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OPTIMAL CONTROL FOR SELF-ORGANIZING TARGET
DETECTION MODEL IN THE 1D CASE

SANG-UK Ryu

ABSTRACT. This paper is concerned with the optimal control problem
associated to the self-organizing target detection model in 1D domains.
That is, we show the global existence of weak solution and the existence
of optimal control.

1. Introduction
In this paper we consider the following optimal control problem:
(P) minimize J(u,v)
with the cost functional J(u,v) of the form
T

T
J(u,v) = / () — gyl + / (all2psry + 0020y )

where y = y(u,v), p = p(u,v) and w = w(u,v) are governed by

W a2y DLt - Lew)] o x.1)

% :a2%+ng(x)y_dp+u in I x (0,71, (1.1)
%:ag%—i-gzy—hw—&—v in I x(0,7),

%:%:%:o on a1 x (0,7,

y(z,0) = yo(x), p(z,0) =po(z), w(z,0)=wo(x) in I.

Here, I = (0, L) is a bounded interval in R. y = y(x, t) is the density of biopar-
ticles in I at time t. p = p(x,t) is the concentration of chemical attractants
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in I at time t. w = w(x,t) is the concentration of chemical repellents in I at
time t. —% [y(%)(l(p) — %Xg (w))] indicates that bioparticles are affected by
chemical attractants and chemical repellents. x1(p) and x2(w) are the sensi-
tivity functions of biopatricles to chemical attractants and chemical repellents.
91T (z)y indicates that the bioparticles produce chemical attractant when they
find the target T'(z). goy indicates that bioparticles release chemical repellents.
—dp is decay rate of chemical attractants. —hw is decay rate of chemical repel-
lents. u and v are the control functions.
We assume that y1(p) and y2(w) are real smooth functions satisfying

d’ d’
M’ <ooand sup M‘ < oo fori=1,2, (1.2)
0<p<0 dpl 0<w<co dw*
and T'(x) satisfies
0<T(xr)<1and T(x) € H'(I). (1.3)

The model (1.1) was introduced by Okaie et al. [3] to develop a mathematical
model of mobile bionanosensor networks for target tracking. (1.1) was influenced
by Keller-Segel equations [2]. In [1], author showed that the global existence
of the C! solution for (1.1) and the existence of exponential attractors in 1D
domains. In [5], Ryu and Yagi studied the optimal control problem governed by
Keller-Segel equations. In this paper we consider the optimal control problem
for (1.1) in 1D domains. That is to say, we show the global existence of weak
solution and the existence of the optimal control.

2. Local existence of weak solution

In this section, we will show local existence of weak solution to model (1.1).
Let A1 = 7&1887;2 +1 and A2 = 7&2% + d and A3 = 7&3867;2 + h with the

same domain D(A;) = H2(I) = {z € H*(I); 32(0) = Z£(L) = 0} (i = 1,2,3).

We set three product Hilbert spaces V C H =H' Cc V' as
V=HYI) x HX(I) x HX(I), H=L*(I)x H(I)x H(I),
and
V' = (HY(I)) x L*(I) x L*(I).

Also, we set a symmetric bilinear form on V x V:

- dy dij . y N
a(YY)=ay /1 %%dx + /Iyydx + (Agp, Agp)LQ(I) + (A3w,A3w)L2(I),
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v\ _ y
where Y = | p | ,Y = | p | € V. Obviously, the form satisfies
w w
a(V. V)] < MY [y[Y [y, Y.Y €V, (aui)
a(V,Y) 2 0YIE, Yev (a.ii)
with constants d, M > 0.
A 0 0
Then, this form defines a linear isomorphism A= [ 0 A 0 | from V
0 0 Az

to V', and the part of A in H is a positive definite self-adjoint operator in H.
We consider the following semilinear problem
dy

Y(0) =Yy
in the space V'. Here, F(-) : V — V' is the mapping

- & [u(Exal) - Zxew))

FY)= aT(x)y
g2y
Yo 0
Yy is defined by Yy = | po | and U(t) = | u(t)
wo v(t)

Then, F(-) is continuous function from V to V'’ satisfying for each n > 0,
there exists an increasing continuous function ¢,,, : [0,00) — [0,00) such
that

IEM) v <allYlly + én(1Y ), Y eV (2.1)
and
IF(Y) = FY) v < nllY =Yy
+UY Iy + 1Yl + D (Y1l + YV I)IY = Y, Y, Y €V (2.2)
Indeed, since y;(-)(i = 1,2) are smooth function, we obtain that

Ixi () Ly < plllplla ),  p€ HY(I), (2.3)

Ixi ()l 2y < pUlpl e ) Npllarzcry +1) p € HA(D) (2.4)

and

Ixi(p1) — xi(p2) [l 1 (1)
< p(lpillzry + o2l @) llpr = p2llzrry,  prop2 € HY(I), (2.5)
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where p(+) is some continuous increasing function(see [4], [6]).
By using (2.3), we obtain

