S branched over the (1,1)-knot K(a,b,c,1,d — r,0), which is independent
on n. Further, by Lemma 3.7, we have that the (1,1)-diagram D(a,b,c,r) and
the open Heegaard diagram D(a,b,c,1,d —r,0) give rise to the same genus one
Heegaard diagram H(a,b,c,1,d — r,0). Hence M(a,b,c,r) is homeomorphic to
M(a,b,c,1,d —r,0), and thus the same (1, 1)-decomposition. This shows that
the (1,1)-knot K(a,b,c,1,d—r,0) and the (1, 1)-knot K (a,b,c,r) are the same.
This completes the proof. O

We end this section with some remarks. It follows from Lemma 3.3 (2)
that if (a,b,c,n,r,s) is admissible, then (a,b,c, 1,7,0) is also admissible. But
the converse is not true in general. By Corollary 3.5, we see that if o1 =
(a,b,c,1,7,0) is an admissible 6-tuple with p,, = +1, then the 6-tuple o, =
(a,b,e,n, 1, 85,) is admissible for each integer n > 1. On the other hand, we
have from Lemma 3.7 that the 6-tuple (a,b, ¢, 1,r,0) admissible if and only if
the 4-tuple (a,b, ¢,d — r) is admissible.

On the other hand, for given two positive integer n and k such that k divides
n, if (a,b,¢,7,n,s) is admissible, then (a,b,c,r, k,b) is also admissible and the
Heegaard diagram H(a,b,c,r k,b) is the quotient of H(a,b,c,r,n,b) by the
action of a cyclic group of order 7. Furthermore, the Dunwoody manifold
M(a,b,c,n,r,s) is the £-fold cyclic covering of the manifold M" = M(a, b, ¢, k,
r, s) branched over a (k,1)-knot in M’.

4. Cyclic branched coverings of (1,1)-knots in S3 up to 10 crossings

In regard to Theorem 3.9, Grasselli and Mulazzani have raised the following
problem [5, 8]:

Problem C. Characterize the class K of all branching (1, 1)-knots K (a,b,c,r)
in S* involved in Theorem 3.9.

Indeed, this problem is to find explicit representations (Dunwoody six pa-
rameters (a, b, ¢, n,r,s) € Z%) as Dunwoody manifolds of n-fold cyclic branched
coverings of important classes of (1,1)-knots, in particular, (1,1)-knots in S3.
Up to now, explicit representations of all n-fold cyclic branched coverings of 2-
bridge knots and a certain class of torus knots have been presented in [1, 8]. In
this section, we shall give an explicit representation of all n-fold cyclic branched
coverings of all (1, 1)-knots up to 10 crossings in Rolfsen’s knot table [15]. We
begin with collecting the previous results.

Recall that a genus 0 2-bridge knot K, i.e., a (0, 2)-knot, is a classical 2-bridge
knot in S3, which are completely determined by two integers o and 3 such that
ged(e, ) = 1,a > 0 odd and —a < B < «. In this case, we say that the
knot K in S3 is the 2-bridge knot of type («a, 3) or K has a Schubert normal



120 G. KIM AND S. Y. LEE

form b(a, §). It is well known that two Schubert normal forms b(«, 8) and
b(a’, 8") represent equivalent (unoriented) 2-bridge knots if and only if @ =
and 8*' = B’ (mod a). This shows that the 2-bridge knot of type («,f) is
equivalent to the 2-bridge knot of type (a, a+ 3), and hence  can be assumed
to be always even. For more details about 2-bridge knots, we refer to [3].

Proposition 4.1. [8, Theorem 8] The 4-tuple 0 = (a,0,1,r) with ged(2a +
1,2r) =1 is admissible. Moreover, the 6-tuple o, = (a,0,1,n,7,—q,) is admis-
sible for each integer n > 1 and the Dunwoody 3-manifold M(a,0,1,n,7r, —q,)
is the n-fold cyclic covering of S® branched over the 2-bridge knot with Schu-
bert normal form (2a + 1,2r). Thus, all n-fold branched cyclic coverings of S°
branched over 2-bridge knots are Dunwoody 3-manifolds.

