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ABSTRACT. In this paper, we investigate a time-dependent double obstacle problem asso-
ciated with the model of European call option pricing with transaction costs. We prove
the existence and uniqueness of a sz”ltc solution to the problem. We then characterize
the behavior of the free boundaries in terms of continuity and values of limit points.

1. Introduction

This paper concerns a double obstacle problem arising from the model of Euro-
pean call option pricing with transaction costs. Since transaction costs have been
generally reduced and will be reduced in many countries (see [8, page 187] and [10,
page 535]), we substitute the time-dependent transaction costs A(t) and p(t) for the
usual A and p which are a constant fraction of the purchase price of the stock. To
be specific, we consider the case that A(t) and p(¢) diminish over time and analyze
the value Q(y, S,t) satisfying

min {9, Q + (1 + A(t)SQe" "V, — (9,Q + 7(1 — u(t))SQe" ") |
(1.1) 8tQ+"—2252855Q+04885Q} —0, yeR, §>0, 0<t<T,

Qy, S, T) = exp{—c(y, 5)},

where

ey, ) = (I+ Xo)yS, ify<0,
. a (1 - ,Uo)yS, if Yy > Oa
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and o > 0,a > r > 0,7 > 0 are constants. Also, we define
At) == (Ao +1)etT=D — 1 at) == (uo + 1)e?TD — 1,

where 0 < A(t),fi(t) < 1 for all 0 < t < T, Ao := NT), po := @(T), and the
range of ¢ and § is to be chosen later. For the double obstacle problem arising from
European option pricing with constant transaction costs, we refer the reader to [4].

Since (1.1) is a backward parabolic problem, we transform it to a forward
parabolic problem. Letting 7 =T — ¢, we have

max {— (0,Q + (1 + A(7))SQe"),9,Q + (1 — pu(7))SQe"™

(1.2) 8TQ—"—;S2855Q—04885Q}:0, yeR, S>0, 0<7<T,
Q(y7 Sv O) = exp{—WC(ya S)}7

where A(7) = (Ao + 1)e?™ — 1, (1) = (o + 1)e?™ — 1.

Using the transformation described in Section 2, we obtain the time-dependent
double obstacle problem:

0.V —-L,V =0, ifl—p(r) <V <14+ A1)
0.V —L,V <0, if V=14+Ar);
(1.3) o,V —L,V >0, if V=1-u(r);

Vg~ [ i2<0,
2, = .
1_M07 1f220=

where
L.V = —laﬁ(w*)
(1.4) 027 *
= 7226ZZV + (0 +a—1)20.V+(a—r)V—75°2V (20.V + V).

There are various studies on the double obstacle problems. Yang and Yi [13]
studied the double obstacle problem associated with European option pricing with
transaction costs. Dai and Yi [3] studied the free boundaries of the parabolic dou-
ble obstacle problem arising from the optimal investment problem of a Constant
Relative Risk Aversion (CRRA) investor who faces proportional transaction costs.
Furthermore, Chen et al [2] analyzed the double obstacle problem related to a time-
dependent Hamilton-Jacobi-Bellman equation with gradient constraints. However,
few attempts have been made to analyze the time-dependent parabolic double ob-
stacle problem employing the variational inequality approach. Besides the papers
mentioned above, there is a vast literature related to the problem with transaction
costs, see for instance, [1, 6] and the references therein.

The aim of the paper is to characterize the free boundaries of problem (1.3).

Indeed, we obtain the existence and uniqueness of a Wp2 ﬁ) . solution for (1.3) using a
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penalty method. We also show the limits of the free boundaries and the continuity
of the free boundaries, which is motivated by [12] and [13]. The main difficulty in
carrying out this construction is that free boundaries are not always monotonic. To
overcome this problem, we employ a transformation y = x4+ k(7), o(y, 7) = v(z, 1),
where k(7) is chosen later. This guarantees that the free boundaries are monotonic.
Hence, we can see the continuity of the free boundaries.

The present paper 1s organized as follows. In Section 2, we prove the existence
and uniqueness of a W IOC solution for (1.3). In Section 3, we analyze the behavior
of two free boundarles In Section 4, we establish the equivalence between the
double obstacle problem (1.3) and the original problem (1.2).

2. The Existence and Uniqueness of Solution to the Problem (1.3)

In this section, we show the existence and uniqueness of a W 10 . solution to the
problem (1.3). First, we prove that the problem (1.2) implies "the problem (1.3).
Since a positive value @ can be inferred from the reality of the setup, or from results
in the paper, we let U = In Q. Then U satisfies the following equations:

max {— (O,U +~v(1 + A(7))Se"™™), O,U +~(1— ( ))Se’™ |
) 0.U — % §%055U — aSOsU — % (S0sU) } 0,
' yER, 5 0, < T,

Ul(y,5,0) = —cly, 5).
Also, letting z = €""yS and V*(z,7) = U(y, S, 7) shows the equalities:
(2.2) o,U =e""S0,V™, OsU = e""yd, V™,
(2.3) 0, U =0, V*+rz0,V*, dssU = ¥ y%0,, V™.
Using equalities (2.2) and (2.3), we have

0,U(y, S, 7) +v(1 + A(1))Se’™ =e""S[0.V*(z,7) +~
Uy, S,7) +v(1 — p(7))Se"™ = e""S[0.V*(2,7) +v(1 — p(7))],

02 2 02 2 * *
6TU— 75 (9ssU — aS@SU— 7 (SasU) = (9-,—V — LV 5

where

o? o?
(2.4) LV = 7228“‘/* + (@ —1)20, V" + 7(2’&\/*)2.

Therefore, V* = V*(z,7) satisfies
max {— (0, V*+v(1+ A(7))),0.V* +~v(1 — u(7)),0; V* — LV*} =0,
zeR, 0<7<LT,

(2.5)
Vo (2,0) = —v(1+ Xo)z, 2<0,
—v(1 — o)z, z>0.
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Differentiating with respect to z in (2.4), we get

2
% (LV*) :%%azz (0V*) + (a — 7+ 0%) 20 (0.V*) + (o — 1) (3.V*)

+ 022 (9. V*) (20, (0, V*) + (0,V™")).