0 0
— — < C o0 7 1
|52 130 @] sy, < Ol i o)l
1/2 1/2
< Cllyllt il yplella @) < elylla @ + Cellyllzzaplolm o)
with an arbitary € > 0. And by using (1.3), we have
IT@)yll 2y < CIT @) b llyle2c < Cllyllzz-

Therefore, (2.1) is satisfied. Similarily, by (1.3), (2.4) and (2.5) we obtain

lloenion -l

<Clly1 = w2l lIxi ()l 2y + Cllyallmrnllxi(p1) — xi(p2) |51 (1)
<Cllyr = v2llL2cypUllpr Lz (o)1l 2y + 1)
+ lyellzvypUl el () + o2l ()l pr — p2lla (1)

and
1T () (y1 — y2) 2y < CIT @)L= llyr = v2llzey < Cliyr — yallrza)-
Hence, the condition (2.2) is fulfilled.
Then, we obtain the following result.

Theorem 2.1. For any Yy € H with yo, po,wo > 0 and U € L?(0,T; V") with
u,v >0, (1.1) has a unique local weak solution

0<yeH0,T(Yo,U); (H'(I)))nC(0,T(Yo,U)]; LA(I)) N L*(0,T (Yo, U); H'(I)),
0 < pe H'(0,T(Yo, U); (1)) N C([0, T(¥o, UY); H' (1)) 1 L3(0, T(¥o, U); H2(D)),
0<we Hl(ovT(Y()? U)aLQ(I)) mC([O,T(Yo, U)]7H1(I)) N LQ(OvT(Y()? U)aHg(I))v

the number T'(Yo,U) € (0,T] is determined by the norms ||Yo |2, (U] 220,707

PROOF. Since (a.i), (a.i), (2.1) and (2.2) are satisfied, we obtain from ([5,
Theorem 2,1]) that for any Yy € H and U € L?(0,T;V’), (1.1) has a unique
local weak solution

Y € HY(0,T(Yo,U); V)N C([0, T (Yo, U)); H) N L0, T(Yo,U); V),

the number T'(Yy, U) € (0,T] is determined by the norms ||Yo|%, [|U]|L2(0,7;v7)-
The remaining part is the positivity of the solutions. Denote y~ = max(—y, 0).
Multiply the first equation of (1.1) by —y~ and integrate the product in I. Then,
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we have

s [ Pa e[|

/3&0[ (3100 = goe(w)) e

- [ % ((f 1)~ xa(w))

/‘ 1/2(/|y_|2‘(3%><1(p)—gm(w))fdx)l/z
< [Jfansc i (2w - 2w,

<c [ G aer fuPas(l ], e,

Ay~ |2 _ _
< e [ 5= o+ slolan + el ol + lwlrsgry + 1) [ 1P,

25

where p(-) is some continuous increasing function. If we take e = %+, then we

obtain

d _ _ _
& [ < slolan o)+ olln ) Uoliery + ol +1) [ 1™ P

By using Gronwall’s lemma, we have

/|y_\2dx < ”y—(o)H%?(I)efosﬁ(\lpllHl(n+Hw|\H1(1))(HPHfizu)-*'\lw\li;zm-i'l)dt.
1

Since y~(0) = 0, we obtain y > 0. Similarily, multiply the second equation of

(1.1) by —p~ and integrate the product in I. Then, we have

2dt/\p \d:c—i—a/’—‘d
—/ng(x)yp_d$+d/|p_|2dx—/up_dx.
I I I

Since y > 0, T'(z) > 0 and u > 0, we obtain

d -2 -2
— dr <d dx.
G [P < [ 1 Pae

By using Gronwall’s lemma, we have

/I ™ 2dz < Cllom ()2

Since p~(0) = 0, we obtain p > 0. By using similar method for w. we can

obtain w > 0. O
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3. Global existence of weak solution

In this section we will prove the global existence of weak solution to (1.1).

Theorem 3.1. For any (yo, po, wo) € L2(I)x H*(I)x H(I) with yo, po,wo > 0,
and 0 < u,v € L?(0,T; HY(I)), (1.1) has a unique global weak solution

0<ye HY(0,T;(H'(1)) nC([0,T); L*(I)) N L*(0,T; H'(I)),
0<pe H0,T; LX) NnC([0,T); H(I)) N L*(0,T; Ha (1)),
0<we B (0,75 L2(1)) N C(0, T); H (1)) N L2(0, T5 HA(I)).

PRrROOF. Let y, p and w be any nonnegative weak solution as in Theorem 2.1

on an interval [0, S].
Step 1. Integrate the first equation of (1.1). Then, we have

d
@HZ/HLI(I) =0.