For two relatively prime integers p and ¢, a torus knot of type (p, q), denoted
by T'(p,q), is a simple closed curve on the surface of the unknotted torus in S*
that cuts a meridian in p points and a longitude in ¢ points. In [1], H. Aydin,
I. Gultekyn and M. Mulazzani gave an explicit representation as Dunwoody
manifolds of all cyclic branched coverings of torus knots of type (p,mp — 1),
with p > 1 and m > 0, thus including all torus knots with bridge number < 4
as follows:

Proposition 4.2. [1, Corollary 4]

(1) For all m > 0 and p > 1, the n-fold cyclic branched covering of the
torus knot T'(p,mp + 1) is the Dunwoody manifold M(1,p — 2,2mp —
2m —p+1,n,p,p).

(2) For allm > 1 and p > 1, the n-fold cyclic branched covering of the
torus knot T'(p, mp — 1) is the Dunwoody manifold M(1,p — 2,2mp —
2m—p—1,n,—3p+4,—p).

A Montesinos link K = M (b; (a1, 81), - - -, (e, 8;-)) with r branches is a link
in S as shown in Fig. 8 (a). Here r,b, o; and j3; are integers such that r > 0,
a; > 2, and ged(ay, 8;) = 1. A box B/« stands for a rational tangle of slope
B/a. (See Figure 8 (b).) If we forget the chart on the boundary, a rational
tangle is merely a 2-stand trivial tangle as illustrated in Figure 8 (c); we recall
the image of the arc 7 in Figure 8 (c) in a rational tangle the core of the rational
tangle.

Proposition 4.3. [3, Chapter 12]

(1) Suppose r = 2. Then K is a 2-bridge link b(p,q) of type (p,q), where
p = |bayag — a1 82 — asfi| and q is an integer relatively prime to p. In
particular, K is a trivial knot if and only if p=1.

(2) Suppose r > 3. Then K is not a 2-bridge link, and it is classified
by the Buler number e(k) = b — Y.._, B/, and the vector v(K) =
(Bi/oa,...,Br/ar) € (Q/Z)" up to cyclic permutation and reversal of
the order.
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M(b; (@B, (@f), - (@.f))  b=3

() ©

FIGURE 8. Montesinos link M (3; (a1, 51), .-, (o, Br))

In [10], the authors give a table of (1,1)-diagrams D(a,b,c,r) of all (1,1)-
knots up to 10 crossings in Rolfsen’s knot table [15]. Using this table, we give
a complete list of explicit representations (a,b,c,n,r,s) € Z5 as Dunwoody
manifolds of all n-fold cyclic branched coverings of (1,1)-knots in S up to 10
crossings in Rolfsen’s knot table. The following theorem is the main result of
this section, which give another partial answer to Problem C in addition to
Propositions 4.1 and 4.2.

Theorem 4.4. Let K be an (1,1)-knot in S® with crossing number < 10 and let
o = (a,b,c,r) be an admissible 4-tuple such that K = K(a,b,c,r). If p, = *1
and S5 = —Poqs, then the 6-tuple o, = (a,b,¢c,n,d—r,s,) is admissible for each
integer n > 1 and the Dunwoody manifold M(a,b,c,n,d — r,sy) is the n-fold
cyclic covering of S® branched over the (1,1)-knot K = K(a,b,c,r), which is
independent on n. Furthermore, the associated (1,1)-diagram D(a,b,c,r), po,
4o and the corresponding Dunwoody representation (a,b,c,n,d—r,sy) are given
in Tables 1, 2, 3 and 4.

