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CONSTRUCTIONS OF SEGAL ALGEBRAS IN L!(G) OF
LCA GROUPS G IN WHICH A GENERALIZED POISSON
SUMMATION FORMULA HOLDS

JYUNJI INOUE AND SIN-EI TAKAHASI

ABSTRACT. Let G be a non-discrete locally compact abelian group, and
1 be a transformable and translation bounded Radon measure on G. In
this paper, we construct a Segal algebra S, (G) in L'(G) such that the
generalized Poisson summation formula for p holds for all f € S, (G), for
all z € G. For the definitions of transformable and translation bounded
Radon measures and the generalized Poisson summation formula, we refer
to L. Argabright and J. Gil de Lamadrid’s monograph in 1974.

1. Preliminaries

In this paper, G denotes a non-discrete LCA group with the dual group T,
and L'(G) and M(G) the group algebra and the usual measure algebra with
convolution “*” as multiplication, respectively. Haar measures dz on GG, and
dy on I' are chosen so that dvy is the Plancherel measure corresponding to dz.
K(G) denotes the family of all compact subsets of G, C..(G) the space consisting
of all continuous functions on G with compact supports. C.2(G) is the linear
subspace of C.(G) generated by {f x g : f,g9 € C.(G)}, which forms a dense
subspace of L'(G). M(G) is the space of all Radon measures on G. The symbols
f and i for f € L'(@) and u € M(G) express the Fourier transform and the
Fourier-Stieltjes transform of f and u, respectively:

i) = /G (~z,7)f(z)dz and A(y) = /G (—2,7)dpu(z) (v € T).

We also use symbol: f(y) = Jo @) f(x)de = f(=7). For a function f on G
and y € G, f, denotes the translation of f by y, that is, f,(z) = f(z —y) (z €

G), and also f*(z) = F(—a), #/(z) = p(~2) (z € G).
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Definition 1 ([1, p. 8, (2.1)]). A measure u € M(G) is said to be transformable
if there exists i € M(I') which satisfies

1) Fel*G and/f f*(@)du(a /|f 7) (f € Co(G)).
(1) implies ([1, p. 8, (2.2)])

(2 geL'(i) and /G o(2)du(z) = / 3()A() (g € Con(G)).

Remark 1. It is easy to see that (2) implies (1). Therefore p € M(G) is trans-
formable if and only if there exists a measure i € M(I") which satisfies (2).

The measure [ in (1) is called the Fourier transform of p. The set of all
transformable measures in M(G) is denoted by Mr(G) ([1, p. 8]). For u €
Mr(G), it may happen that i € My (T'). In this case, the inversion formula
i = p holds ([1, Theorem 3.4]). We put #(G) = {u € Mp(G) : i € Mp(I)}
(11, p. 21)).

A remarkable property of p € M(G), which is essentially important in this
paper, is the translation boundedness.

Definition 2 ([1, p. 5]). A measure u € M(G) is said to be translation bounded
if for every K € K(G), m,(K) := sup,cq |p|(K +y) < oo holds, where |u| is
the total variation measure of . The set of all translation bounded measures
on G will be denoted by Mp(G).

Definition 3 ([2, p. 5]). u € M(G) is said to be shift-bounded if f* pu € Cp(G)
holds for every f € C.(G).

Definition 4 ([3, p. 16]). A subspace S of L'(G) is called a Segal algebra if
the following conditions are satisfied:

(i) The space S is dense in L'(G) in the norm topology of L'(G);

(ii) S is a Banach space under some norm || || which dominates || ||1;

(iii) For each f € S and z € G, f, € S with || fz|ls = || flls;

(iv) For each f € S and € > 0, there is a neighborhood U of 0 € G such that

If = falls <& (z € ).

For the basic facts and notations, we refer to [5] and for Segal algebras we
refer to [3,4].