If we denote
1
(2.6) Viz, 1) = —;@V*(z, T),

then we have
10

2
= %228221/ +(0*+a—1)20.V + (a— 1)V —75°2V (20,V + V),

which is equivalent to (1.4). The proof is completed by showing that (2.5) implies
(1.3); we do this in Section 4.

Now, note that the operator £, is degenerate at z = 0. Using the Fichera
Theorem from [9], the problem (1.3) can be divided into two parts: the problems
in the domains {z < 0} and {z > 0} independently. Furthermore, we see that
V(z,7) =1+ A(7) is the solution of problem (1.3) in the domain {z < 0}. Indeed,

(0r = LA+ XD = N(7) = (@ = 7)1 4+ X(7)) + vo22(1 + \(7))?
=(q—(a—7)A+ A7) +y0%2(1 + A(1))? <0,
provided that 0 < ¢ < @ — r. From now on, we only consider the problem (1.3) in
the domain {z > 0}. Let z = e® and v(z,7) = V(z,7). Then v(x, ) satisfies
Orv—Lyu=0, ifl—pr)<v<l+Ar), zeR, 0<7<T,
Orv — Lgv >0, if v=1-—p(r), zeR, 0<7<T,

2.7
27) Orv — Lv <0, if v=14+Xr), 2z€R, 0<7<T,
’U(I,O):l—'uo, IGR;
where
o2 o2
(2.8) Lyv = 78111) + (a —r+ 7) 00+ (v — 1r)v — yo2e®u (0zv 4+ v).

Since the domain is unbounded, we confine our attention to (1.3) in a bounded
domain (—n,n) x (0,7'). In order to do so, set Qpr = R x (0,7] and Q% = (—n,n) x
(0,T]. Let us consider the following problem in Q7.:
Orvp —Lyvp, =0, if1—p(r) <v, <1+ A(7) and (z,7) € QF;
Orvy, — Ly >0,  ifv, =1—p(r) and (z,
(2.9) Orvy, — Loy <0,  ifv, =14+ A(7) and (z,
Opvn(z,7) =0, r=4n, 0<7<T;
Up(2,0) =1 —po, —n<z<n.

T) € QI
T) € QF;
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Lemma 2.1. For any fived n € N, there exists a unique solution v,, € C(Q%) N
W2 (Qi) to the problem (2.9), where 1 < p < +00. Moreover,

(2.10) —v, < 0zv, <0 and Orvy > —p' (1) a.e. in Q.

Proof. We consider a penalty approximation of the problem (2.9):

87—Ua,n - Lmva,n + B (Ua,n - (1 - /1'(7-)))

(2.11) —Be (—Ven + (L+ A7) =0 in QF,
' aacvs,n(xﬂ' =0, z==4n, 07T,
’Us,n(fE,O):l—’uO, _TLSZESH,
where

Be(t) € C2(—oo, +00);
(2.12)  B(t) <0, BLt)>0, pBI(t)<0, VieR;
B:(0) = =Co, Co > max{yoe™ (1 — po)* + N(0), (a—r)(1+XT))},

and moreover,

b f(t) = {0, t>0,

e—0+ —o0, t<O0.

For simplicity, we let Bc(:) := Be(Ven, — 1+ (7)) and S (+) := Be(—ven + 1+ A(7))
when no confusion can arise.

Following standard procedure, we can use the Leray-Schauder fixed point the-
orem, we get the existence and uniqueness of the solution of (2.11). Next, we show
that 1 — u(7) < e <14 A(7). We define the operator T by

Tv:=0,v— Lo+ fe(v—(1—p(r)) —Pe(—v+ (1+ X(1))) .

From the definition of Cy, we obtain

T — p(7)]

= —p/ (1) = (@ =7)(1 = u(7)) + yo?e" (1 — u(7))* + B=(0) — Be(u(T) + (7))
= —p/ (1) = (@ =7)(1 = u(7)) + (yo?e" (1 — p(1))* = Co)

< =i/ (0) = (a—7)(1 = p(T)) — N(0)

<0

for sufficiently small e. Combining the above inequality and the initial and boundary
conditions, we get 1 — u(7) < v, by the comparison principle. Similarly, from the
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definition of Cy, we have

T+ A(T)]

7)) + 707" (1 + A7) + Be(u(r) + A(7)) = B=(0)
A1)+ (Co = (a = 7)(1 + A(7)))
Ao)?

=XN(1) = (a—n(1
= N(1) +yo?e"(1+
X'(0)

0

_|_
(0) +yoZe (1 +

for sufficiently small e, which proves v, ,, <14 A(7).

Next, we prove —v. ,, < 0z, < 0. To prove this, we differentiate Jv., = 0
with respect to z, and let W := 0,v, ,,. Then W satisfies

8TW—%2(9MW—(04—7“+ )(9 W —(a—r)W

(2.13) +70 € [VenOaW + SuenW + W2] + B(JW + B2(-)W
—vyoZe®v?, <0, in QF,
W(z,7) =0, on BPQ .

Using the maximum principle, we get 0,ve n < 0 in Q7.
On the other hand, we define the operator T by

) o2 o2
‘J'w::(’?Tw—gamw—<a—r+ >8w (a —r)w
+y0%e” [ve n0pw + 3vw + w?] + BL(Hw + BL(-)w
Then, we have
(2.14) TW] = —yo?e™v? .
To make calculations easier, we will use two properties related to the operator T:
For each wy = wy(z,7) and wy = wa(z, 7),
1. ‘j'[wl + we] = ‘j'[wl] + ‘j'[wg] + 2yo2eTwiws.
2. Tlkw:] = kTwi] + (k2 — k)yo2e®w?  for each k € R.

Set W := W + v.,,. From the equation (2.14), we have

TW — v = —’}/0'2611)2

Using the property 1 with respect to ‘j', we obtain

TIW] + T[—ven] + 2902e" W (—ve ) = —70'26961)2 .
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Using the property 2 with respect to ‘j', we get

TIW] = Tlve.n] + 2902 W, — 370202,

0.2 2

= 87-115,11 - 781105,71 - (04 —r+ %) 896“5,71 - (a - T)v&n

+ 70261 [vs nOx Ven + 3”? nt v?,n} + ﬂé(')vs,n + ﬂé(")vs,n

+ 2v02e* W, , — 3y02e™v?

