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MOMENT ESTIMATE AND EXISTENCE FOR THE
SOLUTION OF NEUTRAL STOCHASTIC FUNCTIONAL
DIFFERENTIAL EQUATION

HuABIN CHEN AND QUNJIA WAN

ABSTRACT. In this paper, the existence and uniqueness for the global so-
lution of neutral stochastic functional differential equation is investigated
under the locally Lipschitz condition and the contractive condition. The
implicit iterative methodology and the Lyapunov-Razumikhin theorem
are used. The stability analysis for such equations is also applied. One
numerical example is provided to illustrate the effectiveness of the theo-
retical results obtained.

1. Introduction

Many dynamical systems depend on both present and past states, and
involve derivative with delays as well as the functional of the past history
[13,17,23]. Neutral functional differential equation is often used to describe
such systems [1, 14, 22], which is written as

dlz(t) — D(z4)]
(1) pr
When the equation (1) is perturbed by random external perturbation [14],
it can be presented as the following neutral stochastic functional differential
equation (NSFDE):

(2) dla(t) — D(a)] = F(t 20)dt + g(t,2)dB(), ¢ € [to, T].

NSFDE (2) has some fundamental applications into many important fields such
as mechanical, electrical, biological, medical and physical sciences [2,10,11,19,
20] and the references therein. For some other dynamical properties of NSFDE
(2), we can refer to [3,4,13,14,23,27]. Recently, the existence and uniqueness of
the solution for NSFDE (2) has been developed, many useful results have been

= f(t,ze), tE€ [to,T).

Received February 16, 2021; Revised July 7, 2021; Accepted August 19, 2021.

2020 Mathematics Subject Classification. 60H10, 60H20, 37H05, 37H20.

Key words and phrases. Neutral stochastic functional differential equation, existence and
uniqueness, global solution, stability.

This work was financially supported by the National Natural Science Foundation of
China (62163027), and the Natural Science Foundation of Jiangxi Province of China
(20171BCB23001).

(©2022 Korean Mathematical Society
279



280 H. CHEN AND Q. WAN

given in [1,3,5-7,9,11,12,14,16,17,21, 23,25, 26] and the references therein.
For example, in [14], by using the Picard iterative method and the stochastic
analysis theory, under the globally Lipschitz condition and the contractive con-
dition, Mao discussed the existence and uniqueness of the solution for NSFDE
(2). In [17,18], when the globally Lipschitz condition is satisfied for the drift
term and the diffusion term, and the contractive condition is fulfilled for the
neutral term, the existence and uniqueness for NSFDE (2) with infinite delay
was analyzed by using the Picard iterative method and the stochastic analy-
sis method. In [1], under the globally Lipschitz condition and the contractive
condition, the existence and uniqueness of the solution of NSFDE (2) was in-
vestigated by employing the implicit iterative methodology and the stochastic
analysis theory.

Note that the results proposed above are applicable for the case, in which the
drift term and the diffusion term satisfy the globally Lipschitz condition. How-
ever, in many realistic models, highly nonlinear stochastic differential equations
usually exist in drift term and the diffusion term, see [3,7,9,13,18] and the ref-
erences therein. Compared with stochastic highly nonlinear delay differential
equation, highly nonlinear NSFDE is much more complex, due to the simul-
taneous existence of the neutral term and the stochastic perturbation. Thus,
the existence and uniqueness, and stability of highly nonlinear NSFDE is very
attracting. For example, in [9], with the drift term and the diffusion term only
satisfy the local Lipschtiz condition, the linear growth condition is replaced
by the monotonicity condition, and the contractive condition is satisfied for
the neutral term, then the existence and uniqueness of the global solution of
NSFDE has been investigated. In [13], under the locally Lipschitz condition
and the contractive condition, the existence and uniqueness, the exponential
stability in moment and the almost surely exponential stability for the global
solution of neutral stochastic delay differential equations have been considered
by using the Lyapunov function and stochastic analysis theory.

In [14], the stochastic version of Lyapunov-Razumikhin methodology has
been firstly established to discuss the exponential stability in moment for
NSFDE (2). Based on this excellent work, such useful methodology has been
developed to analyze the stability of NSFDE (2), and some good results have
been presented in [2,8,15] and the references therein. The results in [8,15] are
obtained under the globally Lipschitz condition for the drift term and the diffu-
sion term. In [24], when the drift term and the diffusion term satisfy the locally
Lipschitz condition with the locally Lipschitz coefficients being time-varying,
the existence and uniqueness, moment estimate for the global solution of sto-
chastic functional differential equations have been investigated by using the
Lyapunov-Razumikhin theorem and stochastic analysis theory. To our knowl-
edge, there is few work on the existence and uniqueness, moment estimate for
the global solution of NSFDE under the locally Lipschitz condition for the drift
term and the diffusion term.