Proof. Let K be an (1,1)-knot in S® with crossing number < 10. Then the as-
sociated (1, 1)-diagram D(a, b, ¢, r) with K = K(a,b,c,r) is found in [10]. From
this (1, 1)-diagram D(a, b, ¢, ), we can directly calculate py, ¢o, S¢ = —Poqo for
o = (a,b,¢,r) and the corresponding Dunwoody representation (a,b,c,n,d —
7,85). Although the calculation is straightforward, but tedious and lengthy,
so that we omit here. Instead, we illustrate the calculation with two sample
calculations for two (1, 1)-knots 942 and 10167 in Examples 4.5 and 4.6, respec-
tively. O
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198 765 43 2
my C

(a) D(3,2,1,7) (b) D(6,2,3,13)

FIGURE 9. (1,1)-diagrams of 945 and 10136

Example 4.5. Consider the (1,1)-knot 942, the Montesinos knot M(1;(2,1),
(3,1),(5,2)) which is not both 2-bridge knot and torus knot. From the table of
(1,1)-diagrams of (1, 1)-knots up to 10 crossings in [10], we obtain (1,1)-diagram
D(3,2,1,7) of 942 as depicted in Figure 9. Set o = (3,2,1,7), admissible 4-
tuple.

From Figure 9(a), we have p,, = 1,p/ = 2 and ¢, = 4,q) = 4. Hence it
follows from (3.5) that p, = pl, —pll =1-2=—-1and g, = ¢, —qr =4—4=0.
This gives So = —psq, = 0. Note that d—r =9 —7 = 2. Hence for each integer
n > 1, the Dunwoody manifold M(3,2,1,n,2,0) is the n-fold cyclic covering of
S3 branched over the (1,1)-knot 942 as listed in Table 2.

Example 4.6. Consider the (1,1)-knot 10136, the Montesinos knot M(1;(2,1),
(5,2),(5,2)) which is not both 2-bridge knot and torus knot. From the table of
(1,1)-diagrams of (1,1)-knots in [10], we have an (1,1)-diagram D(6,2,3,13)
of 10136 as depicted in Figure 9. Set T = (6,2,3,13), admissible 4-tuple.

From Figure 9(b), we obtain p.. = 2,p! = 3 and ¢. = 6,q¢/ = 8. Hence it
follows from (8.5) thatp, =p.—p!! =2-3=—1andq, =q¢.—¢/ =6—8 = —2.
This gives sy = —pr;q; = —2. Note that d —r = 17 — 13 = 4. Hence for each
integer n > 1, the Dunwoody manifold M (6,2,3,n,4,—2) is the n-fold cyclic
covering of S® branched over the (1,1)-knot 10136 as listed in Table 4.
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K | Type D(a,b,c,r) Do | ¢o | (a,b,c,n,d — 1, 85)
3, | 7(2,3) = b(3,1) D(1,0,1,2) 1] 2| (1,0,1,n,1,2)
1, 0052 D(2,0,1,1) 1] 0] (2.0,1,0,4,0)

5, | 1(2,5) = b(5,1) D(2,0,1,3) 1] 4] (2,0,1,n,2.4)
52 | b(7,3) D(3,0,1,5) 1] 2] (3,0,1,n2,2)
6, | 6(9,4) D(4,0,1,2) 1] 0| (4,0,1,n,7,0)

62 | b(11,4) D(5,0,1,2) 1] 2] (5.0,1,n,9,2)
65 | b(13,5) D(6,0,1,9) 1] 0] (6,0,1,n,4,0)