= ((0r = La)[ven] = Be(+) + Ba()) + 3702 ‘ 2 G Jen + B:ﬁ-(")va,n
+ 2v02e* W, , — 3y02e™v?

= —Be(:) + Be() + 65(')“5,71 + ﬁé()vsn + 2702696‘;[/”5,11-

This gives

“T[W] - ‘j’[O] = —Be(") + Be () + BL()veyn + BL()Ve -
We claim that T[] — T[0] > 0. From the definition of 3., we get

(2.15) Be() = Be() = BLM(—20em + 1+ A7) + 1 — pu(7)),

where 7 is a real number between —v. , + 1+ A(7) and v, + 1 — (7). There are
only the following three possibilities:

(i) If ve,, = H2EOHO then —B.(-) + B(--) = 0. Tt follows that
T[W] — T10] > 0.
(ii) If veq > M, then

ﬁé ('Ua,n -1+ M(T)) < 62(77) < B;(_Ua,n + 1+ )\(T))

by the monotonicity of 5.. Hence,

W

L’l>

] —T10]

BLM (=202 + 1+ A7) + 1 — (7)) + 70202, + BL()vern + BL(-)vem
BLEN (=20 + 1+ A7) +1 = (7)) + 70202, + BL()vesn + BL(-)ven
BL() (=
0.

Y

() (=Vem + 1+ A7) + 1 — (7)) + v 02, + BL(-)ve,n

Y

14 (D) +1—p(r)
2

(iii) If ve < , then

ﬂ; (vs,n —1+pu(r) > 6;(77) > ﬂé(_vs,n +1+A(7))
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by the monotonicity of .. Hence,

TW] - T10]

= B (=202 + 1+ A7) + 1 = (7)) +y0°€"0Z,, + BL(Yven + BL(-)vein
> BL(-) (=20 + 1+ A1) + 1= (7)) + 70202, + BL()vein + BL-)ven
= BL()(—Ven + 1+ A7) + 1= u(7)) +v0e™0Z ,, + BL(-Yve,n

> 0.

By (i), (ii) and (iii), the proof of the claim is complete.
Since

W(z,0)=1—pg, —n<z<n,
W(z,7) =v(z,7), z==+n, 7€][0,T],

from the comparison principle, we see that W(I, 7) > 01in Q% and Opve p+ Ve > 0
is proved.

Next, we claim that ;v , > —p/(7). Let w = Orve, and w = w + p/(7).
Differentiating (2.11) with respect to 7, we obtain

Orw — 8mw (a—r+ )810 (a —r)w
+y02€” (Ve Opw + (Dyve,n + 206 ) W)
(2.16) +BL()(w + (7)) = Be()(—w + N(7)) =0, in O,
Oyw(z,7)=0, z=+n, 0<7<T,

w(@,0) = (a = 7)1 = po) — [yo?(1 — po)*e” + S=(0)] >0

by the definition of .. For simplicity of notation, we let T stand for the operator:
Tw := O, w — %281111)— (oz—r—|— 2) Oz w — (0 — r)w
+ '}/0'261 [vs,namw + (azvs,n + 21}6,71) w] + ﬂé()w + ﬂé()w
Then, we have ~
Tl — /(7)) = =BL0)p (1) + BL()N (7).
From the linearity of T, we get
T[@) = T[u' (7)) = BLO (7) + BL-N (7).
=p"(1) = (a =)/ (1) + 70261(8961)6,71 + 2”6,71).“/(7')
+ BLO (1) + BLCW () = BLC)W (1) + BL(-)N (T)
= (7 — (@ — )/ (1) + 702" (Opve n + 20 )’ (T) + BLC (T) + BL(-N (7).

If we assume that § > a—r or ¢ = 0, then we see from the inequality 0;ve ,, > —ve
that

(2.17) T[w] > 0 = T[0].



Time-dependent Double Obstacle Problem 623

By (2.16), we have

O, w(x,7) =0, xz=+n,
w(x,0) = (@ —=7)(1 = po) — [yo*(1 = po)?e” + B(0)] + 4'(0) > 0.

Combining (2.17) and (2.18), we get

(2.18)

w>0 ifandonlyif 0Orv., > —p/(7).

From —Cp < —B:(ven, — 14 pu(7)) <0 and —Cy < —=Be(—ven + 14+ A(7)) <0,
we see that

(2.19) ”Ua,n”vv:vlloc(Qle) <g,
where c is independent of € and n. Using a C“-estimate, we have
(220) ||'U€1n||co¢,a/2((z¥) <c

for some constant ¢ > 0 which is independent of €. Then we deduce that

(2.21) Vep — Uy In W;)’lic(Q%) weakly,
(2.22) Ve — v, in C(Q})

as ¢ — 07, where v, is the solution to the problem (2.9). Moreover, —v., <
Opven <0 and O;ve , > —p/(7) become the inequalities (2.10) as e — 0.

Finally, we prove the uniqueness of a solution. Suppose that vi,vy are two
solutions to the problem (2.11) and that the set

Ni={(z,7) :vi(z,7) <wva(x,7), |z|<n, 0<7<T}

is nonempty. Then if (z,7) € N, we have

vi(x,7) <1+ A(7) implies that d,v; — Lpv1 > 0,
va(x.7) > 1 — p(7) implies that ;v — Lyva < 0.

Define v* = v9 — v1. Then v* satisfies
2 2
07V = G 0™ — (=7 + G ) 00" — (a — )0
+y02e% [120,v* + (v1 + vg + Opv1)v*] <0, in N,
v*(z,0) =0, on JpNN{|z| <n},
0,v*(z,0) =0, on NN {|z|=n},

where 9,N is the parabolic boundary of the domain N. Using the ABP maximum
principle (see [7] and [11]), we get v* < 0 in N, which contradicts the definition of
N. ad
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Theorem 2.2. There ezists a unique solution v € C(Q7) N W;’lic(ﬂg) to problem
(2.9) for all R >0, 1 < p < 4o00. Also,

(2.23) O,v <0 in Qp; O-v > —p/ (1) ae. in Qr.