In this paper, we will mainly discuss the existence and uniqueness, moment
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estimate for the global solution of NSFDE, when the drift term and the dif-
fusion term satisfy the locally Lipschitz condition with the locally Lipschitz
coefficients being time-varying. The implicit iterative methodology, the sto-
chastic analysis theory and the Lyapunov-Razumikhin theorem are used. The
exponential stability for the global solution of NSFDE will also be investigated.
One numerical example is given to show the effectiveness of the theoretical re-
sults derived.

2. Preliminaries

In this section, let us recall some notations and basic definitions, and in-
troduce some lemmas. (£, F, Fi>y,, P) represents a completed probability
space with the filtration {F;};>,, satisfying the usual condition (i.e., it is
right continuous and increasing while F;, contains all P-null sets). Let B(¢)
be an m-dimensional Brownian motion defined on this probability space, i.e.,
B(t) = (Bi(t),Ba(t),...,Bn(t))T. ‘E> denotes the mathematical expectation.
Let | - | be the Euclidean norm in R™ or the trace norm of a matrix in R™*™.
If A is a matrix or vector, then its transpose is denoted by AT. Here let
L ([a, b]; R™) be the family of R"-valued and F;-adapted processes { f(t)}a<t<b
such that [ |f(t)|dt < co(as.). £P([a,b];R™*™) (p > 2) means the family

of R™-valued and F-adapted processes {f(t)}q<t<p such that f: lf(@®)Pdt <
oo(a.s.). To avoid confusion, if A is a matrix, its Frobenius norm is de-
noted by |A| = \/‘m. Let C([to — 7,t0]; R™) be the family of all
bounded continuous functions ¢ from [tg — 7,tg] to R™ equipped with the
norm ||¢|| = s21;< lp(0)|. Let C%O([to — 7,to]; R™) denotes the family of
to—7<0<to
all Fy,-measurable, bounded and C([ty — 7, %o]; R™)-valued random processes
¢ ={p0) : to —7 < 0 < to} with E|p||? < oo (p > 2). For a,b € R,
L(:) € H'([a, b]; X) means that fabL(u)du < 00, where X =R or X = [0, 4+00),
and a V b denotes the maximum of a and b. It is assumed that the function
L(t) : [a,b] — R4 to be finite if L(t) < oo for any t € [a, b].
Now, we consider one n-dimension NSFDE:

3) dz(t) = D(xi)] = f(t,20)dt + g(t, 2)dB(t), > to,

with the initial value x¢, = £ € C([to — 7,%0); R™). The neutral term D(-) :
C([to — 7, t0); R™) — R™, the drift term f(-,-) : [0, 7] x C([to — 7, to]; R™) — R™,
and the diffusion term g(-,-) : [0,T] x C([to — 7, to]; R™) — R™*™ are all Borel
measurable.

Let C12([tg, +00) xR™; (0, +00)) denote the family of all functions V (¢, ) on
R x R", which are once continuously differentiable in ¢ and twice in z. For each
V(t,x — D(£)) € CY2([tg, +00) x R™; (0, +00)), an operator LV (t,x — D(£)) of
NSDFE (3) is given by

ﬁV(t,LL’ - D(f)) = V;(t“’)i‘ - D(f)) + V$(t,!)3 - D(f))f(t,g)
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+ %trace[gT(t, EWVaa(t,x — D(&))g(t,€)],

where
_[oV(t,x — D(§)) 9V (t,x— D(9)) oV (t,x — D(9))
Ve(t,x) = [ 01 , 02, yeeny e , and

0%V (t,x — D(§))
8$i8$j
Let By denote the family of all stochastic processes £(t,w) : [to—7,T] x Q —

R™, in which £(¢,w) is measurable for each fixed ¢ € [tg — 7, T], and is bounded
continuous in ¢ for a.e. fixed w € Q. For any ¢ € Br,

le®ller = {E( sup ot )P} r, p>2.

Elto,

Vaultz — DO) = |

nxn

It can be proved that Br is a Banach space with its norm || - || g, (see [5]).
For NSFDE (3), the solution is written as the integral form: for any ¢ > ¢,
¢

(4)  a(t) = D(xs) = x(to) — D(zt,) + f(s,xs)der/ g(s,x5) dB(s),

to to

and x;, = £ € C([to — 7, to]; R™).