7| T(2,7)=0b(7,1) D(3,0,1,4) 1| 6] (3,0,1,n,3,-6)
7o | (1L, 5) D(5,0,1,8) 1] 2| (5,0,1,n,3,2)
75 | b(13,4) D(6,0,1,2) 1] 4| (6,0,I,n,1L4)
74 | b(15,4) D(7,0,1,2) 1] 2] (7,0,1,n,13,2)
7s | b(17,7) D(8,0,1,12) | 1] 4| (8,0,L,n,5-4)
Te | b(19,7) D(9,0,1,13) 11 21 (9,0,1,n,6,-2)
7o | b(2L,8) D(10,0,1,4) | 1] 0| (10,0,1,n,17,0)
81 | b(13,6) D(6,0,1,3) 1| 0] (6,0,1,n,10,0)
8, | b(17,6) D(8,0,1,3) 1] 4] (8,0,1,n,14,4)
85 | b(17,4) D(8,0,1,2) 1] 0] (80,1,n,15,0)
8, | b(19,5) D(9,0,1,12) | 1| 2] (9,0,1,n,7,-2)
8 | M(0;(2,1),(3,1),(3,1)) | D(9,0,3,13) 11 21 (9,0,3,n,8,-2)
86 | b(23,10) D(11,0,1,5) | 1] 2| (11,0,1,n,18,2)
8, | b(23,9) D(11,0,1,16) | 1] 2| (11,0,Lm,7,2)
8s | b(25,9) D(12,0,1,17) | 1] 0] (12,0,1,n,8,0)
8o | b(25,7) D(12,0,1,16) | 1| 0| (12,0,1,1,9,0)
810 | M(0;(2,1),(3,1),(3,2)) | D(12,0,3,17) | 1| 4| (12,0,3,n,10,-4)
811 | b(27,10) D(13,0,1,5) | 1] 2| (13,0,1,0,22,2)
812 | b(29,12) D(14,0,1,6) | 1| 0] (14,0,1,n,23,0)
815 | b(20,11) D(14,0,1,20) | 1] 0| (14,0,1,1,9,0)
814 | (31, 12) D(15,0,1,6) | 1| 2| (15,0,1,n,25,2)
815 | M(0;(2,1),(3,2),(3,2) | D(15,0,3,10) | 1| -2]| (15,0,3,1,23,2)
810 | T(3,4) D(1,2,1,3) 1] 4] (12,1024
820 | M(1;(2,1),(3,1),(3,2)) | D(3,0,3,5) 1] 2| (3,0.3n4,2)
821 | M(1;(2,1),(3,2),(3,2)) | D(6,0,3,4) 1] 0] (6,0,3n,1L0)
9, | T(2,9) = b(9, 1) D(4,0,1,5) 1] 8] (4,0,1,n4,8)
9, | b(15,7) D(7,0,1,11) | 1] 2| (7,0,1,n,4,2)
95 | 5(19,6) D(9,0,1,3) 1] -6 (9,0,1,n,16,6)
9, | b(2L,5) D(10,0,1,13) | 1] 4] (10,0,1,n,8,4)
95 | b(23,6) D(11,0,1,3) | 1] -2 (11,0,1,n,20,2)
96 | b(27,5) D(13,0,1,16) | 1] 6] (13,0,L,n,11,-6)
9, | 5(29,13) D(14,0,1,21) | 1] 4| (14,0,1,0,8,-4)

