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MULTIPLICITY OF POSITIVE SOLUTIONS TO
SCHRODINGER-TYPE POSITONE PROBLEMS

EunkyuNG KO

ABSTRACT. We establish multiplicity results for positive solutions to the
Schrédinger-type singular positone problem: —Aw 4+ V(z)u = Af(u) in
Q, u = 0 on 99, where Q is a bounded domain in RV, N > 2, )\ is a
positive parameter, V € L*°(Q) and f : [0,00) — (0,00) is a continuous
function. In particular, when f is sublinear at infinity we discuss the
existence of at least three positive solutions for a certain range of A. The
proofs are mainly based on the sub- and supersolution method.

1. Introduction and Main Results

We are concerned with the existence of multiple positive solutions of the
following Schrédinger-type positone problems with Dirichlet boundary condition

—Au+V(x)u=Af(u), ze€q, 1
UZO, xE@Q, ( )

where 0 € € is a nonempty bounded domain in RV, N > 2, with a smooth
boundary 02, V € L*°(§2) and A is a positive real parameter. We assume that
f € C(]0,00),(0,00)) satisfies

() tim L8 g

s—00 8§
(F2) f is nondecreasing for all s > 0.

We further assume that V' € L°°(Q) satisfies the following condition:

(V1) There exists ¢y > 0 such that V(z) > —cy > —W for x € Q, when e
is the positive solution of

—Ae=1, in Q,
e =0, on 0N.
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The equation (1) is derived based on the nonlinear Schrodinger equation,
which is detailed in [9]. Nonlinear Schréodinger equations have been widely
studied to investigate the existence of solutions that act according to V on the
whole space RV (see [2, 5, 7] or references therein) or on bounded domains with
linear boundary conditions in [4]. In the case when V = 0, studying existence
of multiple positive solutions of (1) has a rich history for a long time (see [3]
and [8] for 8 = 0 or references therein). In this paper, we establish the existence
of positive solutions of a singular Schrédinger equation (1) for all A > 0 and
multiple positive solutions of (1) for a certain range of A by the method of sub
and supersolution when V' # 0 is bounded in 2. We first state our main result.

Theorem 1.1. Assume (Fy) and (V1). Then, for each X > 0 the problem (1)
has a positive solution uy € C?*(Q) N C(Q) Moreover, if 7 s nondecreasing,
the solution is unique.

Next, to state the multiplicity result, we define for any 0 < a < d

a d
a,d) = —/—=
QD= 7o/ 7@
and let Mot )
C(N+1) B R
R 2 By ey 174 B 2

where R is the radius of the largest inscribed ball By in 2. We further let K > 0

be a constant such that )
—<1- - 2
L <1-evlel e
from the condition (V4).

Theorem 1.2. Assume (F1), (F2) and (V). If there exist a,d and b with 0 <
a < d< 2b such that Q(a,d) > Elel=

7= 1) - LD BV s > 0 vs € 0.1

and is nondecreasing on [a,b], then the problem (1) has at least three positive
solutions uy € C?(Q) N C(Q) for all A\, < X\ < \*, where
d 1 a 1 2b
A = —=—, A¥ =min , .
@) B i@ Klellw” F@AB!

To obtain multiple positive solutions for a certain range of A, it is important
to construct a pair of sub and supersolution (19, Z3) of (1) with the property
that 1 < o < Zy, 1 < Zy < Zy and ¢9 £ Zp when (¢1,7;) is a pair
of sub and supersolution of (1). However, the term V(x) acting on u gives a
difficulty on the construction of a second pair of sub and supersolution (¢, Z2).
Furthermore, since we allow V' to be negative on €2, the operator —A+V (z) does
not satisfy the maximum principle. To overcome this issues, we manipulate the
first equation of (1) in such a way that we define a new function f : [0,00) — R
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by f(s) = f(s) — %@BHVHOOS so that the function V(x) is related to the
reaction term. Here we also emphasize that f (s) is negative for s large since
f(s) is sublinear near infinity. In this case, it is not easy to construct the second
pair of sub and supersolution (12, Z3) satisfying the above property in the region
at which f is positive.

Remark 1. A simple example satisfying the assumptions of Theorem 1.2 is

—Au+V(z)u=ears, z €, 3)
u =0, x € 0N.