Definition ([14]). An R"-valued stochastic process x(t) on to —7 < ¢t < T
(T > to) is called a solution of NSFDE (3) with initial data x;, = & = {£(0) :
—7 <0 <0} € C([to — 7, to]; R™) if it has the following properties:
(i) it is continuous and {x}se[s,,1) is F-adapted;
(ii) {f(t,z¢)} € L1 ([to, TI;R™) and {g(t,2,)} € LP([to, TT; R™*™) (p = 2);
(iil) z¢, = & and (4) holds for all ¢ € [tg, T7.
A solution z(t) is said to be unique if other solution Z(t) is indistinguishable
from it, that is

Plz(t)==(t) forall tg —7 <t < T} =1.

Definition ([14]). Let z(t), t € [to — T,0) be a continuous Fi-adapted R™-
valued local process, where o is a stopping time. It is called a local solution of
equation (3) with initial data x¢, = & = {£(0) : —7 < 0 < 0} € C([to—T, to]; R™),
if z;, = ¢ and

tAok tAok
(tATk) —Dl(tnm,) = £(0) + / F(s,2)ds+ / o(s,2)dB(s), Vit > to,

to to

holds for any k > 1, where {ox}r>1 is a nondecreasing sequence of finite
stopping time such that o 1 0x(a.s.). Furthermore, if lim sup |x(¢)] >
t—000
lim sup |zg(o)| = oo is satisfied whenever oo < 00, it is called a maximal
k—o0
local solution and o, is called the explosion time. A maximal local solution
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x(t), t € [to — T,0x0) is said to be unique if for any other maximal local so-
lution Z(t), t € [to — T,000), We have 0o = 000 (a.s.) and z(t) = Z(t) for all
t€fto—7,000) (as.).

Lemma 2.1 ([14]). For any a,b >0, p > 2 and € € (0,1), we have
1 b
la+bP =[1+er1]P~ ( |p+||)

Lemma 2.2 ([14]). Let p > 2. Then there exist universal positive constant c,
(depending only on p) and g € LP([to, T; R™™ ™) such that Eftf lg(s)|Pds < oo.

Then
( sup \/ ) <cpE/ s)|Pds,
to<t<T Jt,

3

p/2 e
where ¢, = (ﬁ) (T —to) el

3. Main result

In this section, the existence and uniqueness for the global solution of NSFDE
(3) is firstly investigated. Before conducting, we define an operator:

D(xy) + x(to) — D(wy,) + [ f(5)ds
(5)  (Iz)(t) = { + Jy 9(s)dB(s), t € [to, 1,
566([t0—7‘,t0];Rn), te [to—T,to].

Under the condition (7) (see below), it can be proved that the operator II :
Br — Br has a unique fixed point. The detailed proof can refer to Lemma 3.4
in [1].

Lemma 3.1. Assume that there exist a finite function L(t) € H([to,T];
[0,400)) and constant k € (0,1) for p > 2 such that

6) [f(tw) = fE D) < LB)le = ol l9(t, ) —g(t, @)" < Lt)llp — o7,
(7) [D(¢) = D(9)| < klle — o],

for allt € [to,T], ¢, ¢ € C([to — 7, to]; R™) with
8)  D(0)=0, f(t,0)eL([to,b;R), g(t,0) € L7([to, T;R"™).

Then the equation (3) has a unique solution x(t) with the initial value x¢, =
Eel(fto—1,T);R™).
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Proof. Based on the operator (5), we can define the following implicit iterative
scheme:
() =&(t), teto—rT,to], n=0,1,2,...,

:Eo(t) = 5(0)’ te [t(]aT]a

) w"0) = D(al) +alto) ~ Dlasy) + [ s,z s
+ /tg(s,xgl)dB(s), t€fto, T], n=1,2,....
Denote 0
Talt) = atto) + [ flsat s+ [ gls.al )dB). ¢ fto 7).

Applying (6), we have
|f(t )P = 1f(£,0) + f(t, ) = f(£,0)7

(10) <P, 0)P + 2P f(t, ) — f(2,0)

< 227 f(2,0)F + 2P H(L(1)P e,
and
(11) lg(t, @)IP < 2P g (2, 0) [P + 27 L(1) |17
Existence: Apparently, we have 2°(t) € Br, t € [to, T]. Moreover, we can prove
that 2™(t) € By (n = 1,2,...) for t € [to,T]. In fact, from (10) and (11), it
follows that

1

[z ()P < (1 + 51"1>p_1 (|D(aj?) — D(zy)|P + |Jn—1(t)|p)

€1

1 ! n p 1 p
<(3) 406D = D)) + o)

K

1\ Pl P
<k sup <1+52”_1> (x"(t+0)|p+x(t0+9)|>]
—7<6<0 €2
o O

(1— g1t

K K 1
< " e~ Py - 5 P
= (\/E)p,1 ||‘Tt || + (1 — \/E)p,1 thOH + (1 — Iﬁ:)p71 |‘]TL 1(t)| )