Table 1. Dunwoody six parameter representations of n-fold cyclic branched
coverings of (1,1)-knots in S with crossings < 10 as Dunwoody manifolds
(n>1)
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K Type D(a,b,c,r) Do | ¢o | (a,b,c,n,d — 1, 85)
9 | b(31,11) D(15,0,1,21) | 1] 2] (15,0,1,n,10,-2)
99 | b(3L,9) D(15,0,1,20) | 1| 6| (15,0,L,1,11,6)
910 | b(33,10) D(16,0,1,5) | 1| 4| (16,0,1,n,28,4)
91, | b(33,14) D(16,0,1,7) | 1] -4 (16,0,1,1,26,4)
915 | b(35,13) D(17,0,1,24) | 1] 2| (17,0,1,n,11,-2)
915 | b(37,10) D(18,0,1,5) | 1| 4| (18,0,1,n,32,4)
914 | b(37,14) D(18,0,1,7) | 1] 0| (18,0,1,1,30,0)
915 | b(39,16) D(19,0,1,8) | 1|-2]| (19,0,1,n,31,2)
9 | M(—1;(2,1),(3,1),(3,1)) | D(18,0,3,25) | 1| 4| (18,0,3,n,14,-4)
917 | b(39,14) D(19,0,1,7) | 1| 2| (19,0,1,n,32,-2)
O1s | D(4L,17) D(20,0,1,29) | 1] 4| (20,0,1,n,12,4)
919 | b(41,16) D(20,0,1,8) 1| 0] (20,0,1,n,33,0)
920 | (4L, 15) D(20,0,1,28) | 1| 4| (20,0,1,1,13,4)
951 | b(43,18) D(21,0,1,9) | 1] -2| (21,0,1,n,34,2)
990 | M(0;(2,1),(3,1),(5,3)) D(20,0,3,8) 1| 0] (20,0,3,n,35,0)
925 | b(45,19) D(22,0,1,32) | 1| 4| (22,0,1,n,13,4)
921 | M(—1;(2,1),(3,1),(3,2)) | D(21,0,3,14) | 1| 2| (21,0,3,n,31,2)
905 | M(0;(2,1),(3,2),(5,2)) | D(22,0,3,37) | 1| 0] (22,0,3,1,10,0)
926 | (47, 18) D(23,0,1,9) | 1] -2 (23,0,1,1,38,2)
957 | b(49,19) D(24,0,1,34) | 1] 0] (24,0,1,n,15,0)
0os | M(—1;(2,1),(3,2),(3,2)) | D(24,0,3,16) | 1| 0] (24,0,3,n,35,0)
950 | M(0;(2,1),(3,2),(5,3)) | D(25,0,3,10) | 1| 2| (25,0,3,n,43,2)
951 | b(55,21) D(27,0,1,38) | 1| 2| (27,0,L,1,17,2)
956 | M(0;(2,1),(3,1),(5,2)) | D(17,0,3,29) | 1| 2| (17,0,3,1,8,2)
942 M(15(271)7(3a1)7(572)) D( 27137) -1 0 (332»1711;2’0)
93 | M(1;(2,1),(3,1),(5,3) | D(5,0,3,2) 1] 2] (50,3mn,11,2)
9 | M(1;(2,1),3,2),(5,2) | D(7,0,3,13) | 1| 2| (7,03n,4,2)
955 | M(1;(2,1),(3,2),(5,3)) | D(10,0,3,4) | 1| 0] (10,0,3,n,19,0)
10, | b6(17,8) D(8,0,1,4) 1] 0] (8,0,1,n,13,0)
10, | 6(23,8) D(1L,0,1,4) | 1] 6| (1L,0,L,1,19,-6)
105 | b(25,6) D(12,0,1,3) | 1] 0| (12,0,1,n,22,0)
10, | 6(27,7) D(13,0,1,17) | 1] 2| (13,0,1,1,10,2)
105 | b(33,13) D(16,0,1,23) | 1] 4| (16,0,1,n,10,4)
105 | b(37,16) D(18,0,1,8) | 1] 4| (18,0,1,1,29,4)
107 | b(43,16) D(21,0,1,8) | 1] 2| (21,0,1,n,35,2)
105 | 5(29,6) D(14,0,1,3) | 1] 2| (14,0,1,1,26,2)
100 | b(39,11) D(19,0,1,25) | 1] -2| (19,0,1,n,14,2)
1010 | b(45,17) D(22,0,1,31) | 1] 0| (22,0,1,n,14,0)