Moreover, for any fized K € R, v € C%*/2((—o00, K) x (0,T)) for some 0 < a < 1,
with

(2.24) < Ck,

[0l a2 (oo x0T

where Ck is a positive constant depending on K.

Proof. Since the solution v, of the problem (2.9) belongs to W;ﬁ) (7)), we rewrite
problem (2.9) as

Orvn, — Lgvy = f(z,7), in Q%,

Ovp(z,7) =0, x==4n, 0<7<T,

U (2,0) = 1 — o, —n<z<n,

where

(@, 7) = Xqon=14x()} (T, 7) - [X(T) —(a=7r)A + X)) +yo%e”(1 + /\(T))ﬂ
F X =1y (@, 7) - [ (1) = (@ = 7)(1 = u(r)) + yo2e” (1 — u(7))?] -
Then we see that
|f(z,7)| < c(R) for (z,7) € QF,

where the constant ¢(R) depends on R, but is independent of n. Therefore, for any
fixed R > 0, we choose n > R. Then we have the following W]DQ’1 uniform estimate

in ﬁ? :
||Un|\wg~1(sz¥) <C (||Un||Loo(Q$) + (1= po) + ||f($=T)HLw(Q¥)>
< C(R)

for some constant C'(R) which is independent of n. Letting n — +oo, we have a
subsequence:

v, = vg in Wg’l(Qﬁ) weakly and v, 2> ovgp in C(ﬁ?) as n — +oo.

Define v = vg if © € [-R, R]. Then it follows that v is well-defined and v is the
solution of problem (2.7).
Now, we prove (2.24). Note that

O:v—Lyv= f(x,7), in Qr,
v(z,0) =1 — po, xz € R.
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Since f(z,7) is bounded on (—o0, K) x (0,7, (2.24) follows from the standard C*
theory of parabolic equation. The proof of the uniqueness is the same as that of
Lemma 2.1. a

3. Characterizations of the Free Boundaries

In this section, we mainly consider the problem (1.3). We define
BR={(z,7) : V(2,7) =1+ A7)} (buy region),
NR={(z,7):1—p(r) <V(z,7) <14 A7)} (no transaction region),
SR={(z7):V(z,7)=1-p(r)} (sell region).

Note that
(0r = £2)(1+ A(7))
=N(1) = (@ =7)A + A7) +v022(1 + \(7))> <0, in BR,
(0r = £2)(1 = p(7))
= /(1) = (@ =7)(1 = u(7)) +70°2(1 — p(7))* >0, in SR.
Also, we deduce that

a—1r)(1+ A1) = N(r
(3.1) BRC{(Z,T); a< ! 752(11&()7))2 <>}7
(a—=7)(1 = p(r)

(3.2) SR C {(2,7’) Doz > o u(i)—)};u’(ﬂ } .

We remark that
(a—r)A+ A7) = N(7)
o2 (1+ A(1))?

(o= )1+ A(7)) + 1/ (0)
A+ NI
< la=r){ = po) +1(0)
- v0?(1 = po)?
< la=n)QA —p(r)) + 4/ (1)
vor(l—p(r)?
On the other hand, from the inequalities (2.23) and (2.24), we see that
(3.3) 0.V > = (1), 9.V =e%9,V <0,
(3.4) |V (z,7) 7 < Ck, 0<z<K,

<

|CS/2[0,

where Ck is a constant depending on K. From the second inequality in (3.3), we
can define the free boundaries:

zp(T) =sup{z: V(z,7) =1+ A1)}, 0<7<T,
zs(T) =inf {z: V(z,7) =1 —p(n)}, 0<7<T.
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From the first inequality in (3.3), we deduce that z,(7) is increasing, but zp(7) is
not always increasing.

Lemma 3.1. There is a constant Mg > 0 such that

(=) (1 + A7) = N(7)
7021+ A(7))? ’

(a—r)( —p(1) +#(7)
vo? (1 — (7))

where My is independent of T .

Proof. Since V(z,7) =1+ A(7) for all z < 0, z(7) > 0. From (3.1) and (3.2), we
see that the second parts of (3.5) and the first parts of (3.6) hold.

Next, we claim that z;(7) < M. First, we introduce the stationary problem of
(1.3):

(3.5) 0< z(7) <

(3.6)

< z4(T) < M,

—L.W(2) =0, if 1—u(T)<W(z)<1+AT), z€Ry,
(3.7) —L.W(2) <0, if W(z)+1+\T), z€Ry,
—LW(z)>0, if W(z)=1-pu(T), ze€Ry.

By the Fichera Theorem in [9], we consider the problem without the boundary
value at z = 0. Using the similar way in Section 2, we can show the existence and
uniqueness of the solution to problem (3.7): For each R > 0 and 1 < p < +o0,

1
W e CHRT)NW; (E,R) .

Furthermore, we have W/ (z) < 0. Then we can define
SR*:={zeRt :W(2)=1—p(T)}.

Set W*(z,7) :== W(z). If 1 — pu(7) < W* < 1+ A(7) for each (z,7) € RT x (0,7,
then 1 — u(T) < W(z) < 14+ A(T). From the stationary problem (3.7), we have
O W* —LW*=—-L,W(z) =0. As a result, we deduce that

OW* — LW =0, ifl—p(r)<W*<1+A7), (2,7)€RT x(0,T],
BW* — LW* >0, fW*=1—p(r), (27)€R* x(0,T),
BW* — LW* <0, if W*=1+A(r), (27) €RF x (0,T).

Applying the comparison principle, we get V(z,7) < W*(z,7) = W(2).
Next, we claim that there exists a constant Mg > 0 such that

[M,, +00) x {r =T} C SR* x {r =T} C SR.

If it holds, then [Mj, +00) x [0,T] C SR by the first parts of the inequality (3.3).
It means that z,(7) < Mj, which completes the proof.
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To prove the claim, it suffices to show that [M,, +00) C SR*. Suppose the
claim were not. Then we could find that if 1 — p(T) < W(z) < 1+ XT),

d% [%22(2W)’ + (a - %2 - r) (2 W) — %ﬂ(zwf - 0.