That is,
Iyl ) = llvollery, 0<t<S.

Step 2. Consider the following linear equation:

d
£+Agp:ng(z)y+u, 0<t<S,
p(0) = po

in the space (H'(I))'. Here, A, is a positive definite self-adjoint operator from
HY(I) to (H'(I))'. e*42 is an analytic semigroup generated by A, on H'(I)
with the estimate ||e™"42||z(z1(p))) < Ce™¥, 0 <t < oo(see [6]). Then, p is
represented by

¢ ¢
p(t) = e “2py + g1 / 67(t75)A2T(®")y(8)d8 + / ef(tfs)A"’u(s)ds
0 0

and

(=

t 7 t—s s 1
Aap(t) = €742 Agpy + g1 / Af e T A2 T A AT T () (5)ds
0

t
+ / e~ (=942 4oy (s)ds.
0

Then, we have
”AQ/D(t)H(Hl(I))' <C 67dt||A2po||(H1(I))/

t t
—|—/ (t—s)_%e_%(t—s)HT(;E)y(s)Hp(I)ds+/ e_d(t_s)HAQU(S)H(HI(I))/dS}.
0 0
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Therefore, we obtain from ||T'(2)y(s)[| 21 (1) < | T(@)|| 2oy lly()|lrry < llyollzr
and Holder inequality that

o) ()
< C[e‘d‘||p0||H1(,) + llyoll Ly + ||u(t)||L2(0,T;H1(I)):|7 0<t<S (31)
By using similar method, we have
w1y
< C{e_dtlleHHl(l) + llyollzr(r) + ||’U(t>||L2(0,T;H1(I))}a 0<t<S. (3.2

Step 3. Multifly the second equation of (1.1) by p and integrate the product
in I. Then, we have

1i/ 2dx +a /’—ap’zdx—f—d/ 2dx = /T(w) dx+/u dx
2 dt IP 2 0z IP =91 . yp . P
d
0(91||T(I)||Loo(1)/y2dz+/u2da:)+§/p2dx.
I I I

Multifly the second equation of (1.1) by % and integrate the product in I.
Then, we have

th/‘gp‘ dr+a 2/)(%5‘ dx —I—d/‘gp‘ clav—gl/T(x)ygzgdx—i-/u2

2 2 82p
< (g |1 T(@) | o / Yo + / a) / s
I

If we take k1 = min{as,d}. we obtain

d 0%p |2
PO+ 0 sy [ [ 55 ] de < CUlnlan + ) 63)

Multifly the third equation of (1.1) by w and integrate the product in I. Then,
we have

1d 2
—— wzderag/‘a—w‘ dx+h/w2dx:gg/ywdx+/vwd:r
2dt I I 81‘ I I I

h
< C(/dex+/v2dx)+§/w2dx.
I I I

Multifly the third equation of (1.1) by gi“; and integrate the product in I.
Then, we have

th/‘ ‘ dx—l—ag/‘axz‘ dm-l—h/‘aw‘ dx = go yazqux—i—/v?;lgdx
§C(/y2da¢—|—/ vidx) + /‘
I
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If we take ko = min{as, h}. we obtain

d 0w |2
%”w(t)nfp(z) + kallw(®) |3 ) + k2/1 ‘@‘ de < C(|lyll7z(r) + l10ll7r r))-

(3.4)
Step 4. We denote the notation

n(Y,U) = p(HPHHI(I)+||wHHl(I)+||y||L1(I)+||UHL2(0,T;H1(I))+||'U||L2(O,T;H1(I)))a

where p(+) is some continuous increasing function.
Multifly the first equation of (1.1) by y and integrate the product in I. Then,
we have

%;lt/ 2da:+a1/‘ay‘ dr + 1/I|y|2dm

=2 /Iyl dw+/ (aale(p) - %Xz(w))dm
2/I|yl2dx+a;/I’gzrdx+0/ly2(aixl( )~ oxalw)) de
© [wpar+ % [ 12 w0 [ (602 - 5e) dn
Here, it follows from (1.2), (3.1) and (3.2) that

[ (g - x;<w>‘;§‘;) dr

< Nty (I (O

IN

IN

0
o ZU))

)

IIX’z(w)II%m 7

< Cllylla g n(H N o

Hl(I)H L2(I) H
< e(llyllzn ) + el + lwliZegy) + Cepr (Yo, U).