Table 2. Dunwoody six parameter representations of n-fold cyclic branched
coverings of (1,1)-knots in S* with crossings < 10 as Dunwoody manifolds
(n>1)
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K D(a,b,c,r) o | 4o | (a,b,c,n,d —1,55)
101, D(21,0,1,28) | 1| 2| (21,0,1,n,15,-2)
1010 D(23,0,1,32) | 1] -2 (23,0,L,1,15,2)
1013 D(26,0,1,11) | 1| 0] (26,0,1,n,42,0)
1014 D(28,0,1,11) | 1| 4| (28,0,1,1,46,-4)
1015 D(21,0,1,31) | 1] -2 (21,0,1,n,12,2)
1016 D(23,0,1,7) | 1] -2 (23,0,1,1,20,2)
10,7 D(20,0,1,25) | 1] 0] (20,0,1,n,16,0)
1018 D(27,0,1,39) 1] 2] (27,0,1,n,16,-2)
1019 D(25,0,1,7) | 1| 2| (25,0,1,n,44,2)
1099 D(17,0,1,8) 1] 2] (17,0,1,n,27,-2)
105, D(22,0,1,8) | 1] 4| (22,0,L,0,37,-4)
1092 D(24,0,1,31) 1] 0] (24,0,1,n,18,0)
1093 D(20,0,1,41) | 1] -2 (29,0,1,1,18,2)
1002 D(27,0,1,12) | 1| 2| (27,0,1,n,43,2)
1045 D(32,0,1,12) | 1| 4| (32,0,L,1,53,-4)
1046 D(30,0,1,39) | 1| 0] (30,0,1,n,22,0)
1047 D(35,0,1,49) | 1] -2| (35,0,1,1,22,2)
1028 D(26,0,1,36) | 1] 0| (26,0,1,n,17,0)
1099 D(3L,0,1,13) | 1| 2| (3L,0,1,1,50,2)
1030 D(33,0,1,13) | 1] 2| (33,0,1,n,54,-2)
103, D(28,0,1,41) | 1| 0| (28,0,1,1,16,0)
1032 D(34,0,1,49) | 1| 0] (34,0,1,n,20,0)
1033 D(32,0,1,9) 1] 0] (32,0,1,n,56,0)
1034 D(18,0,1,25) | 1| 0] (18,0,1,n,12,0)
1035 D(24,0,1,10) | 1] 0| (24,0,1,1,39,0)
1036 D(25,0,1,10) | 1| 2| (25,0,1,n,41,2)
1037 D(26,0,1,38) | 1| 0| (26,0,1,n,15,0)
103g D(29,0,1,42) | 1] 2| (29,0,1,n,17,2)
1039 D(30,0,1,11) 1] 41 (30,0,1,n,50,-4)
1040 D(37,0,1,52) | 1] -2| (37,0,L,1,23,2)
1041 D(35,0,1,13) | 1| 2| (35,0,1,n,58,2)
1049 D(40,0,1,56) | 1| 0| (40,0,1,n,25,0)
1043 D(36,0,1,50) | 1| 0] (36,0,1,1,23,0)
104, D(39,0,1,15) | 1| 2| (39,0,1,1,64,-2)
1045 D(44,0,1,17) | 1| 0| (44,0,1,n,72,0)
1046 D(14,0,3,18) | 1| 0| (14,0,3,1,13,0)
1047 D(19,0,3,24) | 1] 6| (19,0,3,0,17,-6)
1048 | M(0;(2,1),(3,1),(5,4)) | D(23,0,3,19) | 1| -2| (23,0,3,n,30,2)

Table 3. Dunwoody six parameter representations of n-fold cyclic branched
coverings of (1,1)-knots in S? with crossings < 10 as Dunwoody manifolds