Then we have

2(a — _
(3.8) (W) + <(O‘72’”> - 1) (W) — 4 (zW)? = C,
o
where C' is an unknown constant. Define
— 1 2o —
Wi oW+ o [1 - 2o}
2y o2

—~ — _ 2
Then W' —AyW? = C, whereC':C'—%y2 {1—@} .
IfC <o, W — 7W2 = —C%, where C? = —C. By solving the ODE, we can
see that
—~ (] 2 1/~ a-r 1
([ (. S— = (w ).
VY (1—0222ﬁ01 )’ z ( TS 27)
As z = 400, W — 0, which contradicts 1 — pu(7) < W < 14 A(7).
If C >0, zW —yW?2 = C%? where C? = C. By solving the ODE, we get

w_ O 1/~ a—-r 1
W—ﬁtan(clﬁlnz+02), W_;(W+ o _%>

Then we obtain lim inf W = 0, which contradicts 1 — u(7) < W < 1+ A(7).

z— 400

If C =0, by solving the ODE, then we obtain

—~ -1 1/~ a-—r 1
W=—— W=—-(W - — .

Cy+vlnz’ z ( + ~vo? 27)
As z — 400, W — 0, which is a contradiction. Therefore, there exists a constant
M, > 0 which the above claim holds. O

Lemma 3.2. There exist zg > 0 and 10 > 0 such that (0,29) x (0,70) C NR and
that

(3.9) all partial derivatives of V(z,7) are bounded on (0, zg) X (0,79).

Proof. Using V(z,0) = 1 — uo and (3.4), for any fixed K > 0, we observe that there
exists 79 > 0 such that

(3.10) Viz,7) <14 X7), (z,7) € (0, K) x (0,79)-
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On the other hand, from (3.2), for 0 < 29 < (a‘gifi(‘l*j(;()j;gg‘/(7>, we get

(3.11) V(z,7) >1—pu(r), (z,7) € (0, 20).
Combining (3.10) and (3.11), we obtain

8TV—LZV =0, in (O,Zo) X (0,7‘0),
(312) \%4 (ZQ,T) e C™ [0,7‘0],
V(Z,O):l—,uo, 0< z< 2.

Set x =Inz, g =1Inzg, and v(z,7) = V(z,7). Then we have

0-v — éamv — (a —7r+ %2> 0pv — (a0 — 1)v + yo2e*v (Opv +v) = 0,
(3-13) 4 w(zo,7) € C[0,70],
v(z,0) =1—po, x€(—00,20).

Using (2.24) and Schauder theory in [9], we see that

|‘U||c2+a,1+a/2(m) < Cyps

where Cy, depends on zy. Employing a bootstrap argument, it gives that all partial
derivatives of v(x,7) are bounded on (—oo,xg) x (0, 79).

We proceed to show that 0,V (z,7) = e”*0yv(z, 7) is bounded. Differentiating
with respect to x in (3.13), we get

02 2

Or (9,0) = 75010 (90) (a —r+ %) B (95v) — (a — 1) (9y0)

+yo2e” {(811) + )% + v (Opev + 611;)} =0.

Set W = e *9,v. Then

2
oW — %&EIW - (a —r+ ga2> O W — (2a —2r + 02) w

= —o? [(811) +0)% 4 0 (Bpev + axv)] (2, 7) € (=00, 20) X (0,70],
W (zo,7) € C* [0, 10],
W(z,0) =0, z€ (—o00,x).

Since the right-hand side of the equation is bounded, 0,V = e~ *0,v is bounded.
In the same manner, we can see that 9.,V = 0,W = e~2%(0,,v — d,v) is bounded.
Furthermore, all partial derivatives of V(z,7) are bounded on (0, z9) x (0,79) by
the bootstrap argument. O

Theorem 3.3. z;(7) € C[0,T]NC>(0,T] and is strictly increasing with z5(0) = z*,
where

o _ (a=r)(1 = po) +4/(0)
(3.14) 2 = R
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Proof. First, we show (3.14). Recalling (3.2), we see that

(o= r)(1 = po) + 1(0)
Y0 (1 = po)? '

Z*

Y

We suppose that z* > %’w. Then there exists zo < z* such that

OV = L.V =0, (27) € (Lm0 L) (0, 7),

Y02 (1—po)?

V(2,0) =1—po, LftolyfO) < <.

(3.15)

Therefore, 9,V (2,0) = (a—7)(1 — po) —yo22(1 — po)? < —p/(0), which contradicts
the first part of the inequalities (3.3). We complete the proof of (3.14).

Next, we claim that z,(7) is strictly increasing in (0,7]. Suppose that zs(7)
is not strictly increasing in (0,7]. Then zs(71) = 25(72) = 2o for some zp € R
and 0 < 71 < 7o < T. And there exists z1 < zq satisfying (z1,7) € NR for all
T € [11,72]. Set D = (z1,20) X (11, 72). Then we see that

V(zo,7)=1—pu(r), 7€][n,,
0.V (zo,7) = =/ (1), 7€ [m1,72]

Since V' > 1 — u(71) in D, we observe that
(3.16) 8,V — L.V =0, inD.

We show that the strong maximum principle implies that 0,V = —p/(r) or
0::V(20,7) < 0 for any 7 € (7,72). Differentiating (3.16) with respect to T,
we obtain

2
TW := 0, W — %228ZZW — (0 +a—r)0.W — (a—r\W
+ 70222V + (9. V)W + 2V, W] =0 in D.

Assume that W = —p/(72) is a minimum at (2/,7") € (z1,20) X (71,72) and that
W > —p/(12) is a maximum at (z*,7*) € (z1,20) X (11, 72). Since TW =0 in D,
W= —p/ () in DN{r < 7'} or ,W(z0,7) < 0 for all 7 € [r1,72] by the strong
maximal principle.

Since 9, W (z0,7) = 0.(1 — (7)) = 0 for all 7 € [11, 72|, we see that

W = —u/(72) in DN{r <7'}.