Definition 5. Let u € Mp(G) NMp(G). Define
S.G)={ 7L} 171l <. Ty 1F = £+ =07 € L)}

£l = 1Al + T Llloo + 1F lagy (f € Su(G)),

where [|[f][ullloc = supycq [1fllLr(uy)- It is easy to see that (S.(G), || [l4) is a
normed linear space.
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In 1974, L. Argabright and J. Gil de Lamadrid introduced in [1] the notion of
transformable Radon measures, and proved a generalized Poisson summation
formula: Let p € M7 (G), and suppose that f € L(G) is convolvable with p
and f € L'(i1). Then, for locally almost all z € G, the following equality holds:

/ f (@ — y)du(y) = / (2,7 F () dii().
G T

Furthermore, for any u € G such that the first integral in the above represents
a continuous function of x in a neighborhood of u, the formula is valid for
2 = u. In the case where G = R% and p = mya, the counting measure on Z%,
the formula reduces to the Poisson summation formula.

The contents of this paper: In §2, lemmas for the theorems in §3 are given.
In §3, we construct, for each p € M7y (G) N Mp(G), a Segal algebra S,(G)
such that for all f € S,(G) and for all x € G, the above generalized Poisson
summation formula holds (Theorem 1). Then a characterization theorem for
elements in £ (@), and its corollaries are given. In §4, we exhibit some concrete
examples for Theorem 1.

2. Lemmas

Lemma 1. For u € W(G), p is translation bounded if and only if p is shift-
bounded.

Proof. Suppose that u is translation bounded, and let f € C.(G) be arbitrary.
Put K :=supp(f). Then

IRCE y)du<y>] <swp [ 17— )dnly)

G zeGJG

=swp [ 1= ldlulty) < sup il K)
K zeG

z€G Jx—
= || fllsernp(=K) < oc.

Hence p is shift-bounded.

Conversely, suppose that u is shift-bounded. Then |y is shift-bounded ([2,
Proposition 1.12]), and let K € K(G) be arbitrary. Choose f € C.(G) such
that 0 < f <1 with f(z) =1 (r € —K). Then

() = sup |el(5 + ) < sup [ o= y)alulv)
S

1S * ptlloe = sup
zeG

= sup fx |pl(z) = ||f * |pllloo < o0
zeG
Hence p is translation bounded. ([
Lemma 2. C.»(G) C S,(G).

Proof. Suppose f € C.2(G). Then [. |F()|d|fi] () < oo follows from (2) and
I1f] * |ull|leo < oo follows from Lemma 1. Let € > 0 be given. Let K =
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supp(f) and let U be a compact neighborhood of 0 € G such that || f — fy|lc <
m (y S U) Then

I1f = Fyl * ullloe < Nf = Fylloornu(=supp(f = fy))

Siaijamw—ﬁlMK+wDSs(y€U)

Lemma 3. Let {f,};2, be a Cauchy sequence in (S,(G),| ||.). Then there
ezists f € S,(G) such that || f — fully — 0 (n — 00).

Proof. We can suppose without loss of generality that | fn — fo-1lly < -5,

1<mn, fo =0. Let F}, := fp, — fo—1, n = 1,2,3,.... We readily know that

there exists f € L1(G) such that
() f@)= lim f(@)(dr - ac), and [|f ~ a0 (n— o0).

Further we have

(4) A1 1 pllloe < |||ZF |l
o9 [e%S) 1
Z [[Fn] = [pllloo SZ? < 00,
n=1 n=1
(5) ILf = Fal * ellloo < 1] Z Fi|  |plllo
k=n-+1
) [eS) 1
< 0 E el < ) 72— 0 (n— 0,
k=n-+1 k=n-+1

) [l - /ZF\
<2/wwm| YL

n=1
> [ Ao
k=n+1

< Z k—%O(n%oo)

k=n-+1

JJ=rm|ane

To show lim,_,o |||f — fy| * |¢l/lcc =0, let € > 0 be given. Choose N € N such
that |||f — fn] * |ulllee < €/4. Let U be a neighborhood of 0 € G such that
IS5 = (In)yl* [pllloe < €/2 (y € U). Then

I1F = Ful = lellloe < I1F = Nl lullloo + 1115 — (Fn)yl * [1llloo
(8) +1fy = (fn)yl % lplllee <€ (y €U).
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Therefore f € S, (G) by (4), (6) and (8), and || f — fu]|, = 0(n — o0) by (3),
(5) and (7). O

3. Main results

Theorem 1. Let pp € My (G) NMp(G). Then we have

(1) (Su(G), 1l lp) is a Segal algebra.