_ p—1
where €1 = (1_7“)11 ! and €9 = (17‘%) , then applying J,_1(t) yields that

n p K l‘n p K T p 3 v T p
S OF < a1+ el + () Jatt)
p—1 t D
(12) + (135) /t f(s, 2y )ds




MOMENT ESTIMATE AND EXISTENCE FOR THE SOLUTION OF NSFDE 285

; (13,1)1 /t:g<s7xz-1)d8<s> B

Using the Holder inequality, Lemma 2.1 and Lemma 2.2, one derives from
(12) that

E sup |z"(s)|?

togsgt
K k(14 k)P~ 4371
< ———F( su z"™(s)P) + E|£|P
B s (o) + Sy
0 P
(i) ( sup |f<s,x:—1>|ds)
-k to< 0<t
3
E )|Pd
(2 ) b [ lats.at s
From (10) and (11), it implies that
E( sup [z"(s)[")
toSSSt
K k(14 k)P~ 4371
< 7E su x"™(s)|P) + El&|P
< B s ) + STy

(16 ) [l w0 + elts.oles

¢ P ¢ ¢
+ < 0 ) {(/ L(s)ds) —i—cp/ L(s)ds} E( sup |[jz" |P)ds
11—k to to to to<s<t

Due to the fact that E( sup |z"(s)|?) < El&||P + E( sup |2™(s)[P), it
toSSSt

to—7<s<t
implies
E( sup [|2"(s)")
to—7<s<t
il KL+ V)P 437 4+ (1 —p)p?
< ———=F( su 2™ (s)|P) + BllelP
< it s o) == el
6 p—1 t
i (1—n> [ 1t~ t0r 115, 00P + g5, 0)Pds
to

6 p—1 t P t t
+ < > {(/ L(s)ds> +cp/ L(s)ds} E( sup ||z YP)ds
1—k to to to  to<s<t

which follows that
E( sup [|2"(s)")
to—TSSSt
R+ VRP 4377+ (1= k)P
pt1

(13) <
(1-k)yr1 (1 —Kz

EIIfII”
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6r—1
+

(1= (1= ") /tt [t~ 1) £(s. 0)[P + ey lg (s, )P

i (o) o [

t
B( sup [2p7YP)ds
to to—7<s<t

From (13), one yields that for any N > 1,

max FE( su z"(s)P
s B( sup_ Ja"(5))

R(L+V/E)PH 3P+ (1 — k)P
(1= rpt (11— k"

6!

El\fllp

+

(1=t (1-5") /t:[(t —10)" £ (5, 0)1" + eplg (s, 0) )ds

el ey

t

X max FE( sup |z™(u)|?)ds
15y (tO_TSuSJ (w)[”)

Then, by using the Gronwall inequality, we have

max FE( su z"(s)|P
| nax (to?TSpsgt\ (s)I")

k(14 /E)P~E+ 3P~ 4+ (1 —
= { (1—k)r1 (1fn‘i)

67!
_ p—1 870 p cp S,O pds
(1=t (1) 6= 0 75,017 + lg(5. 00

e e (e s

Since N is arbitrary, it implies from (14) that

E( sup [z (s)]")

EIISH”

(14)  +

s

to

t()—TSSSt
p—1 p—1
. {/ﬁ(l—&-\/ﬁ) y3rl g 1 Ellfllp
(1—g)r—1 (1 - Iii)
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(1— ,i)p_(jlp(i - KPT“) /t:[(t —t0)"~ £ (s,0)]” + cp|g(57o)p]ds}
61771

) eXp{ (1— k)r-1 (1 - /QPTH) K/t: L(S)d$>p e /t: L(S)ds} }

forall ¢t € [0,T] (n = 1,2,...). Therefore, 2™(t) € Br (n =10,1,2

t € [to — 7, T]. Similar to the previous reasoning process, it follows

1 K 1 k(14 k)P~ 4371
z ()P < — su z(s)P + p
O < sl o)+

) (e
# (£25) ][ ateatiams

Hence, it is also shown that

+

,...) for all

p

E( sup [z'(t))

to—T<s<t
K(14+/R)PT143P 7 L (1—R)P~ 1 46P 1 |:(ftt0 L(s)ds) +cp ft 9)d9:|
(15 <

(1—k)P—1 (11@13;1)

: (1n)pfp(11,le> {/t:[(t —10)""|f(s, 0)I" + Cp9(8,0)|p]ds}

x Bl

——ID(@?) - D(ao)l”
t

) [ [ st

< Wt 7sTu<p;<t\:v1(s)|p ((11+\{) _ 1€11”