This means that 9;V obtains its minimum value at interior point of NRN{r < 7'}.
Then we have 0,V = —p/(12) in NRN{r < 7'} by the strong maximum principle. If
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d = 0, we already know the fact that z5(7) is strictly increasing. Hence, we assume
that g # 0. Then, on the segment {zo} X (11,7'),

0. V(z,7) = —p/(m2) = —p/(7),

which is a contradiction. Therefore, z5(T) is strictly increasing.
We claim that z4(7) is continuous. Suppose that z4(7) is not continuous in
(0,T]. Then there exist 7o € (0,77, zo € (0,+00), and small €¢, dp such that

zs(to —€) <zp and zs(ro+¢)> 20+ do
for all € € (0,e0). Let D = (29,20 + 9) X (70,70 + &) so that D C NR. Since z4(7)

is strictly increasing, we observe that z* < z, i.e., (o — r)(1 — u(70)) + 1/ (70) <
v0220(1 — p(10))%. In D, we see that

(3.17)
(0 = L) [V] = (0r = L2)[1 — pu(7)]
=1/ (1) + (= 7)(1 = (7)) = y0*2(1 — (7))
=1/ (7) + (= 1) (1 = p(7)) = y0°20(1 — u(7))? + 0% (20 — 2)(1 — (7))
< () + (=) (1 = p(7)) = 70”20 (1 — u(70))? + v0° (20 — 2) (1 — p(7))?
= [ (1) + (= 7)1 = u(1)] = [ (10) + (= r)(1 — p(70))]
+7y0°% (20 — 2)(1 = u(7))?
= /(1) = 1 (70) + (o — ) (u(70) — (7)) +v0% (20 — 2)(1 — pu(7))?

Here, we assume that § < o —r. Now (3.17) becomes
(3.18) (07 = L)[V] = (0 = L2)[L — p(7)] < v0*(20 — 2)(1 — (7))

As 7 — 79, (3.18) leads to
0:V(z,10) < —p/ (1),

which is impossible. Therefore, z5(7) is continuous in (0,7]. Employing a method
developed by Friedman in [5], we can see that z4(7) € C*°(0,T]. O

Remark 3.4. So far, we have assumed that

1. 0<qg<a—r,

2. g=0org=a-—r.

We next investigate the limit of the solution and the values of the free boundary
2p(7) near T = 0.

Theorem 3.5. We have lim V(z,7) = Vo(T) with

z—0t
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1. Ifa—r <gq, then z(17) =0 for each T € [0,77],
. 1 1+ X

where 7" = In ,
(a=7r)—q 1—po

and

1— (a—r)T 0< < %
(3'19) ‘/'0(7_) — {( /’Lo)e b i T - T 9

1+ A(7), T > T

2. If a« —r =gq, then zp(7) = 0 for each T € [0, 79], where 79 > 0 is the number
in Lemma 3.2, and

(3.20) Vo(r) = (1 —po)e®™7,  0<7 <.

Proof. Since all partial derivative of V (z,7) are bounded on (0, zg) x (0, 79), we see
that there exists V(1) € C[0,T] such that

lim V(z,7) = Vo(7), lim 9,V (z,7) = V(7).

z—0+ z—0+
Applying (3.9) and letting z — 07 in (3.12), we deduce that
V(1) = (a=rVo(r) =0, 0<7 <70,
Vo(0) =1 — po.

Then we obtain
Vo(r) = (1 = po)e ™7, 0 <7 <.

If  —r < qand let Vo(7*) =1 4+ A(7*), then we have
(1 — Mo)e(a—r)‘r = (1 + )\O)eqr*.
In short, it follows that

% 1 1+ Ao
T = In ,
(@—=7r)—q 1—po

which deduces (3.19). If @ — r = ¢, then we see
Vo(r) = (1= po)e 7,0 <7 < T,
which implies (3.20). O
Next, we prove that z,(7) € C(0,T]. In order to do so, we use a transformation
o(y,7) := v(z,7), where y = = + k(7). Fix T} € (0,T) and consider the problem
(2.7) only on domain R x [0,T1]. Let M C Q7% be a domain defined by

M = (—n,z1(7)) x (0,T1),
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which z1(7) is inf {x : v(x,7) = 1}. Similarly,
M* = (=n,21(7)) x (0,T1),

which 5 (7) is inf {z : ve n(x,7) = 1}. Set some parts of the boundary of M as
follows:

OM = {(x,7) € O} : V(x,7) =1}, "M :={-n} x (0,T1).
Similarly, set .
NM® = {(z,7) € N}, :ven(z,7) =1}.

The task is now to find 9,9(y,7) > N (7) in M. If it holds, this makes it possible
that z,(7) is monotonic, where Z,(7) is corresponding to zp(7).

Lemma 3.6. In M, 0,v. , — K'(7)07ve,n, > N (7).
Proof. Step 1. Let y = « + k() and o(y,7) = v(x, 7). Then we calculate

aEv(xv T) = ayl_)(ya T)a

awwv(‘ru T) = aUU’D(yv T)u

0. 0(y,7) = Orv(x, ) — K/ (1) 0 v(x, 7).
We claim that 0;v(z,7) — k'(7)0zv(x,7) > N (7). For simplicity, let

w1 = 6TU€,nu Wz = 6mva,nu
w =K (7)0pven, Q=wi—w=0ven—k(T)0sven,

where k(1) = k1 A\(7) +kap(7) such that kq, ko are to be chosen later. Differentiating
(2.11) with respect to 7, we obtain

2 2
Orw1 — % e W] — (a —r+ %) O,w1 — (a0 — r)w
+ ’702696 [Ua,namwl + (aacva,n + 2Ua,n) wl]
+BL()(wr + /(7)) = BL()(—wi + N(7)) =0, in Qf,.

Differentiating (2.11) with respect to x, we have

(3.21)

2
+ 70261 [vsvnasz + 20 W2 + Ve nOrve n + W20pVe n + Ug,n}
+ BL(Jws + BL(-)wa =0, in QF,.
Multiplying (3.22) by &'(7), we get

2 2
8‘r'LUQ - U_ammw2 - <OZ —7r+ %) asz — (Oé — T)w2
(3.22)

2 2
Orw — %&mw - (a —r+ %) Oyw — (@ — r)w
+ yo2e” [Ve,n 0w + 20w + k' (T) Ve n0pVe,n + (DpVen)w + k’(T)vin}

+ BL()w + BL(-)w — K" (7)Dpven =0,  in Q.