(ii) Ce2(G) is a dense subspace of S, (G).

(ili) For all f € S,(G) and all © € G, the generalized Poisson summation
formula holds (cf. [1, Theorem 3.3]):

(9) / f(@ — )duly / (.7)F () di().

Proof. (i) By Lemma 3, S,,(G) is a Banach space, and || |1 < || || is clear. For
f€8,(G) and y € G, we readily know f, € S,(G) and

1ol = 1F e+ M1 Leellloo + 1=y, )1l ca
= 1+ AT Lellloo + 1Lty = 1 Nl

Further, let f € S,(G) and € > 0 be given arbitrarily. We can choose a
neighborhood U of 0 € G such that

If = fyl <e/3 (yeU),
I1f = ful % lullle <€/3 (y € U),

1F = Pl = 1f = (vl <e/3 (yeU).

Therefore we have

Lf = ol = 1F = Foll +1F = Sl lpllloe + 1F = Follry <& (w € U).

Since S, (G) contains C. 2(G) by Lemma 2 which is a dense subspace of L!(G),
it follows that S,(G) is a dense subspace of L'(G). Hence (S,(G),] ||,) is a
Segal algebra.

(ii) Let I be the closure of C.»(G) in S,(G). Then I is an ideal of S,(G).
Indeed, for any f € I and g € S,(G), we can choose sequences {f,}, {gn} in
C.2(G) such that || f — fullp = 0 (n = 00), ||g — gnll1 = 0 (n — 0). Then we
have (see [3, §4, Proposition 1])

Hf*g —fn *gnllu < ”f - fn”u”ng + an||u||g—gn||1 -0 (n — OO),

so fxg € I. By an ideal theorem for Segal algebras (cf. [4, Theorem 6.2.9]),
I =1nS,(G). Since I = L'(G), we have I = S,(G), that is, C.2(G) is a
dense subspace of S, (G).

(ili) Let f € S,(G) and y € G be given. By (ii), we can choose a sequence
{fn}se1 C Cea(G) such that ||f — fu|l, — 0 (n — o0). It follows that

/f — 2)du(e /fn — )du(z)

<|f = fallw = 0 (n — o0)
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and

(1) /wwﬂWWﬂ—/mwﬁMMM%SW—MM%OM%w)
T T

Since f(z) (hence (fn(z —y),y € G) € Ce2(G), n=1,2,3,..., we have from
(2)

(12) [ ttu=oydnte) = [ wonFadnta)
By (10), (11) and (12), the desired equality (9) follows. O

Theorem 2. My (G) NMp(G) = 7 (G).

Proof. O : Suppose p € Z(G). Then p € Mp(G) and i € My (L) with p/ =
by [1, Theorem 3.4], and we have y’ € Mp(G) by [1, Theorem 2.5], and hence
w € Mp(G).

C : Suppose p € Mr(G) N Mp(G), and let h € C.(T') be given arbitrarily.
Since |||z = ||h]l2 < oo, we have

(13) h+h* = |h|2 € LY(G).

From (13) and the inversion theorem, we have
(14) hoxh*(y) = /G(afﬁ)\iLIQ(ﬂf)dx = L(—m)l%)ﬁdw (yeD).

(14) shows that the Fourier transform of |h|? has compact support, and by
[4, Proposition 6.2.5] (see also [3, §5, Examples (vii)]), || belongs to S, (G).
By (9) and (14), it follows that

(15) LmumemaéMFmWszﬁhwmwww»

The definition of the transformable measures and (15) imply i € My (T)
with its Fourier transform p/, that is, p € #(G) with i = p. O

Definition 6 ([1, p. 39]). Let H be a closed subgroup of G, and let u € M(H).
We can consider p as a measure in M(G) whose support is contained in H.
In this case we express it by (u € M(G). A measure v € M(G) is called H-
invariant if v % §, = v for every element h € H. We denote by My (G) the set
of all H-invariant measures in M(G).

Obviously, in the case where v(# 0) is concentrated in H, v is H-invariant
if and only if v|y is a Haar measure of H.

A measure p € M(G) is called periodic if G/I is compact, where I is the
closed subgroup consisting of all x € G satisfying d, * u = p.