()

p
+

f(s,2%)ds

)
)

p t

l9(s, 22)|dB(s)

to

f(s,a)ds
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and
E( sup |z'(t) —2°(t)|)"
tQSSSt
K R(L+VEPT o
su T Py
NG T<p€<t\ (s)] (=R €1l

+ (1 ) [( t:L(S)dS) +cp/ ds] /OEt0 sTllgpsstlﬂ?slp]dS

< i, s e+ S e
T f . t(f*to)”’llf(s,o)vj+cp|g(s,0)|Pds
11—k to

(4 ) ( /t:L(s)ds)p e, / L(s)is| (= o)l

Therefore, applying (15), it gives
BE( sup [a'(t) - 2°(t)])P

16) < 5o 1210 - 01"
< et (125) [ e w0 + alots o
P ([ pas) e [ 2] pier

=C

for all ¢ € [to, T7.
Now, we will prove that for any n > 0,
(17)  E( sup [|2"THE) -2 (1))

to—7<s<t

el () oo o] 5

where C' is defined in (16).

According to (16), it is easily seen that (17) holds when n = 0. Under the
inductive assumption that (17) holds for some n > 0. We shall show that
inequality (17) still holds for n + 1. Note that

20) — O = | D)~ D) + [ (e ) = Sal)ds

to
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P

n / (9(5,271) — g(s, 2))dB(s)

2 \*!
<k sup |z"T3(s) — 2" TL(s)|P + ( )
to—7<s<t 11—k

p
X

/t (s, 2m) — f(s,20))ds

2 \7!
+(122)

Then, by using Lemma 2.2, it implies

p

/t l9(s,2™) — g(s, 2™)]dB(s)

E( sup [a"T2(t) — 2" (H)]P)

to—7<s<t
< E sup |2"TA(t) —a"TH(t)P
toSSSt
< KE( sup  [a"T2(s) — 2" (s)P)
to—TSSSt

() o ([ o)

x [E( sup |x”+1(s)—x”(s)1’)ds}

to—7<s<t

(2 )[ [ weas [ B s 0 - e

1-x to to—7<s<t
It can also be claimed that

E( sup [a"t2(t) —a"tH()[P)
to—7<s<t

< (12:)17 {(t ~ o)t </tt L(s)ds)p +e, /tt L(s)ds}

¢
x [ E( sup |z"T(s) —2"(s)|P)ds
to to—7<s<t

which implies that (17) holds for n+ 1. Hence, the inequality (17) holds for all
n > 0.
For any m > n > 1, we obtain

P
[ = 2" |5,

=E( sup [z™(t) —2"(1)]")
to—17<s<t
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<Y B( sp ) - 0P)
2w
Sl ([ o) 0] 58

— 0 as n — +oo.

Thus, {z"(t)}»>1 is a Cauchy sequence in Banach space By. Denote the limit
by z(t) € Br(t € [to,T]). When letting n — +oo in (9), we can derive the
solution of NSFDE (3) with the initial value z;, = & = {£(0) : —7 < 0 <
0} € C([to — 7, to]; R™). In other words, the existence of the solution have been
shown.

Uniqueness. Let z(¢) and Z(t) be two solutions of (3) with same initial value.
Similar to the derivation process of inequality (17), we have

B( swp[els) = 7(s)P)
to—7<s<t

< E( sup |z(s) —Z(s)|P)

togsgt

e B e ([ ) e [ pa

X E( sup |z(r) —Z(r)|P)ds

to to—7<r<s

for t € [to,T]. Then, by applying the Gronwall inequality to the inequality
(18), it shows

E( sup |z(s) —Z(s)[?) =0 fort € [to, T].
to—7<s<t

Hence, it yields

|z —=|5, = E( sup _|x(s) —z(s)|") =0,
to—TSSSt

which implies that the uniqueness of the solution for NSFDE (3) with z;, =
E={&0): —1 <0 <0} € C([to — 7, to]; R™) is guaranteed. O
Lemma 3.2. Suppose that conditions (7)-(8) hold, and

1f(t, @) = f(t, )| < K)o = ¢,

lg(t, ) = g(t, )" < K (t)ll@ — olI",

are satisfied for all t € [to,T], ¢, ¢ € C([to — T,to]; R™), with ||| V ||¢|| < m,
and p > 2, where K, (t) € H'([to, T); [0, +00)). Then, there exists a uniqueness
mazimal local solution x(t) of NSFDE (1).