(3.23)
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Subtracting (3.23) from (3.21) we see that

10 0.0~ 0.0 a1+ 5 ) 0.0~ (=)@
(3.24) + 702696 [vs n02Q + (0xv2,n)Q + 20 n Q] + ﬂ;()@ =+ ﬂé()@
= 02" [k (T)ve,nOpvem + K (T)02,,]
BLOIW () + BL(C)N (1) = K'(T)O0pven,  in Qf,
Substituting @ = A (7) into (3.24), we have
TIN(T)] = N (1) — (= )N (7) + y02e" N (7) 0 ve n + 2N (T) Ve ]
+ BLIN () + BL(-)N (7).
Combining (3.24) with (3.25), we see that
TIQI = TN (7)]
= 02 [k (T)VenOpVe n + K (T)V2 ,, — N (T)0pven — 2N (T)ve 1]

— k(1) 0pven — N'(7) + (a — T))\/(T) — BL(ven — 1+ p(7)) [ (1) + N (7)]
=L+ Ih+ I+ Iy,

(3.25)

where

I = o2 [k (T)ve 1 Opve n + K (T)02,, — N (7)000e 1 — 2N (T)Ve ),
Iy = —k"(1)0yven > 0,
I3 = N'(7) + (@ = 1)N(7) = (¢ + o — )N (1) > 0,
Iy = —BL(ven — 1+ p(m)) [ (1) + N(7)].
We claim that
TQ] = TN (r)] > 0.
Since I, and I3 are nonnegative and I, > 0 in M*¢ for sufficiently small € > 0, we

have to show that I is nonnegative. Now, we see the boundary condition in M*®.
Define T by

o2

0 o
- www—(a—r—l—?)—(a—r)w

+ yo2e® (v@ww + 3vw + w? + ’U2) .

‘j'[w] = 0w —

Differentiating (2.7) with respect to x, we obtain
T[0,v] = 0, in M.

Let A={(y,7):x—c<y<z+4c¢, (x,7)€ M} beasubsetsuchthat AC NR
for sufficiently small constant ¢. From the strong maximum principle, there exists
61 > 0 such that

811) S —51, in A.
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Then, for sufficiently small € > 0,

5
(3.26) m%ﬂg—é, in 9, Me.

Also, let B = {(y,7):x —c<y<x+¢, (z,7)€ M NNR} be a subset such
that B C N R for sufficiently small constant c. From the strong maximum principle,
there exists do > 0 such that

8xv S —52, in B.

Then, for sufficiently small € > 0,

5
(3.27) %%m§—§, in %M N NR.

Choose
K(r) = 51AT) + 27,

where ¢ := min{dy, d2,d3} > 0. Here, d5 > 0 is to be selected later. Therefore, we
have

Orvein = K (7)0sve = = (7) = (7). (‘g)

= /(1) + (N(7) + (7))
> N(7).

Since Orve,n — K'(7)03ve,n, = A (7) on the boundary .M N BR, combining (3.26)
and (3.27) yields

Ore n — k' (T)0p0e n >0 in 1M U Os M.
On the other hand, we get
T[0pv + v] := T[0pv + v] — 2y0%e v[dpv + 1] > 0 in M.
From the strong minimum principle, there exists d3 > 0 such that
OV + v > 03 in M.

Then

)

1
8IU€,77, + Ve,n 2 33 in M°.
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Therefore, in the domain M€,
I = o2 [k (T)0e 1 (00Ven + Ve n) — N (T)(Onve.nn + 20e )]
é
> 10t (Ko (2) - ¥y

1
> 5’70'2696’05)” [K'(7)6 — 4N (7)]

v

1
S0 v 24 (7))
> 0.

Therefore, we complete the proof of claim. Note that

Qz,7) = w1 — K (T)wy > N(7), if (z,7) € 0.M U9y M,
Q(x,0) = (w1 — K'(T)w2)(x,0)
= (a—=7)(1 = po) — [yo*(1 — po)?e” + B=(0)] — kX'(7) - 0.
Then
Q(x,0) = X'(0) = (a = 7)(1 = o) + [Co = 70*(1 — po)*e” — N'(0)] = 0.
Therefore, we conclude that Q(z,7) > X' (1) in Q7, . O

We consider the domain 8 := {(y,7) : —o0o <y < z1(7) + k(7)}. From Lemma
3.6, we see that 0,0(y,7) > N (7) in 8.

Theorem 3.7. There holds zy(7) € C(0,T].

Proof. Suppose that theorem is false. From the problem (2.7) and Lemma 3.6, we
see that there exists (y1,y2) X (0,71) C 8 such that

6-,—’17 - Ly’D = 07 (yuT) S (y17y2) X (077—1)7
,D(yaTl):l—i_)‘(Tl)? ye[ylqu]u
where
5= T p (et D KNt (@ — )5 — 7o M50, 5 4 D
L0 = 5 Oyy0+ (@ — 71+ 5 E'(1))0y0 + (o — )0 — yo“e (0,0 + D).

Set w := 0yv. Then w satisfies

By — L0y — (=1 4+ G — K(7)0yw — (a — )@
+y02ed =R 35w + w0y, v + 90,
= —~o2ev R F2 <0, (y,7)

w(y,0) =0, ¥y € [y,

7)
0]
€

(y1,92) x (0,71),
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It follows that w achieves non-negative maximum on 7 = 7. By the maximum
principle, 8,7 = w =0 in (y1,y2) X (0,71). Then @ =0 in NR, N {7 < 71}, where

NR, :={(y,7) € 8:1—pu(r) <o(y,7) <1+ A1)}

Therefore, by monotonicity, there exist 7% < 71 and y* < y; such that y* = zp(7%),
where

Zo(7) =sup{y : 9(y,7) =14+ \(7)}.

Since w =0 in NR, N {7 < 71}, we have #(y,7) = 1 4+ A(7*) on the line {r = 7*},
which is a contradiction. Hence, we see that Zp(7) is continuous, which deduces
that zy(7) € C(0,T]. O

Theorem 3.8. There holds zp(1) € C>°(0,T].