Corollary 1. Every periodic measure is contained in % (G).
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Proof. Suppose that p € M(G) is a periodic measure. By [1, Corollary 6.1], u
belongs to Mr(G). Since u is periodic, there exists a closed subgroup I of G
such that the quotient group G/I is compact and d, xu = p for all z € I. There
exists a compact subset H of G such that H + I = G. Hence for any z € G,
there exist h € H and y € I such that x = h +y. Then for any K € K(G), we
have

(K +2) = |pl(K +h+y) < |pl(K+ H+y)
= |l * 6—y(K + H) = [u|(K + H) < oo,
that is, p € Mp(G). Hence we have p € #(G) from Theorem 2. O

A measure p € M(G) is called positive definite if [, f* f*(z)du(x) > 0 for
all f € C.(G) ([1, p- 23)]). It is known that every positive definite measure is
transformable, but not necessarily translation bounded ([1, Theorem 4.1 and
Proposition 7.1]). Therefore the next corollary is an immediate consequence of
Theorem 2.

Corollary 2. A positive definite measure p € M(G) belongs to I (G) if and
only if it is translation bounded.

Theorem 3. Let H be a closed subgroup of G, and let u € M(H). Then, u
belongs to Z(H) if and only if tu belongs to Z(Q).

Proof. Suppose p € #(H). Then tp € Mr(G) by [1, Theorem 6.2]. On the
other hand, since p € Mp(H), p is shift-bounded by Lemma 1, and by [2,
Proposition 1.16] ¢p is shift-bounded. By Lemma 1 again, tpu € Mp(G). Hence
up € F(G) by Theorem 2.

Conversely, suppose tu € #(G). Then i € #(T') which is H--invariant
([1, Proposition 6.1]). For each 1 € C.(T") define T € C.(I'/H*) by

o) = [ ) (= T eT .

There exists an isomorphism v — 7 from My (T') onto M(T'/H*) defined by
the so called generalized Weil formula (cf. [1, p. 40, (6.2)])

(16) [y = [ raiast) e cumoy.
r T/HL
By [1, Theorem 6.1], iir € My (I'/HL) which satisfies
(17) = .
On the other hand, since (u € #(G), we have from [1, Theorem 3.4]
(18) (p) = i

From (17) and (18), we have

(19) ut' = (up) = i, that is, i/ = ip.
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Next, we show that ijn € Wp(I'/HL). Since it € Mp(T), it is shift-bounded
by Lemma 1. If n € C.(T") and 71 € T, we have from (16)

/F n(n — 7)diji(y) = / i (Vdifily) = / () (3)di()

-/ . ( | nn =+ 7’)dv’> i) = [ e - i)
and hence

[(Tn) * iifloc = sup
v1€l/H+

[t v)dﬁt(v)' % il <00 (1€ Cu(L)).

[ o =i

(20) = sup
y1€DP

Since T maps C.(T') onto Co(T/H™L) ([1, p. 40)), it follows from (20) that if
is shift-bounded, and by Lemma 1, L//\L € Mp(I'/H*). Thus, by Theorem 2,
we have i € #(I'/H™). Therefore, from the last equation in (19), we have
w' € F(H), which implies u € & (H). O

Remark 2. Let H be a closed subgroup of G, mpy € M(H) be a fixed Haar
measure of H. There exists a Haar measure my. of H' such that tmy. =
tmp ([1, Proposition 6.2]). More precisely, my. is the Plancherel measure
corresponding to A ([1, Corollary 6.2]), where A = dz and A is a measure in
M(G/H) determined by the formula

Tf(dc):/ flx+h)dh (z€@G),

H

/ f(@)dA(z) = / TH(R)dAE) (f € Co(G)).
G G/H

This remark will be used in Examples II and III in the next section.

4. Examples

Example I. By applying Theorem 1 to several “u”’s in M(G)(C S(G)), we
have the following formulas:

(a) f(z) = [p(z,7)f(n)dy (f € LHG)NCo(G), f € LY(T)),

i = dg, 1 = dry: the inversion theorem.

(b) \/% Jg flx— y)e_%?ﬁdy = \/%fﬂéemff(t)e_%tzdt (f € LY(R),» € R),
0= e~3 dz, i = e~ 2t dt: formula for Gaussian transform.