Proof. Since (19) holds for ¢ € C([to — T, to]; R™) with ||| < m, we can define

m _ m A [lo] ) m _ < m A ||| >
" (t ) f<t’||w|| o),  g"te) =g t’illsoll ¢,

(19)
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and % =1, when ¢ = 0. Then, it is seen that f™(-,-) and ¢™(-,-) satisfy the

condition (6). Moreover, the following equation
(20) d(z™(t) = D(xi")) = f™ (&, 2™ (8))dt — g™ (¢, 2™ (1))dB(t), t € [to,T],

xm(to) — l'm(to + S) = {g i“g“ § z ENS [—T, 0],

has a unique continuous solution ™ (¢).
Now, we define the sequence of stopping time:

Om =T Ninf{t € [to, T : |xm(t)| > m}.
It is not difficult to show that
(21) a™(t) = 2™ T(t), if tg <t < Oy
This implies that ¢,, is increasing, and has its limit oo = lim J,,. Now we
define {z(t) : tg <t < 6} by e
x(t) =x™(t), tE€ [0m-1,0m), m>1,

where 69 = to. By (21), (t Ady) = 2™ (t Ady,). Therefore, it follows from (20)
that

2(t A )
tAOm tAOm
— £(0) + D(xd) — D(€) + / f(s,x(s))ds + / o(s,2(s))dB(s)
(;:/\6,,1 ’ tAOm
— £(0) + D(xd) — D(€) + / (s, 2(s))ds + / g™ (5, 2(s))dB(s)

for any t € [to,T) and m > 1. Tt is seen that if doo < T, then

lim sup |z(t)| > lim sup |z(d,,)| =lim sup |z, (dm)] = co.
t—000 m—r00 m—00

Hence, {x(t) : to <t < 0} is a maximal local solution. To prove the
uniqueness, let {Z(t) : tp <t < 0} be another maximal local solution. Define

Om = 0o AInf{t € [to,000) : |Z(t)] > m}.
It is shown that §,, — 0 a.s. and
P{x(t) = z(t), Vt € [to,0m Adm)} =1, Vm > 1.
As m — o0, it yields
P{z(t) = z(t), Vt € [to,000 N Oso)} = 1.

To complete the proof, we need to show that do, = doo a.s. In fact, for
almost any w € {doc < do }, we have

[#(0e0)| = Jim_ [2(80)] = lim_[o(F )] = o0
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which contradicts with the continuity of Z(t,w) on t € [to, doc(w)), then we
must have §, > 0o a.s. Similarly, we can show that 6o, < 0o, a.s. Therefore,

we must have 0o = 0. (I

Theorem 3.3. Let conditions (7)-(8) and (19) hold. Suppose that there ezist a
Lyapunov function V€ CY2([to —7,T) x R";R,.), g € H ([to — 7,t]; [0, +00)]),
and p € H([to — 7,t];R) such that

(22) lim [ inf V(t,£(0) — D(§))] = oo,

|z| =00 to—T<t<T

and

(23) LV(t,£(0) = D(§)) < —p(t)V(£,£(0) — D(§)) + q(t),
for any (t,€) € [to,+o0) x C([to — 7, to]; R™), whenever V(s,xz(s) — D(zs)) <
V(t,z(t) — D(zy))els P for any s € [to — 7, 1].

Then, NSFDE (3) with x, = & € C([to — 7, to]; R™) has a unique continuous
solution x(t) for t € [to,T), and the solution satisfies the following moment
estimate

E[V(t,2(t) — D(x))]
<e ftffo p(s)dsE sup [V(S, 33(8) o D(xs))eftso p(u)du]

to—17<s<to

t
(24) —I—/ q(u)e™ Lo P()ds gy
t

o

t ) t s
< Ko JuPPdsp sup [V (s,z(s) — D(xy))] + / q(u)e= JaP)ds gy
t

- to—717<s5<to

o

fort € [to,T), where K = fttoo_T Ip(s)|ds.

Furthermore, EV (t,£(0) — D(§)) is continuous in [to,T), and E|z(t) —
D(x)|P (p > 2) is continuous in [to,T) if there exists a constant ¢ > 0 such
that

(25) c|§(0) = D" <V (t,£(0) = D(£)), Vit e [to,T).

Proof. Since D(-), f(-,-) and g(-,-) in NSFDE (3) satisfies conditions (8) and
(19), Lemma 3.1 guarantees that there exists a unique continuous solution z(t)
with a¢, € C([tg — 7,t0]; R™), for t € [tg,do0), Where 0o is the explosion time.
Define w(t) = sup w(s) for t € [tp, dso), Where

t—7<s<t
(26)
0 Vit z(t) — D(mt))effo pls)ds _ ftt q(u)effz P gy, for t € [t0, 0c0)s
w - t 0
V(t,z(t) — D(xy))elto PO for t € [to — 7, o).