Therefore, it follows that

2
/ dz+k3/’@’ dx+k3/|y|2dx
/|y|2dl’+€(||y||H1(1 + ol + lwliie ) + Cepr(Yo,U), (3.5)

where ks = min{ky, k2, a1 }. By summing up (3.3), (3.4) anf (3.5), we obtain

d 0%p 8211)
a0 koot whs[ [ |52 e [|TE s [ |55 0]
< Oyl 22 +Hlullzn o+l o) +ellylE o Hlll e+l ) +Cepi (Yo, U),

where §(t) = [yl 22y + I 72 1y + 1wllF r)-
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If we use the estimate
/1 lyl2dz < ellyl3n o + CellylZ

and take € = %3, then we have

d oy 0%p 0w
%WH /‘a‘d+/l‘ax2‘d /‘aﬂ‘dm
< C(H?JUHLl(I) + ”uHHl(I) + HU”HI(I)) +Cep1 (Yo, U). (3.6)

Therefore, we obtain

ly(OlI72()
<Cle=F (llyolZary + o031y + ol 1) (3.7)
> Yollzz(1) Poll (1) ollE(n)

+Cllwol3sr) + lul3a0.zi oy + 1202011y + 1Yo, )], 0SS,

Moreover, we obtain from (3.6) that

t
(s ry + 052 ay + o) ey ) ds
0
< C(llgoll3z(zy + lloll3rs o + Nwoll3rs ) (3:8)
+ C[HyoH%lu) HlullZeo,r5m () + 10l720.75m0 (1)) + 21 (Yo, U) |, 0<t<8S.

Hence, for any t; € (0,5) with Y (¢1) € H. we see from (3.1), (3.2), (3.7) and

(3.8) that |[yllre(e,,s:01 (1)nLoe(t1,5:02(0)s 1PIL2(ty 8502 (1)L (41,5:11 (1)) and
L2, 852 (1))nL> (1,551 (1)) do not depend on S. As a consequence,

Yl e o550 )y PllE (n,8:02(1))s N0l 10,8502y, and [[Ylleqes 81,22 (n)»
lpllee, s () Nwlleqe,s1;m () do not depend on S. This shows that y, p, w
can be extended as a weak solution beyond the S. By the standard argument
on the extension of the weak solutions, we can then prove the desired result. [

4. Existence of optimal control

In this section, we consider the following optimal control problem
(P) minimize J(U)
with J(U) of the form

T T
J(U) = / IDY (U) - Yal3dt + / U2,
0 0
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Y
Here, Y(U) is the weak solution of (1.1). D € L(V) is given by DY = [ 0
0
Yd
Yy= | 0 | € L3(0,T;V) is the fixed element. ~ is a positive constant. U,q =
0
{U € L2(0,T31); | U]l 2go.290) < C}.

Theorem 4.1. There exists an optimal control U € Uy for (P) such that
)= gaip, 7O
PRrOOF. Let {U,} C U,q be a minimizing sequence such that

li = mi .

n3o0 J(Un) Ueidng )
Since {U,,} is bounded in L2(0, T; H), we infer that U,, — U weakly in L2(0, T; H).
For simplicity, we will write Y, instead of the solution Y (U, ) of (1.1) with re-
spect to U,. Using the similar estimates of Y;, as in the proof of Theorem 3.1,

we see that N
Y, — Y weakly in L*(0,T;V),

dy, dy
— 5 — weakly in H*(0,T;V").
o g Weakly in 0,73V
Since V is compactly embedded in H, we can obtain that
Y, — Y strongly in L?(0,T;H). (4.1)

Now, we will show that Y is a solution to (1.1) with respect to U. Indeed, by
a direct calculation, we have

T P 8 )
/0 H% [yn%M(pn) B yaTcM(p)} H(Hl(l))'dt
g T
<[ [ = s hston) it + € [ 1l o) xi(on) = i)l ]
OT 0
SC{A ||yn - QHLQ(I)p(Hpn||H1(I))(Hpn||H2([) 4 1)dt

T
[ ol + Wl a)lion =l o]
<Cllyn = 3l 2012y pUlonll i) o 20 ey + 1)

11l ol + 171 ) lon = Bll 2o,y |
For vy € C([0,T]; H*(I)), it follows from (4.1) that

T, 9 0 _0 -
/0 <% [yn%)ﬁ(pn) - y%xl(p)}’w1>(H1(I))/,H1(1)dt -0



OPTIMAL CONTROL FOR SELF-ORGANIZING TARGET DETECTION MODEL 31

as n — 0o. By using similar estimate we have

T
0 0 _0 N
| (Gelmgpraton —igoat@] ) a0
as n — oo. Furthermore, for vy € C([0,7T]; H*(I)) it follows from (4.1) that

T
/ <T(x)(Yn —¥), %2 >r2(0),m2(1) At < Cllyn — Jllz20,7502(17) — 0
0

as n — oo. Therefore, by the uniqueness, Y is a weak solution to (1.1) with

respect to U(i.e., Y = Y(U)). Since Y, — Yy is weakly convergent to ¥ — Yy in
L?(0,T;V), we have

min J(U) < J(U) < liminf J(U,) = min J(U).

UEUya n—o0o Uclyq
Hence, J(U) = Umzi/{n JWU). O
EUqq
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