Clearly, f(u) = ea+u satisfies assumptions (F}) and (F,). Choosing d = a,

we can see that f(d) = (1 — B||V||e)f(a) > 0 for all & > 0 and f'(d) =
%[% _ BHVHoo]

o — %e% > 0 as @ — oco. Hence, there exists a; > 0 such that

7 (a- ;671)@1) >0,

which implies that f’(a) > 0 for all a > (1 —

e

\/%)al. Noting that Q(ca, a) =
ce2 "% for a constant ¢, there exists as > 0 such that
1 1 —a Kle|loo
1— —)ag,an ) = (1 ez > e
o (- gene) = (1- 7)) 7> 5
which also yields that @ ((1 — i)a,a) > % for all & > ag. Observing

(e

that for a constant ¢
ez
— B[Vl

there exist ¢ > % and ag > 0 large enough such that

f'(cas) >0
as -fq > 1 for ¢ > 1. It also holds f f'(éa) > 0 for all & > as. Now, letting
o* = max{ay, as, a3} and choosing a = (1 — )a d = a* and b = ca*, we
have
- Klle|lw
f'(s) >0in [a,b] and Q(a,d) > %

and f(s) = f(5)— L9 B||V||ss > 0 on [0, b] for sufficiently small value of ||V]| oo

This paper is organized as follows: In the next Section 2, we introduce a
method of sub and supersolutions for (1) and a three solution theorem for
problem (1). Section 3 is devoted to the proofs of Theorem 1.1 and Theorem
1.2.
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2. Preliminary

In this section, we define sub and supersoluton of (1) and introduce the
method of obtaining sub- and supersolutions and three solution theorem for (1).
A subsolution of (1) is defined as a function v : ) — R satisfying

—AY +V(2) < Af(Y), z€Q, (4)
¥ <0, x € 09,

while a supersolution of (1) is defined as a function ¢ : Q — R satisfying

—Ap+V(z)p > Af(9), z€Q, (5)
¢ >0, x € 0f.

Now we introduce the theorem of sub and supersolution and three solution
theorem.

Lemma 2.1. (Theorem for sub and supersolution in [1]). If a subsolution 1
and a supersolution ¢ of (1) exist such that ¢» < ¢ on Q, then (1) has at least

one solution u € C*(Q) N C(Q) satisfying v < u < ¢ on Q.

Lemma 2.2. (Three solution Theorem in [1] and [10]). Suppose there exists
two pairs of ordered sub and supersolutions (Y1, Z1) and (Y9, Zs) of (1) with
the property that ¥ < o < Z1, Y1 < Zs < Z7 and Yy £ Zo. Additionally
assume that o, Zo are not solutions of (1). Then there exists at least three
solutions w;,i = 1,2,3 for (1) where uy € [1,Zs],us € [th2,Z1] and uz €
[1, Z1] \ ([Y1, Z2] U [th2, Z1)).

Lemma 2.3. (see [6]). Assume (V1). Then the problem

—Aw+V(x)w=1, in Q
w=0, on 0N

has a solution w such that w(z) > 0 for x € Q and ‘?3—1; < 0 on Q.

3. Proof of Main Theorems
3.1. Proof of Theorem 1.1

Proof. 1t is easy to see that ¢; = 0 is a strict subsolution of (1). Now, we
construct a supersolution. Let us define f(s) := max;< f(¢). Then, it follows
that f(s) < f(s), f is monotone increasing and lim,_, @ = 0. This implies
that there exists M > 1 such that

fOMwlee) . 1
Milwloe = Al

(6)
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Let Z; = Myw. Then, using (6) and the definition of f, we can find
—AZy + V(2)Zy = M\(—Aw + V(2)w) = M)
> A f(MyJw]] o)
> A (Myw)
= Af(Myw) = M (Zy).
Also we easily get Z; = 0 on 912, which implies that Z; is a supersolution of
(1). By Lemma 2.1, there exists a solution uy such that 0 < uy < Z; for each

A > 0.
Next, let us show that this solution is unique for any A > 0 provided ﬁ

is nondecreasing on (0, 00). Since 11 = 0 is a subsolution of (1), there exists a
minimal solution of (1). Let u; be a minimal solution and us any other solution
of (1). Then uy < uy in Q. It follows from (1) that

0= /(ulAuz — ugAuy )dx = / ur(=Af(uz) + V(x)uz) + ua(Af(u1) — V(x)uy )dz
Q Q

Uz Ui
= [ Af(ur)f(u {— ]dzz(),
J st | 555 - s
which yields u; = us. Hence, the solution is unique. O

3.2. Proof of Theorem 1.2

Proof. We first construct a supersolution for A < A*. From Assumption (V)
there exists ¢y > 0 such that V(z) > —cy > —W Let Z5 = aﬁ. Then in
), we have