Then, it is seen that w(t) is continuous for any t € [to, o). Meanwhile, there
exists an sg = so(w) € [to — 7, ] such that @W(t) = w(sg). Thus, so =t or so < ¢
and w(s) < w(sg) for sg < s < 1.
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If sg < t, then for sufficiently small h > 0, @W(t + h) = @(t) and
Lw(t) =0,
If so = t, then w(t) = w(t), i.e.,

w(t) > w(s)
for any s € [to — 7, t].
Now, for any s € [tg — 7, 1],
i PO (g () — D)) < o POV (1 (1) — D).

Since t > ty, we put it into two cases to prove the assertion:
(i) for any s € [tg — T, to], from (23) and (25), it implies that

eJio P(")duv(s,x(s) — D(zs)) < w(s)
< w(t)
t
< W(t) +/ q(u)ef‘o P(S)dsdu
to
= e POy (4 o(t) — D(ay)).
(ii) for any s € [to,t], from (23) and (25), it follows that
eftso p(u)duV(S, x(s) _ D(xs)) — w(s) —+ / q(U)eftY) p(Z)dzdu

to
t
S W(t) +/ q(u)ef‘o P(S)dsdu
to
= el POBY (1 2(t) — D(xy)).
Consequently, (26) holds, that is,
(27) V(s.(s) = D(a.)) < S0PV (t,2(t) - D(ay))
is satisfied for any s € [to — 7, 1].
Thus, from (22), (23) and the continuity of @(¢), it gives that
t t u
@) = sup_[Visa(s) = Daw))Jek " = [ guyehi % au,
to—7<s<t to

and when so = t, W(t) = w(t). Hence, the Itd operator for w(¢) is calculated as
follows

LTG(t) = [V (t,2(t) — D(zy))] DT (ef,fo p(s)ds>

t t u
+ e PO LYt w(t) - D(wy)) - DY U g(u)eio Py

< o POty — p)V + p(t)V — g(t)]
S 07
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where D7 (-) denotes the upper Dini right-hand derivative. From (24), for
so < t and sg = t, we have Lw(t) > 0.

To prove that the solution z(t) exists globally, we set d,, as the stopping time,
which means the time at which z(t) firstly leaves U,, = {|z| < m}. Letting
T(t) = 20 (1)) and V7t 2(t) — D(y)] = Vim(b), 2(3m(t) — D(ws,, )],
where 0,,(t) =t A . Then, we have ™ (t) and V™[t,x2(t) — D(x¢)] are both
continuous for all t € [tg,dx). For any t € [tg,d00) and oo € (to, 1), ™ (¥)
satisfies the following equation

(™ (t) = D(2}")) = Iitg—r.5,,) (O)[f (t, 2" )dt + g(¢, 27" )dB(t)]  a.s.,

then we have E[V™(t, z(t)— D(z+))] < co. From Lw(t) < 0, we have L& (d,,(t))
< 0 for any t € [tg, 00o). Hence, since §,,(t) =t A 0y, it gives

Ba(6m(t)) < Fa(to)
for ¢ € [tg,d00). From (24) and (27), we have w(0,,(t)) < @(d,,(t)), and
E[Vm(t,:v(t) — D(ay))etis™ s)ds]
" Om (1)
<E sup {V(s,m(s) — D(z,))el p(“)d”] +F g(w)e” o P8 gy
to—r<s<to to

= u(t).

For any 0 € [to,T), there exists a constant K > 0 such that ft[; Ip(s)|ds <
K. When |z™(¢)| < m, by using the Chebyshev’s inequality [3], it yields

E[V’”(t,x(t)—D( el s }

P{(Sm € [tO;(Soo)} <

inf [V(& x(s))eﬁé p(“)d“}
(28) SE[t0,600) X {|z|>m}
sup  u(s)
< 5€[t0,000)
~ ek inf V(s,z(s))
5€[to,000) X {|z|>m} ( ( ))
Since ¢ € H([to, 0so); [0, +20)), p € H ([to, 6sc); R ft m( o Jip()ds g o
H([to—7,t];[0,+00)), sup u(s) < oo for §o € [tO,T) From (22) and (28),
Se[to,ém)

it follows that lim P(d,, € [to,d00)) = 0, and z(t) = lim a™(¢) exists on
m—o0 m—0o0

[to, T'), which show the existence and uniqueness of the solution for NSFDE (1)

on [tg,T). As m — oo, we have

E{Vm(t,x(s) — D(z))e S ® p(s)ds}

St L
=H 2 [V(S’x(s) — D(x,))e’o p(u)du} + E/ qlw)e” i P4 gy,

0—7<s<tg
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Then, from (23) and (25), by using the dominated convergence theorem in [14],
EV(t,£(0) — D(§)) and E|z(t — D(z¢))|P are continuous. O