(©) o= Jo fl@ —y) st dy = 5= [p e f(t)eMdt (f € L'(R),x € R),
W= de, o= ﬁe‘“‘t‘dt a > 0: formula for Cauchy distribu-

tion.
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Although all the formulas above are immediate consequences of [1, Theorem
3.3], Theorem 1 may be of some help to visualize the abundance of the gener-
alized Poisson summation formula introduced by L. Argabright and J. Gil de
Lamadrid.

Example II. R? denotes the d-dimensional real group and Z? is its subgroup
consisting of elements with integer coordinates. R? denotes the dual group of
R? and Z¢ is its subgroup consisting of elements with integer coordinates:

7% = {(m1,...,mq) : my, € Z, k= 1,...,d} and

(($17 s ,Z‘d), (tla s atd)) = 622:1 et ((xlv s 71'd) € Rd? (t17 s 7td) € Rd)
We fix the Haar measure \ = Wdﬂh ---dzg on R4, and fix the counting
measure w = mz on Z%. Then the Haar measure on R?/Z% corresponding to w
is A= Wdlﬁ -~ day, where dxy - - - daq is the Lebesgue measure on RY/Z4.
It is easy to see that Z* = (27Z)?, which is the dual group of R4/Z?, and the
Plancherel measure on (27Z)? corresponding to A is (27)%/ M (gn7ya- Therefore,
by Remark 2, it follows that imgs = L(27T)d/2m(2ﬂz)d. By applying Theorem 1,
we have the following:

Som s (RY) :={f e L'RY: sup 3 |fy— )] < oo,

d
YER? | cgd

lim sup > |f(x+y —n) = fly—n) =0,
YERT | cza

Z |f(271'ml,...,271'md)<oo}7

(mi,...,mq) €L
with norm

[l = IfIl+ sup > [£(y = n)
y€eRd

nezd
+emE > @, 2mma)| (f € Simy, (RY)
(Mmiy...,mq) €24

is a Segal algebra, and for all f € S, , (R%) and for all x = (z1,...,74) € RY,
the Poisson summation formula holds:

Z flx—n)= (277)g Z eZi=1 2miesme f(9rmy, ..., 21mg).

nezd (ma,...,mq)€Zd

]:]xample III. Let G = R™ be the n-dimensional real group with the dual group
R"™, and let 0 < m < n. We fix a Haar measure on R™: \ = del ceedxg,.
Let

H= {(Ilv---axmamm+1a~--7xn) 6]Rn:xm+1 = =Tn :0}(% Rm)
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be a closed subgroup of R™ with the annihilator
HY = {(t1,- st tmg1, oo tn) ER" ity =+ =1, = 0}(ZR"™™).

We fix a Haar measure w = 0 dzy - -dxy, on H. Then w € Mp(R™) N

1
Mp(R™) by Theorem 3. Obviously,
1

R/H:R7 and)\zm

dxmay - dTy.

Also H+ = H@ > R"=™_ Then the Plancherel measure corresponding to A
isw= mdtmﬂ -+ dt, and, by Remark 2, 7w = 1w follows.
By Theorem 1, we have the following:

Suo(R") = {f € L'(R") : ||| f] * wlloo < o0, L [1f =yl wllee = 0,

A 1
/I—IJ_ |f(077O7tm+177tn)|(2ﬂ.)(n7—m)/2dtm+ldtn < OO}7

with norm

[

= £l + Lf T () [lso
. 1
0,30, tmats e stn)| o dtyir - dtn (f € S,o(R"
+ [ 1 et bl e (] € Suo(R)
is a Segal algebra, and for all f € S,,(R™) and for all (x1,...,z,) € R™, the
generalized Poisson summation formula for «w holds:

(21)
1
Hf<xl —Yi,-- -, Tm _ymamm+1a"'7$n>wdyl dy'm

i ot 2 1
= /I:JJ_ el(1m+1tm+1+ + "t")f(o, . ,O, tm—',—ly . ’t7l)(27r)('rL7—m)/2dt77l+1 . dtn

Remark 3. Of course, the equation (21) is not new, since it an immediate
consequence of [1, Theorem 3.3].

Acknowledgments. Authors express deep thanks to a reviewer of the paper.
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