—AZQ + V(I)ZQ = 7(—A6 + V(SC)E)

el
> AKf(a)(14V(x)e)
> MK flai——)(1 - evlelloc) = Af(Z2)

[lefloo

where we used the fact A < sz at the first inequality and 1—cy [lef|o = L
at the second inequality. Clearly, Z5 = 0 on 0f). Hence, Z5 is supersolution for
A< A"
Now we construct a positive subsolution ¥ of the following problem
—Au+ [|[V]eou = Af(u), in Q,
u =0, on 9.

when A > A.. Then, 1 is a subsolution of (1) since

=AYy + V(2)y < =Aty + [V o2 < Af(2h2).

In order to construct the positive subsolution 15, we recall f(u) = f(u) —
@BHVHOOu > 0 and consider the following problem
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8
u =0, on 0. ®)

Recall that R is the radius of the biggest inscribed ball in 2. For 0 < € < R and
d, ;> 1 let us define p : [0, R] — [0, 1] by

{—Au = M\(u), in Q,

(r) 1, 0<r <g
)=
r 1—(1— (=), e<r <R

Then we have

() = 0, 0<r<e
P TR e e e<r <R

Let v(r) = dp(r). Note that |[v/(r)| < d%. Define ¢ as the radially symmetric
solution of

{—Aw = M (v(|z])), in Br(0),
¥ =0, on IBg(0).

Then v satisfies

(N () = AN (), o
P'(0) =0, Y(R) =0.
Integrating (9), for 0 < r < R, we have
/ A " —17
/() = ey [ () s (10)
Here we claim that
e(r) Zzo(r), VO<r<R (11)
and
[¢lloc < b (12)
d 1 2b
In order to prove (11), it is enough to show that
—'(r)>—=v'(r), VO<r <R (13)

as Y(R) = 0 = v(R). Notice that for 0 < r <, ¢'(r) < 0 = v'(r). Hence, for
r > € we get from (10)

' (r) = A T5N71~vs S

Vo) = e [ ) d

> R]i\l/o SN (u(s)) ds
AN

= Wﬁf(d)
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IfA> fzid) (II\QRE)E dp, then we conclude (13). Note that

. d NRN-! d (N+1)N+1

inf — op = —= O

¢ f(d) (R—e)eV f(d) RENN-L
and is achieved at € = N1 7@ %, then in the definition of
p we can choose € = ]<[V+1 and the values of § and p so that A > f(d R %6/@
and hence (13) holds. Note that it is clear that
f(d) = (1= B||V]e)f(d) (14)

from the definition of f(u). Hence the range of A is written as

d (N+1)N+1 4 1

fd) BPNNTUf(d) B
Now to show (12), we integrate (10) from ¢ to R, we obtain that for 0 <r < R

o) = [ 35 ([ ) a

R )\ - ™ N_1
< / rN_lf(d)(/s ds) dr
t 0
f(d) /R f(d)
< — =
< A N J, dr = \——= SN R?
. b 2N .
Hence, if A < mﬁ7 then we get [|¢]|oo < b. Again, from (14), the range of
A is written as \ < ﬁ Hence, we find that v(r) < ¢(r) <bV0<r <R
d 1 2b
when ——= < A< ———. From v(r) < ¢(r) < b,V 0 <r < R, we see
F@B <= F@ap om =00

— A = \f(v) < Af(¥), in Bg(0) and ¢ = 0 on dBg(0).
Now we let 1o(x) = ¢ () if x € Bg(0) and wg( )=0if z € Q\ Bg(0). Then 19
is a positive subsolution of (8) for A, f( B < A< f(dQ)b . Finally, we find
that for A > A,

Ay SAJW) = AUFW) — 3 IV oot

< MF() — 5 IVt
= A W) = [Vllct,

which implies that 15 is a nonnegative subsolution of (7). Finally, we obtain
the subsolution 15 of (1) satisfying 1o € Zs for A, < A < A*.

From the proof of Theorem 1.1 we have a subsolution t; = 0 such that
1 < Zs and a sufficiently large supersolution Z; = M)w such that ¥y < Z3.
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Hence, there exist a positive solutions u; and ug of (1) such that ¥ <wuy < Z
and ¥y < ug < Z;. Note that uy # us as g £ Zs. By three solution theorem

2.2, there exists a positive solution ug such that us € [¢1,Z1] \ ([¢1, Z2] U
[th2, Z1]). O
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