Corollary 3.4. If all conditions in Theorem 3.3 are satisfied except that (23)
replaced by

(29) ELV(t,£(0) — D(§)) < —p(t)EV(t,£(0) — D(§)) + q(t),

where & € C([to — 7,t0]; R™), whenever EV (s,z(s) — D(zs)) < EV(t,x(t) —

D(xt))efstp(“)d“ for s € [to — 7,t]. Then, the conclusions are still satisfied,
except that (24) replace by

E|\V(t,x(t) — D(xt))]

t s t s
< e PR g [V(s, x(s) — D(l‘s))efto p(")du} +/ q(u)e JuP()ds gy,

to—7<s<to to
t ¢ "t
< eFe i P(o)ds sup [EV(s,x(s) - D(xé))] —|—/ q(u)e Jup()ds gy,
to—7<s<to to
fort e [to,T).
Proof. Since E[V™(t,£(0) — D(§))] < oo, and both £(0) — D(§) and

V™ (t,£(0) — D(€)) are continuous, by dominated convergence theorem in [14],
E[V™(t,£(0) — D(£))] is continuous. Then, for small enough h > 0, we have

AB[V™(t,2(t) — D(zy))]
= BV™(t,a(t + 1) = D(zen))] = E[V™ (1, 2(t) = D(@1))]

(t+h)ASm,
- E/ LV™ (s, 3(s) — D(x.))ds.
tAOm

As h — 07T, it follows
DYE[V™(t,2(t) — D(x4))] = ELV™(t,2(t) — D(x¢)) for t € [to,T).
Then, from condition (29), and as n — oo, we have
DTE[V(t,2(t) — D(x4))] < —p(t)EV (t,2(t) — D(z¢)) + q(t) for t € [to,T),

whenever EV (s,x(s) — D(zs)) < EV (¢, z(t) fD(xt))efst Pl for s € [t —,1].
This leads to the fact that the condition (23) is satisfied. Applying Theorem
3.3, the conclusion of this corollary is derived. ([

Corollary 3.5. Let C*(R, [0, +0c0)) denote the family of all functions ¥(t) on
R, which is once continuously differentiable in t with ¢'(t) > 0. Suppose that
all conditions of Theorem 8.3 are satisfied except that condition (23) replaced
by

ELV(t,2(t) — D(ar) < AN BVt 2(t) = D(xy)), Ve € [to, T),
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for some constant A > 0, whenever

BV (s,a(5) = D) < LY BV (t,a(t) - D)), Vs € [to—7.0)
y s)) = ’l/})‘(S) y t))s S 0 T,1).
Then, NSFDE (3) has a unique solution z(t) fort € [to,T), and

EV(La()-De) < 2O B sup Vitots,alto+s)— Dianss)) VE> to
YA(s) T —r<s<o0

s ’ m A
)\—ﬁ((tt)), we have eli P@du — oA St 1;/2((“)) du = :f;g?) O

Proof. Taking p(t)

4. An example

In this section, we consider the following NSFDE:

dz(t) — D(xy)] = — [a(t)[ﬂf(t) — D(x:))” + %| sint|[z(t) — D(xy)] | dt
(30) .
tsint / h(s)[a(t + 8) — D(wess)]dsdB(2),

on t > 0, with the initial value zg = £ € C([—7,0]; R), where a(t) > 0 and h(s)
is a real-valued function with fET e 15|h(s)|ds = h(u) < oo for some positive
number p. In (30), for neutral term D(&), there exists a constant £ € (0,1)
such that |D(§)] < k||£]|. Let {\ = fET e~ 25|h(s)|ds and X € [0, ], such that
(31) 1-G >\

Letting V (¢,£(0) — D(£)) = |£(0) — D(&)|?, from (30) and (31), we have

+ [smt i h(s)[a(t + s) —D(%)]ds}

< —|sint| {V(iﬂ(t)) - [/OT h(s)V/a(t+s) — D($t+s)d3]2}
< —|sint] l1 - (/OTe% f?+slsin"|d“h(s)ds)2 V(x(t))

< —Isint] [1 - ( [ OT eéSh(sms)Q]V(x(t))

< — A sin(t)|V (t, z(t) — D(z)),

whenever V (s, z(s) — D(x)) < e*Jo Isn(Wldwy/ (¢ 2(4) — D(x,)) for all s € [to —
7,t]. From Theorem 3.3, the existence and uniqueness for the global solution
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x(t) of NSFDE (30) with initial value & € C([to — 7, %o]; R) is guaranteed, and
x(t) satisfies

Ela(t) — D(x)|? = EV(t, () — D(,)) < E||¢]|2e o 1$n@lds -y 5 40
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