Proof. Since k() is smooth, the proof of Theorem 3.8 follows directly from the fact
that z,(7) € C°°(0,T1], which is clear from [13]. O

4. Equivalence

The equivalence of the double obstacle problem and the original problem is
discussed in this section. According to (2.6), there should be two functions A(7)
and B(7) such that

A(r) —=v(1 + X(7)), if (2,7) € BR,

v {B(T) — (L= p(m)), it (z7) € SR.

Since 0, V* — LV* = 0 on z = z,(7), recalling (2.4) we obtain

02
(A1) A(r) =N (T)z(r) = (@ = )1+ A1)z (7) + 7 (L + A7) 25 (7).

Since V*(z,0) = —y(1 + Xo)z, A(0) = 0. Therefore, by the Fundamental Theorem
of Calculus, we have

2

GM)Aﬁ%ngX@%w—vm—ﬂﬂ+A®ﬂW%Pf%ﬂ+A@V%@2ﬁ

From the integral of (2.6) with respect to z, we get
(43) Vi) = A - [ Ve ds

Lemma 4.1. V*(z2,7),0,V*(2,7),20,V*, 220,,V* € C(R x [0,T]). Moreover,

oy A A1 AE)z iz < ),
4 v {ma—wa—Mﬂv,ﬁzz%vx
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where A(T) is given by (4.2) and

25(7)
(4.5) B(r) = A(r) -~ / V(€ m)dE + (1 — p(r))za (7).

Proof. First we prove (4.4). If z < z,(7), we obtain from (4.3) that

V*(z,7)=A(T) — 7/;(1 + A(71)) dé = A(T) — (1 + A(1))=.

If z > z,(7), we have

zs(T) z
V*(2,7) = A(r) - 7/0 V(e ) dé - 7/ ) de

zs(T)
— A(r) —+ / V(€ 7) dE +7(1 — p(r))2s(r) — (1 — p(r))2

= B(r) =71 —p(7)z, (by (4.5)).
Now, we show the smoothness of V*(z,7). Since z,(7) € C[0,T], A(r) € C'[0,T]
by (4.2). Furthermore, V € L*°(R x [0, T]) and is continuous with respect to 7. As
aresult, V*(z,7) € C(R x [0,T]) by (4.3).
Next, we prove 0.V*(z,7) € C( x [0,T7). Indeed,

(4.6) - V*( / -V (&)

It is clear that 9;V* is continuous across z = 0 by (4.6). On the other hand, (4.6)
can be rewritten as

(4.7) 0 V*(z,1) = A (1) — *y/z( )8TV(§,T)d§ — AN ()2 (7).
If z < z(7), then
O V*(z,1) = A (1) — YN (7)2(7)

= —y(a = )1+ A7)z (1) +~° 7(1“( 7))z (7).

If zp(7) < 2 < z4(7), then

z

(4.8)

0-V (&, 7)dg

zp(T)

_ /z( )sz(f,r)dé

(4.9) . )
) /zbm gf [ EOV(ET) + (0= nEV(ET) - 77(5‘/(5,7))2} d¢

U2 0'2 522
_ [—5285v<s,r> T (a—rEvier) - v—(éws,r))ﬂ |
2 2 E=2zp(T)



638 J. Oh and N. Woo

Combining (4.7) and (4.9), we get
0. V*(z,71)
= A (1) =N ()2 (7)
0.2 0_2 ==z
A o [TeAVEn Ha-neven S FEEnr|
, E=zp(T

= —5 [%Z2an(Z,T) +(a—=7)2V(z,7) — ”Y%(ZV(Z’ T))Q] :

Combining (4.8) and (4.10) implies that 0;V*(z,7) is continuous across z =
zp(7). Moreover, by (4.10),
2
(411)  lm 9V (2,7) = —v(a - r)(L - p()z(7) + 725 (L - p(r)?22 (),
z—zg (1)

On the other hand, if z > z,(7),

0-V*(z,7)

= B'(r) + /(7)z

zs(T)
— A7) — / OV (E,7)dE + (= — (7))t (7)

0.2 0.2 5225(7)
= A1) = | FEVED + (0 ien A TEVEn)?|

+(z = 2:(m)u'(7)
o2
=7z = 2/ (1) + V2 (1)1 = u()* = (e = )z(7)(1 = (7).

If 2 = z4(7), then

OV (2,7) = =@ = 1)(1 = ()2 (1) + 75 (1 = p(r)*22 (7).

Therefore, 0.V*(z,7) is continuous across z = z5(7). As a result, we notice that
0,[#V (z,7)] is bounded on R x [0, T], and that 20,V*(z,7) = —vzV (z,7) is contin-
uous on R x [0, T]. Furthermore,

220, V*(2,7) = =220,V (2,7) = —72{0.[zV (2, 7)] — V(2,7)}
is continuous on R x [0,T]. This completes the proof of Lemma 4.1. |

Theorem 4.2. V*(z,7), defined by (4.4), is the solution of the problem (2.5). In
detail,

(4.12) OV* —LV* <0, inRx(0,T);
(413) A1+ A) SOV < —y(L—p(r)), inRx (0,T)
(4.14) OV —LV*=0, if —vA1+ A1) <0 V" < —y(1—p(r));
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(4.15) V*(2,0) =

-1+ X))z, i 2<0,
—v(1 —po)z, if z2>0.

Proof. Since 9,V* = —yV and 1 —pu(r) <V < 14 A(7), we obtain (4.13). In detail,

0. V* = —y(14 (7)), if 2 < z(7),
=14+ A7) < 9,V* < —y(1 — p(1)), if zp(7) < 2 < z5(7),
9. V* = —y(1 — u(1)), if 2> z5(7).

Combining A(0) = 0 and the initial value of V' with (4.3) yields (4.15). Next, we
show (4.14). Since L,(—V) = =12 (LV*), we have

vy 0z
(4.16) 0.(0; V' —LV*) =01if —y(1+4+ A(7)) < 0, V" < —v(1 — p(7)).
Moreover, we get
(4.17) o V*—LV*=0 on z = z(7).

Combining (4.16) and (4.17) gives (4.14). Finally, we know that

9 >0, if z<z(7r);
% (O VF =LV )= =4 (0, V=L, V) =0, if 2z(7) <z<z(7);
o <0, if 2> z(7),
which proves (4.12). m|
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