(n>1)
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K Type D(a,b,c,r) Do | 4o | (a,b,c,n,d — 1, 8,)
105 | M(0;(2,1),(3,2),(5,4)) | D(28,0,3,23) | 1] -4| (28,0,3,,36,4)
1050 | M(0;(2,1),(3,1),(7,3)) | D(25,0,3,45) 11 2| (25,0,3,n,8,-2)
105, | M(0;(2,1),(3,2),(7,3)) | D(32,0,3,57) | 1| 4| (32,0,3,n,10,-4)
1052 | M(0;(2,1),(3,1),(7,4)) | D(28,0,3,8) 11 0| (28,0,3,n,51,0)
1053 | M(0;(2,1),(3,2),(7.4)) | D(35,0,3,10) | 1] 2| (35,0,3,n,63,2)
105, | M(0;(2,1),(3,1),(7,2)) | D(22,0,3,13) | 1] 0| (22,0,3,n,34,0)
1055 | M(0;(2,1),(3,2),(7,2)) | D(29,0,3,17) | 1] -2| (29,0,3,n,44,2)
1055 | M(0;(2,1),(3,1),(7,5)) | D(31,0,3,46) | 1] 2| (31,0,3,0,19,2)
1057 | M(0;(2,1),(3,2),(7,5)) | D(38,0,3,56) 1| 4| (38,0,3,n,23,-4)
1058 | M(0;(2,1),(5,2),(5,2)) | D(30,0,5,51) 11 0| (30,0,51n,14,0)
1059 | M(0;(2,1),(5,2),(5,3)) | D(35,0,5,59) 11 2| (35,0,5:n,16,-2)
1060 | M(0;(2,1),(5,3),(5,3)) | D(40,0,5,16) 1| 0| (40,0,5,n,69,0)
1070 | M(—1;(2,1),(3,1),(5,2)) | D(32,0,3,53) | 1] 0| (32,0,3,n,14,0)
107, | M(—1;(2,1),(3,2),(5,2)) | D(37,0,3,61) | 1] 2| (37,0,3,1,16,-2)
1072 | M(-1;(2,1),(3,1),(5,3)) | D(35,0,3,14) 11 2| (35,0,3,n,59,-2)
1075 | M(—1;(2,1),(3,2),(5,3)) | D(40,0,3,16) | 1| 0] (40,0,3,n,67,0)
1076 | M(=2;(2,1),(3,1),(3,1)) | D(27,0,3,37) | 1| 2| (27,0,3,n,20,2)
1077 | M(=2;(2,1),(3,1),(3,2)) | D(30,0,3,41) | 1] 4| (30,0,3,n,22-4)
1075 | M(=2;(2,1),(3,2),(3,2)) | D(33,0,3,22) | 1] 2| (33,0,3,0,47,2)
10124 | T(3,5) D(2,2,1,4) | —1] 6| (2,2,1,0,3,6)
10125 | M(1;(2,1),(3,2),(5:1)) | D(4,0,3,6) 1] 4| (4,0,3n,5,4)
10126 | M(1;(2,1), (3,1),(5,4)) | D(8,0,3,7) 1] 4] (8,03mn,124)
10127 | M(1;(2,1),(3,2), (5,4)) | D(12,0,5,8) | 1] 0| (12,0,5,n,21,0)
10105 | M(1;(2,1),(3,1),(7,3)) | D(5,2,1,11) | —1]| 4| (5,2,1,n,2,-4)
10120 | M(1;(2,1),(3,2),(7,3)) | D(11,0,3,21) | 1] 2| (11,0,3,0,4,2)
10130 | M(1;(2,1), (3,1),(7,4)) | D(7,0,3,2) 1] 2] (7,0,31,15,2)
10131 | M(1;(2,1),(3,2),(7,4)) | D(14,0,3,4) | 1] 0| (14,0,3,n,27,0)
10132 | M(1;(2,1),(3,1),(7,2)) | D(4,2,1,3) | —1] 2| (4,2,1,n,82)
10133 | M(1;(2,1),(3,2),(7,2)) | D(8,0,3,5) 11 0| (8,0,3,n,14,0)
10134 | M(1;(2,1), (3,1),(7,5)) | D(10,0,3,16) | 1| 4| (10,0,3,n,7,4)
10135 | M(1;(2,1),(3,2),(7.5)) | D(17,0,3,26) | 1] 2| (17,0,3.n,11,-2)
10136 | M(L;(2,1),(5,2),(5,2)) | D(6,2,3,13) | —1] 2| (6,2,3,1,4,2)
10137 | M(1;(2,1),(5,2),(5,3)) | D(10,0,5,19) | 1] 0] (10,0,5,n,6,0)
10135 | M(1;(2,1),(5,3),(5.3)) | D(15,0,5,6) | 1] 2| (15,0,5,0,29,-2)
10130 | M(L;(3,1), (3,1), (4,1)) | D(3,1,4,5) 1] 3] (3,1,4,1,6,3)
10145 | M(15(3,1),(3,1),(5,2)) | D(3,6,1,7) —1| 0] (3,6,1,n,6,0)
10161 | [3: —20 : —20] D(4,4,1,7) 1] 0] (4,4,1,n,6,0)

Table 4. Dunwoody six parameter representations of n-fold cyclic branched
coverings of (1,1)-knots in S with crossings < 10 as Dunwoody manifolds

(n>1)
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